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 An Integral Inequality

 During the course o£ investigating a certain class of

 Plateau problems, the first author came upon the folloving fact

 about real functions:

 If f , a non-negative Lebesque measurable function on
 rT

 [O,») , and p 2 0 are such that t **f(t)dt ■ « for all
 J 0

 T > 0 then for each q > p there is a sequence t > 0 con-

 verging to zero with t f(t ) á q n f(t)dt .
 n n JQ

 This statement follows from the elementary theorem below.

 Theorem. Suppose f : [ 0 , <•) -* [0,«°) is a measurable function and
 rT 0 i p < q . If t ^f (t)dt ■ • for each T > 0 then the set
 0 t

 (0,B) D ft:tf(t) í q f(s)ds} has positive measure for each
 J 0

 B > 0 .

 Proof. We prove the contrapositive statement. Suppose B > 0 is

 such that

 rt
 (0,B) H f t:tf (t) > q f(s)ds} (*)

 J 0

 has measure B . For the convenience of exposition, we denote by

 F the function F(t) " [ f(s)ds , t Ç (0,B) .
 J0

 Then (*) yields F is positive, absolutely continuous and
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 2

 increasing on [a,b] , where [a,b] is any closed sub interval of

 (0,B) . Since the logarithm function is Lipschitzian on the in-

 terval F([a,b]) , the composition log » F ia also absolutely

 continuous on [a,b] • The function G on [a,b] given by

 G(t) - log(t~qF(t)) - (log » F)(t) - q log t

 is absolutely continuous. G is increasing because, for almost

 every t in [a,b] ,

 ŚS. v (t) ' - H*) . 3. dt v (t) ' - rt . t
 J f(s)ds

 0

 is positive dua to (*) . The end result is that the function

 t~**F(t) , t € (0,B) , is increasing. Let 0 < T < B and
 -t

 denote by H the constant T ^F(T) . Then £(s)ds ™
 J0

 F(t) S Mt^ , Oí tí T . For n 2 0 and 0 < R < 1 , we have

 - .n * • _n
 plU - n+1* n pTR

 t"Pf(t)dt í (TR n+1* ) n P f (t)dt
 TR TR

 Consequent ly ,

 F t"Pf(t)dt < MTq"PR~P E R(<l"p)n .
 0 n-0

 The right-hand side is finite because p < q . The theorem is

 proved.

 1) The first author was supported by a Wayne State University
 Faculty Research Grant.

 Received December 22, 1978

 163


	Contents
	p. 162
	p. 163

	Issue Table of Contents
	Real Analysis Exchange, Vol. 4, No. 2 (1978-79) pp. 109-194
	Front Matter
	EDITORIAL MESSAGES [pp. 109-110]
	TOPICAL SURVEY
	Set Theoretic, Measure Theoretic, Combinatorial, and Number Theoretic Problems Concerning Point Sets in Euclidean Space [pp. 113-138]
	Classes of Continuous Real Functions [pp. 139-157]

	INROADS
	A GENERALIZATION OF THE SCHROEDER-BERNSTEIN THEOREM [pp. 159-161]
	An Integral Inequality [pp. 162-163]
	Derivates for Symmetric Functions [pp. 164-166]
	Quelques remarques sur un théorème de Kamke et les fonctions sup-mesurables [pp. 167-177]
	Note on the Oscillatory Behavior of Certain Derivatives [pp. 178-183]

	RESEARCH ARTICLE
	A Note on A-Bounded Variation [pp. 185-191]

	QUERIES
	QUERIES FROM THE TEXT [pp. 193-193]

	REAL ANALYSIS SYMPOSIUM: August 16-18, 1979 [pp. 194-194]



