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On the Baire Class of E-Derivatives and
Extreme E-Derivatives

The notion of path derivatives was introduced in [5] to unify the study of
certain generalized derivatives. Let z € R. A path at z is aset £; C R such that
z € E; and z is a point of accumulation of E,. A system of paths is a collection
E = {E; : ¢ € R} where each E; is a path leading to z. A function F : R — R
is E-differentiable at z if Fg(z) = lim v=s ﬂ%}frﬁ(ﬂ exists and is finite. The

extreme E-derivatives are defined in the usual manner. A path system E will
be said to satisfythe condition stated below if there is a positive function é such
that whenever 0 < y — z < min{é(z), é(y)}, the paths E; and E, intersect in
the stated fashion.

(a) internal intersection condition (1.1.C.) if E;NEy N (z,y) # 0,
(b) intersection condition (1.C.) if E; N Ey N [z,y] # 0,

(c) erternal intersection condition, parameter m (E1.C.[m]) if ENEy N[z —

m(y—=z),z]#0and E;NE;N[y,y+m(y —z)] #0,

(d) one sided external intersection, parameter m (O.E.I.C. [m]) if E; N Ey N
[r—m(y—=z),z]#0o0r E:NEyN[y,y+m(y—z)] #0.

In [5] it is shown that much of the good behavior of some generalized deriva-
tives is due to the following factors: (i) the thickness of the paths and (ii) the
way that the paths E; and Ey intersect when z and y are sufficiently close. In
[1] we studied a third factor: (iii) the closeness of the paths when z and y are
sufficiently close. The factors (i) and (iii) have been studied for path derivatives
and extreme path derivatives in [1], [2], [5], [3], and [4], but the intersection con-
ditions are studied only for path derivatives [5], [6]. We mention some results
from [5] and [6].

Theorem [5] Let F : R — R and E = {E, : ¢ € R} be a system of paths.
1. If E satifies the E.I.C. and F is E-differentiable, then Fy € B;.

2. If E satisfies the I.I.C. and F is E-differentiable, then there erists a se-
lection S such that Ff, = F§; hence Fg € Bs.
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Theorem [6] Let F : R — R and E = {E; : z € R} be a system of paths
satisfying the E.I.C. If F is E-differentiable, then there is a system of paths E*
which satisfies both the intersection and the erternal intersections so that Fg.
erists and Fy = Fg..

Thus, the following question arises:

Question 1 Suppose F : R — R and E = {E; : = € R} is a system of paths
salisfying the I.C. If F is E-differentiable, is Fg, € By ?

Of course, Ff need not be in By. This is shown in [6]. We have the following
results which illustrate that the intersection conditions alone are not effective
enough to guarantee the Borel measurability of extreme E-derivatives.

Theorem 1 There ezists a function F € DBy and a bilateral sysiem of paths
E satisfying the one sided E.I.C. such that T,E is not measurable.

Theorem 2 There ezists a function F € DBy and a bilateral system of paths
E which is nonporous and satisfies all sorls of inlersection conditions, but Fg
s not measurable.

References

[1] A. A. Alikhani-Koopaei, Borel measurability of ertreme path derivatives,
Real Anal. Exch. 12 (1986-87), 216-246.

[2] A. A. Alikhani-Koopaei, Eztreme path derivatives of a function with respect
to a nonporous system of paths, Real Anal. Exch. 14 (1988-89), 77-98.

[3] A. M. Bruckner and K. G. Johnson, Path derivatives and growth control,
Proc. Amer. Math. Soc. 91 (1984), 46-48.

[4] A. M. Bruckner, M. Laczkovich, G. Petruska, and B. S. Thomson, Porosity
and approzimaie derivatives, Can. J. Math. 38 (1986), 1149-1180.

[5] A. M. Bruckner, R. J. O’Malley, and B. S. Thomson, Path derivatives: A
untfied view of certain generalized derivalives, Trans. Amer. Math. Soc. 283
(1984), 97-125.

(6] C. B. Cordy, On the relationship between the external intersection condi-
tion and the intersection condilion for path derivatives, Real Anal. Exch. 13
(1987-88), 420-431.



