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ON AN ANALOG OF THE ARAKAWA-KANEKO ZETA

FUNCTION AND RELATIONS OF SOME MULTIPLE

ZETA VALUES

By

Ryota Umezawa

Abstract. T. Ito defined an analog of the Arakawa-Kaneko zeta

function to obtain relations among Mordell-Tornheim multiple zeta

values. In this paper, we develop two things related to an analog

of the Arakawa-Kaneko zeta function. One is to find an analog of

the Arakawa-Kaneko zeta function of Miyagawa-type (defined by

T. Miyagawa) and to obtain relations among Miyagawa-type mul-

tiple zeta values. The other is to find a class of zeta functions to

which Ito’s zeta functions of the case of general index are related.

1. Introduction

The Arakawa-Kaneko zeta function is the following function introduced in

[2].

Definition 1 (The Arakawa-Kaneko zeta function). For k ¼ ðk1; . . . ; knÞ A
Nn and s A C with <ðsÞ > 1� n, the Arakawa-Kaneko zeta function is defined

by

xðk; sÞ ¼ 1

GðsÞ

ðy
0

ts�1

et � 1
Likð1� e�tÞ dt;

where LikðzÞ is the multi-polylogarithm defined by

LikðzÞ ¼
X

0<m1<m2<���<mn

zmn

mk1
1 mk2

2 � � �mkn
n

ðjzj < 1Þ:
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The Arakawa-Kaneko zeta function has a connection with Euler-Zagier

multiple zeta values (EZ-type MZVs for brevity) and poly-Bernoulli numbers (see

[2]). Here, EZ-type MZVs are the special values of the following functions.

Definition 2 (The Euler-Zagier multiple zeta function (EZ-type MZF)).

For s ¼ ðs1; . . . ; snÞ A Cn, the Euler-Zagier multiple zeta function is defined by

zðsÞ ¼
X

0<m1<m2<���<mn

1

ms1
1 m

s2
2 � � �msn

n
:

This series converges absolutely when

Xk
i¼0

<ðsn�iÞ > k þ 1

for any k with 0a ka n� 1 (see [6]) and can be continued meromorphically

to the whole Cn space (see [1]). The values of EZ-type MZFs at k ¼ ðk1; . . . ;
knÞ A Nn with kn b 2 are called Euler-Zagier multiple zeta values (EZ-type

MZVs).

In this paper, we focus on the fact that the properties of the Arakawa-

Kaneko zeta function lead to certain relations among EZ-type MZVs. Regarding

this, there is the work of Ito [3]. Ito introduced the following function as an

analog of the Arakawa-Kaneko zeta function:

Definition 3 (The Ito zeta function). For k1; . . . ; kr A N and s A C with

<ðsÞ > 1� r, we define

xMT ðk1; . . . ; kr; sÞ ¼
1

GðsÞ

ðy
0

ts�1

et � 1

Yr
i¼1

Likið1� e�tÞ dt:ð1Þ

We call the function (1) the Ito zeta function in this paper. We also introduce

MT-type MZVs which are the special values of the following functions.

Definition 4 (The Mordell-Tornheim multiple zeta function (MT-type

MZF)). For s1; . . . ; srþ1 A C, the Mordell-Tornheim multiple zeta function is

defined by

zMT ðs1; . . . ; sr; srþ1Þ ¼
Xy

m1¼1;...;mr¼1

1

ms1
1 � � �msr

r ðm1 þ � � � þmrÞsrþ1
:
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This series converges absolutely when

Xj

l¼1

<ðskl Þ þ <ðsrþ1Þ > j

with 1a k1 < k2 < � � � < kj a r for any j ¼ 1; 2; . . . ; r (see [8]) and can be

continued meromorphically to the whole Cn space (see [5]). The values of MT-

type MZF at non-negative integer points in the domain of convergence are

called Mordell-Tornheim multiple zeta values (MT-type MZVs). Ito used his

zeta function to obtain certain relations among MT-type MZVs. Therefore,

the Ito zeta function is an analog of the Arakawa-Kaneko zeta function of

MT-type.

