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A Note on Real Cliquish Functions

In [9] it is proved that every cliquish function f : R™ — R is the sum of six
quasicontinuous functions. By [5] every cliquish function f : R — R is the sum
of four quasicontinuous functions. In this paper we show that every cliquish
function f : R™ — R is the sum of two simply continuous functions each of
which is the sum of two quasicontinuous functions.

In what follows X denote a topological space. For a subset A of a topological
space denote C£{ A and Int A the closure and the interior of A, respectively.
The letters N,Q and R stand for the set of natural, rational and real numbers,
respectively.

We recall that a function f : X — R is cliquish at a point z € X (see [6])
if for each € > 0 and each neighborhood U of z there is a nonempty open set
G C U such that |f(y) — f(2)| < € for each y,2 € G. A function f: X - R is
said to be cliquish if it is cliquish at each point z € X.

A function f : X — R is simply continuous (see [1]) if for each open set V
in R, the set f=1(V) is the union of an open set and a nowhere dense set in X.

A function f : X — R is quasicontinuous at a point £ € X (see [6]) if for
each neighborhood U of x and each neighborhood V of f(z) there is a nonempty
open set G C U such that f(G) C V. Denote by Q; the set of all points at
which f is quasicontinuous. If Q; = X, then f is said to be quasicontinuous.

It is easy to see that every quasicontinuous function is simply continuous
and cliquish. In [7] it is shown that if X is a Baire space, then every simply
continuous function f : X — R is cliquish. Example 1 in [3] shows that the
assumption “X is a Baire space” cannot be omitted.

If f: X — Ris cliquish, then X \ C;y (where C; is the set of all continuity
points of f) is of the first category in X (see [6]). If X is a Baire space, then
f: X — Ris cliquish if and only if C; is dense in X (see [4]).

We recall that a 7-base for X is a family A of open subsets of X such that
every nonempty open subset of X contains some nonempty A € A (see [8)).

*Supported by Grant GA-SAV 367/92
Received by the editors October 30, 1991

139



140 Borsik and Dobo$

Lemma 1 Let X be a topological space such that the family of all open connected
sets is a w-base for X. Let h : X — R be a cliquish function such that h=1(0)
ts dense in X. Let g: X — R be a continuous function which is constant on no
nonempty open subset of X. Then f = g+ h is simply continuous.

Proof. Let u,v € R and € > 0 be such that u + ¢ < v —¢. Put

Avve={z€ g7 ((u+e,v—2¢): f(z) & (u,v)}.

Then Ay e = {€ € Auve : h(z) 2 0} U{z € Ay, : h(z) <0} C {z €
g7 (=00,v =€) : g(z) + |h(z)| = v} U{z € 7' ((u+&,00)) : g(z) — |h(z)| <
u} C {z € X : |h(z)| > €}. Hence Ay, ¢ is nowhere dense in X.

Let V C R be an open set. We shall show that

g~ (V) C ClInt f~1(V). (1)

Let z € g~1(V). Let u,v € R and € > 0 be such that g(z) € (u+¢,v—¢) C
(u,v) C V. Let U be a neighborhood of z such that g(U) C (u+¢,v —¢). Since
Au,v,e is nowhere dense in X, there is a nonempty open set G C U such that
GNAyyp,e=0. Since G C f~1((u,v)) C f~1(V), we have G C Int f~} (V). Thus
z € ClInt f~1(V).

Put W = f~1(V)\ Int f~1(V). We shall show that W is nowhere dense in
X. Let J C X be a nonempty open connected set. Put H = JNg~1(V). We
distinguish two cases. '

a) Suppose that H # 0. By (1) we obtain W Ng~}(V) C ClInt f~1(V) —
Int f~1(V). Hence there is a nonempty open set E C H such that

@:Eang'l(V)=EnW.

b) Suppose that H = @. Let u,v € Rand ¢ > 0 be such that u + e < v — ¢
and (u,v) C g(J). Then there is a nonempty open set T' C J such that
9(T) C (u+ €,v —¢€). Since Ay, is nowhere dense in X, there is a
nonempty open set F' C T such that F N Ay, = 0. We shall show that
FNW =0. Let £ € F. Then z € g~'((u + £,v — ¢€)), which yields
f(z) € (u,v) C g(J). Therefore there is 2 € J such that f(z) = g(2).
Since H = 0, we obtain f(z) € V. Therefore z ¢ W.

