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ON THE SYMMETRIC DERIVATIVE

One of the most interesting problems concerning sym-
metrically differentiable functions is whether an arbitrary
symmetric derivative is in the first Baire class of functions.
The purpose of this note is to indicate an affirmative answer
to this question and to state some of the interesting results
which are consequences of this theorem.

For £, a real-valued function defined on IR, we denote
by C(f) the set of points at which f is continuous and by
D(f) the set of points at which f'(x) exists and is finite.
%1 stands for the first Baire class of functions and ﬁ%l
is the set of all fG%l such that £ has the Darboux property.
£°% (x) is the symmetric derivative of £ at x. The class T
is defined to consist of all functions, £, such that fs(x)
exists (finite or infinite) everywhere. 1In addition, we
define o*<(f€X: C(f) is dense} and o={f€o*: £° is finite
everywhere}. We denote ZS=[fS: fexL). o*s and ¢° are
defined similarly.

It follows at once from theorems of Khintchine [6]
and Preiss [9] that all measurable symmetrically differen-
tiable functions are in o* and f€o iff f is measurable and

£%(x) exists and is finite everywhere.

Theorem 1. Esc%l.

This extends a result of Filipczak [4], who showed
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that if f is approximately continuous and symmetrically
differentiable, then fseﬂl.

Let f€o* and x€RR . Since C(f) is residual, there
exists a sequence, {pn], decreasing to O, such that both
x+p and x-p, are in C(f) for each n. Using this obser-

vation, we define
f(x+pn)-f(x-pn)

sc Cq
£ (x)—llmn~¢ 2pn

if this limit exists and is the same for all such sequences,
(p,]-

Theorem 2. Let f€o*. Then there are two sets, Ay and A,
each with countable closure, and two functions, 9 and =Py
both in %1, satisfying:

(a) gic(x)=fs(x) everywhere, i=1,2;

(b) gi(x)=fs(x) everywhere an Xi, i=1,2;

(c) g, (gz) is upper (lower) semicontinuous on Xi (Kg);
(4) C(f)CC(gi) and f(x)=gi(x) for each xeCc(f), i=1l,2;
(e) D(£)D(g;) and f'(x)=g;(x) for each x€D(f), i=1,2;

(£) If I is a component of Kg, then giem_l(I) (see Evans

[3]) ’ i=lp2o
This is proved with the help of the following lemma.

Lemma 3. If f€o*, then the sets
Aj=(x: [lim supthf(t)!=@] and A =(x: |lim inftdxf(t)|=°]

both have countable closure.

Thus, given an arbitrary f€c*, which may be badly
behaved, theorem 2 gives us a means of associating f with
another function which retains the desirable properties

of £ and does not possess some of the less desirable ones.
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This association allows us to explore the properties of

£° with more precision. We call 9, of the theorem the

"nice copy" of f and Ay the "essential set" for £. (This
choice of 9, and Al over g, and Az is entirely arbitrary.)
The uniqueness of the nice copy is indicated by the following

thoerem.

Theorem 4. Let f and g be functions in o* and suppose that
D is any dense subset of R. If f(x)=g(x) for every x€D,
then the essential sets for £ and g are equal and the nice
copies of £ and g are equal up to their values on the

essential set.

If f€o, then the conclusions of theorem 2 may be

strengthened.

Theorem 5. Let f€o with A the essential set for £ and g

the nice copy of £. Then A is a symmetric set and g satisfies:
(@) g° (x)=£" (x) everywhere;

(b) g is upper semicontinuous on Ac;

(c) If I is a component of KC, then gEﬁml(I).

Further, g is uniquely determined up to an additive constant

and its values on A by (a), (b) and (c).

Corollary 6. Let £f€0°. Then there is a unique symmetric

set, A, and a function, F€o, satisfying:
(a) F° (x)=f (x) everywhere;
(b) F is upper semicontinuous on AC;

(c) If I is a component of AC, then FGﬁ%l(I);
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(d) F is unique up to its values on A and an additive con-
stant.

Given feos, we call the function, F, of the theorem
the "nice primitive" of £.

Theorem 7. Let f€o* such that fs(x)zo a. e. and fs(x) is

never -2. Then the nice copy of £ is nondecreasing.

Corollary 8. Let £€6° such that f(x)20 a. e.. Then any

nice primitive for f is continuous and nondecreasing.

Corollary 9. Let feg*s such that f has the Darboux property

and let F be the nice copy of a primitive for £. If f(x)=20

a. e., then F is nondecreasing.

Corollary 10. If fEc*s, then £ is finite a. e..

Using corollary 10 in conjunction with the main theorem

contained in [2], we obtain the following theorem.

Theorem 11l. Let f€o*. Then the set of points at which f

is not differentiable is o-porous and f has a finite ordinary

derivative a. e..

Corollary 12. fé€o* iff f is measurable and symmetrically

differentiable.