There is a generalization of the Ito zeta function, which was given by Ito

himself as follows.

Definition 5 (The generalized Ito zeta function ðr ¼ 1Þ). For k ¼ ðk1; . . . ;
knÞ A Nn, knþ1 A Zb0 and s A C with <ðsÞ > 1� n, we define

xMT ððk; knþ1Þ; sÞ ¼
1

GðsÞ

ðy
0

ts�1

et � 1
Lik;knþ1

ð1� e�tÞ dt;ð2Þ

where

Lik;knþ1
ðzÞ ¼

Xy
m1¼1;...;mn¼1

zT
n

j¼1mj

mk1
1 � � �mkn

n ð
Pn

j¼1 mjÞknþ1
ðjzj < 1Þ:

Ito considered a version of the function (2), in which Lik;knþ1
ð1� e�tÞ is

replaced by a product of r quantities of the form Lik;knþ1
ð1� e�tÞ ([3, Definition

13]). Therefore, we call the function (2) the generalized Ito zeta function ðr ¼ 1Þ.
On the other hand, there is also a generalization of MT-type MZF, which

was given by Miyagawa as follows.

Definition 6 (The Miyagawa multiple zeta function (Miyagawa-type MZF)).

For s1; . . . ; srþ1 A C, we define

ẑzMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1Þð3Þ

¼
Xy

m1¼1;...;mr¼1

1

ms1
1 � � �msj

j

Qrþ1
u¼jþ1ð

Pu�1
v¼1 mvÞsu

:
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This function was introduced by Miyagawa [7]. Moreover, he showed that

the function (3) can be continued meromorphically to the whole C rþ1 space. We

call the function (3) the Miyagawa multiple zeta function (Miyagawa-type MZF).

Moreover, we call the values of Miyagawa-type MZFs at non-negative integer

points in the domain of convergence Miyagawa multiple zeta values (Miyagawa-

type MZVs). In the present paper, we use the function (2) to obtain certain

relations among Miyagawa-type MZVs. Ito’s method uses functional relations

between functions (1) and MT-type MZFs (Theorem 4), and our method uses

functional relations between functions (2) and Miyagawa-type MZFs (Theorem

6). However, Theorem 4 and Theorem 6 only give functional relations in the case

when all the indices ki are 2 in the function (1) and the function (2). In this

paper, we also study functional relations for the function (1) and the function (2)

with general indices. For this purpose, we introduce the following new class of

multiple zeta functions.

Definition 7 (The generalized Mordell-Tornheim multiple zeta function

(GMT-type MZF)). For si ¼ ðsi;1; . . . ; si;niÞ A Cni ð1a ia rþ 1; ni A NÞ, we

define

zMT ðs1; s2; . . . ; sr; srþ1Þð4Þ

¼
X

0<m1; 1<m1; 2<���<m1; n1

..

.

0<mr; 1<mr; 2<���<mr; nr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

1Qr
i¼1

Qni
j¼1 m

si; j
i; j

Qnrþ1

u¼1ð
Pr

v¼1 mv;nv þ
Pu�1

w¼1 mrþ1;wÞsrþ1; u

¼
X

0<m1; 1;0<m1; 2;...;0<m1; n1

..

.

0<mr; 1;0<mr; 2;...;0<mr; nr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

1Qr
i¼1

Qni
k¼1ð

Pk
j¼1 mi; jÞsi; k

Qnrþ1

u¼1ð
Pr

i¼1

Pni
j¼1 mi; j þ

Pu�1
w¼1 mrþ1;wÞsrþ1; u

:

We call this function the generalized Mordell-Tornheim multiple zeta func-

tion (GMT-type MZF) and call the values of GMT-type MZFs at non-negative

integer points in the domain of convergence generalized Mordell-Tornheim mul-
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tiple zeta values (GMT-type MZVs). As a consequence of the present study, we

can obtain relations among special values of functions (4).

