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Products of Approximate Derivatives

In (2) and (3) a characterization is given for
the class of functions defined on [0,1] whose product with
every derivative is a derivative. In the present note
characterizations of the multiplier class for approximate
derivatives of contimuous functions (ADC) and the multi-
plier class for the approximate derivatives (AD) are

given and their proofs are sketched,

For a function F(x), let W(F,I) denote its total'
variation on the interval I and let W(t)=W(F, LO,t]).

Theorem 1. A function F(x) belongs to ADC if

and only if W(t) satisfies a Lipschitz condition at

each point x in [0,1].

(Stated in the form of a Stieltjes integral, this

x
condition requires that | f aw(s)| g Mx-lx-xol )
o

%o

It is interesting to compare this with the notion of dis-
. . x
tant bounded variation, | i{ (t-xo)dw(t)ls MX;I x.-xol ’

(¢]
which characterizes the multiplier class for ordinary
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derivatives.

Proof. Sufficiency is established by taking the
approximate derivative of both sides of the integration
by parts formula for the wide sense Denjoy Integral,
(4, p. 246). After replacement of “limit" by “approx-
imate limit¥, the argument is identical to the proof
that the product of a continuous function of bounded
variation with an ordinary derivative is an ordinary
derivative, (2, p. 174).

To show necessity we assume that W(t) fails to
satisfy a ILipschitz condition at x = O and construct
an approximate derivative g(x) (with continuous prim-
itive) such that F(x)g(x) is not the approximate deri-
vative of its wide sense Denjoy integral. This construc-
tion uses the same techniques used in the construction |

of the counterexample for ordinary derivatives in (3)
and the following lemms.

Iemma. If W(t) fails to satisfy a Lipschitz

condition at x=0, then there exists a sequence x,

tending to O and a sequence of intervals Ln tending

to O such that O is a point of dispersion of E = UL

and  W(F,Cx 4,5, 71E) > n-x .

n+l?
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Proof. We first note that if J = cg-n,g-mlj ,

{en} is a non-increasing sequence whose limit is O ,
and I  is any subinterval of J, such that

I, = e 13,1, then O is & point of dispersion of

E "U:rn since if x belongs to JN'

lto,xMEl/x < eg2™1/x € 2o 2™ < 2.

Since W(t) does not satisfy a Iipschitz condition

at x=0, we may choose x; such that H(xl) > 2%, »
For some k , x,eJ, . Divide the intervals t2"k,le ’
Jk e ‘Tk 42 000 in half and begin choosing the sequence

{Ln} by taking the half of each of these intervals on
which the variation of F is greater than or equal to #
the variation of F on the contaning interval. Then for

some finite number o, ,

YL

After Xy eee s X g and their corresponding in-

tervals L have been selected, choose x, < a/2 ,
where a 18 the infimum of the previously chosen 1L

2
and such that w(xn) > n°x, . For some k, X E£J g
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we subdivide the intervals EZ-k, J%'J 0 Jk 419 Jk 29 e

into n equal parts and choose the intervals L +to be
an n-th of the containing interval J on which
W(F,L) > (1/n)-YW(F,J) . Then after a sufficiently large

(but finite) number of the L , LT , sie L:n , have

been chosen, W(¥, U L? Y2 (1/n) nzxn = nx,

and the proof of the lemma is complete.

Then i Le {I,} and Lc rx ,q, X, by

(3, Lemma 1) we define g(x) to be a piecewise linear,

continuous function on L = ra,dbI such that
(1) g(a) =g() =0

b
(1) S g(x)ix =0
a

(111) W( { g(t)at , T) < 1/n
a

b
(iv) S F(x)g(x)ax > (1/n)-%(¥,L) .
a

Set g(x) = O for x¢E- UI..1 e Condition (1) 4imnsures
that g(x) 1is continuocus on (0,1]. Conditions (dii)

and (iii) yield the wide sense Denjoy integrability of
g(x) on £0,1] and also, letting G(x) = (D)Ofx g(t)at ,
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then G(x)=0 if x é E. Since O 1is a point of dis-
persion of E, Gép(o) = g(0) = 0. Combining (iv) and
the lemma, we have that
an F(x)g(x)dx > fxn F(x)g(x)dx 3 (1/n)nxn=xn.
Xn+l
Foting that g(x)=0 on Xps 2x_ 1, (xn< a/2), we have
that for =xe Xp an:],.

(1/x)frct>gct>dt - <1/x>of”F<t)g<t>at >

(1/x) jxn F(t)g(t)at » (1/2x)) fx“ F(t)g(t)at > (1/2).
n+1 Tnel

Consequently, the set of points x at which

(1/x) o? F(t)g(t)dt 3 1/2

has an upper density of at least ¥ at x=0. Thus,
(SF(t)g(t)at )}, # F(0)g(0) = 0 and F(x)e(x) is not
the approximate derivative of a continuous function.

This completes tke proof.

Theorem 2. A function F(x) belongs to AD if and
only if F(x) is constant on [0,1].

Sufficiency is obvious. Necessity can be established
by a very tedious.process of tracking down and labeling a
sequence of. intervals on which F(x) varies and building

g(x) as above (the primitive is only approximately con-



timuous in this case),

However, the following example suggests that there
should be a resonably simple proof of Theorem 2 which has

80 far eluded this author.

Example. The identity function does not belong to

Proof. Iet I =ta, an be a sequence of intervals
tending to O such that O is a point of dispersion of
E = UIn. On I let G(x) be a positive, differentiable
$ T
function such that G(an) = G(bn) = G (an) = G'(bn) =20

b
and such that (2 G(x)dx = 1. Set G(x)=0 for x fE .
%n

By 2 result preved in (1), if G(x) were an
approximate derivative, it would be an ordinary deriva-
tive because G(x)> 0. Since IlG(x)d.x =400, it's
neither, 0

Since G(x) =0 for x ¢ E, both G(x) and
xG(x) are approximately derivable at x=0 and their
approximate derivatives have the value O there. In
particular

G*(
g(x) ={ *)

O, ;I-"-O

“e

x>0 ,
and (XG(X))ap are

spproximate derivatives on TO0,1J and the relation

(x6(x))y, = G(x) + xg(x)
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holds on (0,11 by the product rule and at x=0 since

all three terms are equal to O. Since (xG(x) )ép is

an approximate derivative and G(x) 1is not, =xg(x) is

not an approximate derivative and F(x)=x does not

belong to AD.

2.

3

4,
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