The following example shows that the assumption of the continuity of g in
Lemma 1 cannot be replaced by the assumption of the quasicontinuity of g.

Example 1 Let Q = {q1,92,493,...}. Define g,h : R — R as follows
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g(z) = Z 2™" foreach z € R

ngn<T
2-n-1" for z = qu,
h(z) = ."
0, otherwise.

Then g is a quasicontinuous function which is constant on no nonempty open
subset of R, h is a cliquish function such that h=1(0) is dense in R. However
f = g+ h is not simply continuous.

Remark 1 The sequence of functions f, : R — R, f,(z) = %sin z+h(z), where
h is the function from Example 1, shows that the class of all simply continuous
functions is not closed with respect to uniform convergence.

Perhaps the following Lemma is known but we are not able to give any
references.

Lemma 2 Let X be a second countable T3-space without isolated points. Then
there is a continuous function g : X — R which is constant on no nonempty
open subset of X.

Proof. Let B = {B, B2, B3, ...} be a countable base for X. For eachn € N
choose yn,2, € By such that y, # z,. Let g : X — [0,1] be a continu-
ous function such that g;(y1) = 0 and g¢;(21) = 1. Suppose gi,...,gr have
been constructed. Let hry; : X — [0,1] be a continuous function such that
hk+1(yk+1) =0 and hk+1(zk+1) = 1. Put

k k
_ ) P41, if Y47 (1) < ) 47 gi(zra),
gk+1 = i=1 i=1

1 — hg41, otherwise.

Put f = 372, 47%g;. Then f is a continuous function which is constant on no
nonempty open subset of X.

Theorem 1 Let X be a Baire second countable T3-space such that the family of
all open connected sets is a w-base for X. Then every cliquish function f: X —
R is the sum of two simply continuous functions.

Proof. Denote by D the set of all isolated points of X. Put B = X\ C£D Then
by Lemma 2 there is a continuous function h : B — R which is constant on no
nonempty open subset of X. Denote by A the set of all points in X at which
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f is not locally bounded. Since C; is dense in X and A is closed, A is nowhere
dense in X. Define G : B — R as follows:

_ [ limsup,_; yec,(f(u) —h(u)) ifz€B\A
9(z) = { f(z) —ph(z) € otherwise.

Evidently
g(z) = f(z) — h(z) for each z € C;yN B. (2)

Let 2 € B\ A. Let U C B be a neighborhood of z and € > 0. Then there is
u € Cy NU such that |f(u) — h(u) — g(z)| < &£. Furthermore there is an open
neighborhood G C U of u such that |g(u) — g(yz)l < £ for each y € G. Therefore
for each y € G we have |g(z) — 9(s)| < |g(z) — £(u) + h(u)| + [f(u) — h(u) —
g9(u)| + |g(u) — g(y)| < €. This shows that

B\ACQ,. (3
Define k : B — R as follows
k(z) = f(z) — h(z) — g(z) for each z € B.

Since g is cliquish on B, the function k is cliquish on B. From (2) we obtain
that k=1(0) is dense in B. According to Lemma 1 we have that k + h is simply
continuous. Define fi, fo : X — R as follows

z), if z € B,
fl(:c)={g() if z €

f(z), otherwise;

k(z) + h(z), if z € B,
fa(z) = .
0, otherwise.

Evidently fi + fo = f. We shall show that f; and f, are simply continuous.

