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> : 4 f\m
+ 2 © for every interval IcR. Hence [ '» (1l+y,)du
' I i=1
m ‘i : P P R
s u(I) +£ 2 7, thus the function y=w (l+y,) is
i=1 i=1 -

locally y-integrable. 2Put v= jyu.

We prove that the function I is v-approximataly
continuous ét'every poiat r ¢ R. Since this is ocobvicus
if £ .is continuous at r, supvose that r is 2a pcint.

-1 -1
of discontinuity of £. Let o ¢ N, E = £ ~(X-U(&(zr),p ~

).

Find m € N, m = 2p such thal r £ 7 2nd diam £(7 ) <

-1
<(2p) °. Ifn=2mandy, (Zn(r,s)) > O then

‘n
FAF, =% and v (En(r,s)) s v (R) s ¢ =
- 9 - . )
2 ﬂ(u(r,s))‘ < 2 n“(r,S) v(r,s). Hence v_(3n(r,s))

N
sa

o ™ -l‘

Siace lim Tu(r,s) + u,_,(En(r,s)) yn(r,s) ] =0,
Sor s :

the voreceding inequality implies the result.

39



-y

(2) =(3). Choose x€X and put z(r) = o(x,5{r))
1

and n=(1+g) ve Let re€éR and let fr(S) =

-1
£(r), £(s)). Then the functions (l+g) ~ and
) are bounded v -approximately continuous,

hence lim (ﬂ(r,S))-lo J fr(t) dn (t) =
Sor (r,s)

im ((v(r,8))The J (Leg(8)) THav(e) )7

- -1
) £ (€)(2+(t)) v (¢)) = 0.
(1) is obvious.
Theorsm 2. Let £ d%e a mabping of R iato a
separable metric space X. Then the following conditions

are =2quivalant.

(1) £ is of class My-
{2) £ is of class M,.
(3) [ is of the first class and thers sxists 2 positive

measursas |y such that £ has ths (;-Denjoy odroperty.

(%) Thers is 2 positive measurs j such that £ is

cr
[s )
[
ct
(BN
ll
0]

(5) Thers i3 2 pcsitive measurs  such !

a y-Leoesgus function.

(5) There is a homemorphism h of R onto itself
such that foh is )\-approximately ccntinuous.
(7) There is 2 homecmorphism h of R contc itselfl

=
O
<



)
function :r(s) = p(f(r),t

it is of class M, (see (2Z
(

and s # r, the set f'l(U (r),e))n(r,s) = (r,s)n
=1
n:,.~(-¢,%) is uncountable.

(2)=(3). First note that fcr svery uncsountadle
Borel set 3BcR theres is a finite measurs 2n R sucza

that the measurs of 3 is positive. To prove tals,

w

choose two nowhere dense nonempty ccmpact sats P,ocR

without isolatad points such that A(P)>0 and Q<3

)

(the existences of Q follows from [X], chapter 3,

"

cnto P (see [X], chapter &, §45,II, Thecram 1). Zut
v (2) = 2 (a(EnQ)) for avery 3orel set ZcR.
Let {G_; neN} dbe =2 countablz . basis of cpean sets

- - 2751~ + isg - P -—a
= = i H I, 1s nonempty (nhence cuntadls
20, (um/n . 15 n pty (nence unccun
find 2 mezasurs such that | (= >0 and
® Hm,n SHEHR S g gh m,q)
-Mm=-n - A :

My R) =2 . 1t is surlicisnt %o ceonsider
m,n N
M =2z o .

m,n

m,n 2
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valued continuous function cn R and put v=gy.

Then lim (v(r,s)) f p(fir), £(t)) dv(t) =
S-r r,s)
< lim (inf rg(t)-te(r,s)}u(r,s))‘la(sup {z(t);.
S-r

te(r,s)l« v o(f(r),£(8)) du(s))=0.
(r,s)

Hence, considering gz; with a suitabls g instsad
of  if necessary, we may assume that | (0,+=) = +=
and “(“@,C’) = 4=,

Put H(x) = y(9,x) for x20C and
H(x)

[}

-u(x,0) for x<0.
Then H is a homeomorphism of R onto R, let n oe its

i;versé. Then fm(c) ((E) = ,J( 1(t))dan(t) for

avery nonnegative Borsl functicn con R.

Let 7 £ R, u = a(r). Then

-1 -

lim (A(r,s)) " (£(a(r)), £(a( ia(t) =
sSor (r,s)
14 a -1 . :f‘ P \ o £) = 0
+in (M(u)n(°))) v . (£(u),2(t)) du(t) =
Sar (u,n(s))

(7)=(5) is cbviocus

(5)=(: he

= o(x,2{a(r))) is aporcximately cont

l“
s}
o
0]
c
0]
o
)
D
O
(0]
|
(&)

’—l
(@)
~N



Corollary. (Maximoff's Theorem)Let f be 2 real-
valued function on R. The following ccocnditions are

equivalent.

[0

(L) £ is a Darbcux functicn of the first class.

(2) Thers is 2 homeomcrphism n of R cato R

0w

such that fon is derivative.

Proof. (1)=(2) follows dirsctly from the implicaticn
(1)=(7) ia Theorem 2 (with X=R).
(2)=(1) follows from the well-known fact that zny
derivative 1s a Darboux function of thes first class.

Remark 1. If (f,,...,f.}

is a2 finite family of

. NS o3
rsal-valued functions cn R then Theorsm 2 (with X=R")

(8]

gives necessary and sufficisnt conditions for the

axistence of a2 hcmeomorvhism n of R 2nfo itsell suchn

that 21l functions f.,oh are (i-)Ledesgue functions.
Cn the other hand, this conditicn is not necessary fcr

the =2xistance of

o)

nomecmorphism 2 such that 211
functions f,ch z2r=s derivatives. An obvicus necessary

j -3 : - - a7 713 : i s S 3=
condisicn is thal =2vary linear ccmbination of £ s 2
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