The preceding corollary naturally leads to the question
of whefher there are any nonmeasurable functions in I. This
question was posed as long ago as 1928 by Sierpinski and still
remains open. The following. theorem may be helpful in resolving

this question.

Theorem 13. Let f€Z. Then the set {x: ‘fs(xﬁ=°} can contain
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no interval and f is symmetrically continuous on a dense

set.

Using these results, the quasi-mean value theorems of

Aull [1], Evans [3] and Kundu [6] can be extended to o*.

Theorem l4. Let f€o* and a,BEC(f) with a<B. Then there

sets, A and B, contained in (a,B) such that

fs(a)sglé%igﬂllsfs(b)

are nonempty G6

for all a€A and all b&€B. Further, if f£€o, both A and B

have positive measure.

Even though an arbitrary symmetric derivative need,
not satisfy the Darboux property, there is another "Darboux-

like" condition which it must satisfy.

Theorem 15. Let ons. Then for each xX€R,

f (x+h)+f (x-h)
> .

lim inf, _ f(x+hl;f(x-h)

h-0 S f(x) €slim suph_.o

We can also state a condition sufficient to guarantee

that fse.bsal.

Theorem 16. Let f€Z such that f is symmetrically continuous

and nonangular (see Garg [5]). Then fseﬁ%l.

The above results can be used to extend the generalized
Zahorski class theorems of Kundu [8] to o*. Using Kundu's

notation, the following theorems can be proved.

Theorem 17. ﬁo*scmz.

Theorem 18. Let féo*° and suppose F is a primitive for €£.

Then fEm3(D(F))-
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Actually, a generalized form of Weil's property Z

([10]) is shown to hold and theorem 18 follows as a corollary.

Theorem 19. Let £€0° such that f is bounded. If F is any

primitive for £, then f€m4(D(F)).

These Zahorski-type theorems are relatively sharp,

as the following examples show.

Example. There is a continuous and nonangular f€g such that

fseﬁﬁl and £° is bounded, but fs£m3.

Example. There is a bounded symmetric derivative, £€m,,

which is not a derivative.

Example. There exists an f£&N. which is a symmetric derivative,
LXamp.e 5

but not a derivative.

I would like to thank Professor C. E. Weil for his

help in the preparation of this material.

References

1. C. E. Aull, The first symmetric derivative, Amer. Math.
M., 74(1967), 708-711.

2. C. L. Belna, M. J. Evans, P. D. Humke, Symmetric and
Ordinary Differentiation, Proc. Amer. Math. S., 72(1978)
No. 2, 261-267.

3. M. J. Evans, A symmetric condition for monotonicity,
Bull. Inst. Math. Acad. Sinica, 6(1978), 85-91l.

4. F. M. Filipczak, Sur les dériveés symmetriques des
fonctions approximativement continues, Coll. Math.,
34 (1976) , 249-256.

5. K. Garg, On a new definition of derivative, Bull. Amer.
Math. Soc., 82(1976), 768-770.

6. A. Khintchine, Recherches sur la structure des fonctions
mesurables, Fund. Math., 9(1927), 212-279.

240



7.

1o.

N. K. Kundu, On some conditions of symmetric derivatives
implying monotonicity of functions, Rev. Roum. Math.
Pures. Appl., 15(1970), 561-568.

, On symmetric derivatives and on properties of
Zahorski, Czech. Math. J., 26(1976), 154-160.

D. Preiss, A note on symmetrically continuous functions,
Casopis pest mat., 96(1971), 262-264.

C. E. Weil, A property for certain derivatives, Indiana
Math. J., 23(1973), 527-536.

Recetved March 2, 1981

241



	Contents
	p. 235
	p. 236
	p. 237
	p. 238
	p. 239
	p. 240
	p. 241

	Issue Table of Contents
	Real Analysis Exchange, Vol. 6, No. 2 (1980-81) pp. 135-247
	Front Matter
	EDITORIAL MESSAGES [pp. 135-135]
	A SYMPOSIUM ON REAL ANALYSIS will be held at SYRACUSE UNIVERSITY on JULY 9-12, 1981 [pp. 137-137]
	TOPICAL SURVEY
	Uniform Ideas in Analysis [pp. 139-185]

	RESEARCH ARTICLES
	Non-Monotonic Implies Very Oscillatory [pp. 187-191]
	Comments on a Functional Equation [pp. 192-199]
	On the Baire class of a mixed second derivative [pp. 200-202]
	ON CHARACTERIZING CONNECTED FUNCTIONS [pp. 203-207]

	INROADS
	MONOTONICITY THEOREMS [pp. 209-234]
	ON THE SYMMETRIC DERIVATIVE [pp. 235-241]
	ON STRICT LOCAL EXTREMA OF DIFFERENTIABLE FUNCTIONS [pp. 242-244]
	A Note on the Garsia-Sawyer Class [pp. 245-246]

	QUERIES [pp. 247-247]