	Contents
	p. 30
	p. 31

	Issue Table of Contents
	Real Analysis Exchange, Vol. 18, No. 1 (1992-93) pp. 1-291
	Front Matter
	EDITORIAL MESSAGES [pp. 2-2]
	CONFERENCE ANNOUNCEMENTS [pp. 3-5]
	CONFERENCE REPORTS
	Report on the Summer Symposium in Real Analysis XVI, Acadia University, Wolfville, Nova Scotia, August 13–15, 1992 [pp. 6-11]
	The Fractal Analysis of Products and Projections of Measures [pp. 12-12]
	Generalized Lebesgue Points [pp. 13-14]
	The Problem of Integral–Geometric Uniqueness [pp. 15-16]
	Translates of a Set Which Meet It in a Set of Positive Measure [pp. 17-17]
	Measure Spaces and Division Spaces [pp. 18-18]
	Weighted Inequalities in Function Spaces [pp. 19-20]
	Extreme points and the convexity theorem of A. A. Lyapunov [pp. 21-21]
	Constructions Which Control Dimensions [pp. 22-22]
	Totalization: Newton's Problem and Fourier's Problem [pp. 23-24]
	Stochastic Integrals of Itô and Henstock [pp. 25-25]
	Packing Measures in Different Bases and Probability Theory [pp. 26-27]
	An Introduction to Shell Porosity [pp. 28-29]
	On the Baire Class of E–Derivatives and Extreme E–Derivatives [pp. 30-31]
	On Approximate Peano Derivatives [pp. 32-33]
	More on Intersections of Continuous Functions and Smooth Functions [pp. 34-34]
	Questions Concerning the Inverse Function Theorem [pp. 35-35]
	Decreasing Sequences of σ-Fields [pp. 36-36]
	Baire Domination [pp. 37-37]
	The Mountain Climbers' Problem and the Complexity of Real Continuous Functions [pp. 38-39]
	Symmetric Behavior in Functions [pp. 40-41]
	Dense Extendable Connectivity Functions [pp. 42-42]

	RESEARCH ARTICLES
	Positive Linear Functionals on Spaces of Continuous Functions [pp. 43-51]
	Typical Approximately Continuous Functions Are Surprisingly Thick [pp. 52-62]
	Copson Type Inequalities with Weighted Means [pp. 63-69]
	On the Relative Grid Dimension of Continuous Functions [pp. 70-81]
	A Note on Absolute Nörlund Summability Factors [pp. 82-86]
	Closure of Darboux Graphs [pp. 87-94]
	Basic Convergence Principles for the Kurzweil-Henstock Integral [pp. 95-114]
	On ω-limit Sets of Triangular Maps [pp. 115-130]
	On the Darboux Property of Restricted Functions [pp. 131-138]
	A Note on Real Cliquish Functions [pp. 139-145]
	A Local Characterization of Darboux(B) Functions. The Semicontinuity of Monotone Functions [pp. 146-151]
	Algebraic Properties of ε–continuous Functions [pp. 153-168]
	Derivatives, Continuous Functions and Bounded Lebesgue Functions [pp. 169-175]
	Topologies Between Compact and Uniform Convergence on Function Spaces, II [pp. 176-189]
	Henstock's Condition for Convergence Theorems and Equi-integrability [pp. 190-205]
	On Graphs of Continuous functions [pp. 206-213]
	Quasi-Continuous and Cliquish Selections of Multifunctions on Product Spaces [pp. 214-220]
	The 𝑛-Dimensional Gradient Has the 1-Dimensional Denjoy-Clarkson Property [pp. 221-224]

	INROADS
	Metric Space of Metrics Defined on a Given Set [pp. 225-231]
	Products of Darboux Functions [pp. 232-236]
	On the Sums and Products of Darboux Baire*1 Functions [pp. 237-240]
	On Some Topologies of O'Malley's Type on the Plane [pp. 241-248]
	A Note on Darboux Functions [pp. 249-252]
	On the Descriptive Definition of the Burkill Approximately Continuous Integral [pp. 253-260]
	On the Equivalence of two Convergence Theorems for the Henstock Integral [pp. 261-266]
	On Some Questions of R. Gordon Related to Approximate and Dyadic Henstock Integrals [pp. 267-269]
	Limit of Simply Continuous Function [pp. 270-275]
	Does Every Borel Function Have a Somewhere Continuous Modification? [pp. 276-280]
	Curves, length, fractal dimension [pp. 281-291]

	Back Matter