Since D C Qy,, by (3) we have X\ Q;, C AU(C¢D\ D). Thus X \ Qy,
is nowhere dense in X. Let V be an open set in R. According to Remark 1
and Lemma 1 in [2] the set Q;, N (f7 (V) \ Int f{}(V)) is nowhere dense in X.
Therefore f71(V) \Int f71(V) C (ST ' (V) \Int f71 (V) NQp)U (X \ Qy,) is
nowhere dense in X. Thus f; is simply continuous.

Finally £;1(V) = (f; 2 (V) N B) U (f;1(V) N C¢D) is the union of two sets
each of which is the union of an open set and a nowhere dense set in X. Thus
f2 is simply continuous.

The following example shows that the assumptions in Theorem 1 cannot be
omitted.
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Example 2 Let X = R with the cofinite topology. Evidently X is Baire and
locally connected. Define g : X — R as follows

%, if z€eN,
9(z) =

0, otherwise.

Since for each simply continuous function f : X — R the set f(X) is finite, the
cliquish function g is not a sum of finitely many simply continuous functions.

Lemma 3 Let X be a Baire separable locally connected metric space. Let f :
X — R be such that the set X \ Q; is nowhere dense in X. Then f is the sum
of two quasicontinuous functions.

Proof. Let B be a countable base for X. Put A = {B € B: C{B C IntQ,}.
Then A = {A;, A3, As,...}. Let W = {w;,ws,ws,...} be a countable dense

subset in X \ IntQ;. Let i € N. Since X \ U; —; CLAj is an open neighborhood
of the point w;, there is a sequence (v}); of points such that vi € (IntQyNCy)\

Ui-; C£ Ay, and (v )j converges to w;. Put E' = {v} :4,j € N} It is not difficult
to verify that E is dlscrete Define functions fi, f2 X — R as follows

1 H 1 :
filz) = { distz.CTE) St (dlst(x,(rlf)) , if € X\CLE,
0, if z € CLE;
f(z) = f(z) - fi(=).

We shall show that f; is quasicontinuous. Similarly we can show that f; is
quasicontinuous.

Evidently f5 is quasicontinuous on X \ C£E.

Let £ € CLE. We may assume that z is not an isolated point of X. Let U
be an open connected neighborhood of z and € > 0. Choose y € U N E. Then
y 1s not an isolated point of X. Since y € Cy, there is an open neighborhood V
of y such that

I£(8) - f(y)| < % for each t € V.

Let W C U NV be a neighborhood of y such that W N E = {y}. Since f,
assumes any real value on W, we obtain

dzeW,z#£ y: fi(2) = f(y) — f(z).

Since f; is continuous at z, there is an open neighborhood G C W of z such that

A1) - fi(2)| < .25. for each t € G.
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Let t € G. Then we have
[f2(z) = f2(1)] = | f(z) = f() + fr ()] <
|f(z) = f(¥) + 1D+ |f(y) = FO] + | f1(t) = fr(2)] <e.

Thus fs is quasicontinuous at z. Evidently f = f; + f,.

Proposition 1 (See [9; Theorem 3].) Let f : R™ — R be a cliquish function such
that the set f~1(0) is dense in R™. Then f is the sum of two quasicontinuous
functions.

Theorem 2 Every cliquish function f : R™ — R is the sum of two simply
continuous functions each of which is the sum of two quasicontinuous functions.

Proof. Let h : R™ — R be a continuous function which is constant on no
nonempty open set. From the proof of Theorem 1 it follows that there are
simply continuous functions fi, fz : R™ — R such that f = f; + fo,R™\ Qy,
is nowhere dense in R™, f, — h is cliquish and (f; — h)~1(0) is dense in R™.
By Lemma 3 there are quasicontinuous functions g;, g2 : R™ — R such that
fi = g1 + g2. According to Proposition 1 there are quasicontinuous functions
93,95 : R™ — R such that fo —h = g3+ g5. Put g4 = g5 + h. Then g4 is
quasicontinuous and f; = g3 + ¢4.
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