Regarding relations among those functions, the known results and the results

shown in the present paper are summarized as follows.

x-function special value functional relation

Arakawa-Kaneko

zeta function

EZ-type

(Theorem 1)

EZ-type

(Theorem 2)

MT-type

(Theorem 8)

if ki a 2

Ito

zeta function

MT-type

(Theorem 3) GMT-type ðnrþ1 ¼ 1Þ
(Theorem 8)

general

Miyagawa-type

(Theorem 10)

if ki a 2

ð1a ia nÞGeneralized Ito

zeta function

ðr ¼ 1Þ

Miyagawa-type

(Theorem 5) GMT-type

(Theorem 10)

general

Remark 1. Theorem 4 expresses the relationship between Ito zeta func-

tions with ki ¼ 2 and MT-type MZFs, and Theorem 6 expresses the relation-

ship between generalized Ito zeta functions ðr ¼ 1Þ with ki ¼ 2 ð1a ia nÞ and

Miyagawa-type MZFs.

In Section 2, we provide some notations, lemmas and known results which

we need in later sections. In Section 3, we discuss the function (2) and prove

Theorem 5 and Theorem 6. As a consequence, we can obtain relations among

Miyagawa-type MZVs. In Section 4, we discuss the function (4) and prove several

propositions on the function (4). In Section 5, using functions (4), we generalize

Theorem 4 and 6 to Theorem 8 and 10, respectively. As a consequence, we can

obtain relations among GMT-type MZVs.

2. Preliminaries

In this section, we provide some notations, lemmas and known results which

we need later. In this paper, unless otherwise noted, k, n and r denote positive

integers and s is a complex number also when these have subscripts. Moreover,

fkgn denotes n repetitions of k. For example, ð1; 2; 2; 3Þ ¼ ð1; f2g2; 3Þ. For k ¼
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ðk1; . . . ; knÞ, we define kG ¼ ðk1; . . . ; kn�1; kn G 1Þ and Gk ¼ ðk1 G 1; k2; . . . ; knÞ.
Let k� denote the dual index of k.

Lemma 1 ([2, Lemma 1] and [3, Lemma 4]). For k ¼ ðk1; . . . ; knÞ A Nn, the

following formulas hold:

(i)

d

dz
LikðzÞ ¼

1
z
Lik�ðzÞ ðif kn > 1Þ;
1

1�z
Lik1;...;kn�1

ðzÞ ðif kn ¼ 1Þ;

(

(ii)

d

dz
Lik;knþ1

ðzÞ ¼
1
z
Lik;knþ1�1ðzÞ ðif knþ1 > 1Þ;

1
z

Qn
i¼1 LikiðzÞ ðif knþ1 ¼ 1Þ:

(

By Lemma 1, we have

d

du
Likþð1� e�t�uÞ ¼ 1

etþu � 1
Likð1� e�t�uÞ;

d

du
Lik;1ð1� e�t�uÞ ¼ 1

etþu � 1

Yn
i¼1

Likið1� e�t�uÞ;

d

du
Lik;knþ1þ1ð1� e�t�uÞ ¼ 1

etþu � 1
Lik;knþ1

ð1� e�t�uÞ:

Therefore, we obtain the following corollary.

Corollary 1. The following formulas hold:

ðy
0

1

etþu � 1
Likð1� e�t�uÞ du ¼ zðkþÞ � Likþð1� e�tÞ;

ðy
0

1

etþu � 1

Yn
i¼1

Likið1� e�t�uÞ du ¼ zMT ðk1; . . . ; kn; 1Þ � Lik;1ð1� e�tÞ;

ðy
0

1

etþu � 1
Lik;knþ1

ð1� e�t�uÞ du ¼ zMT ðk1; . . . ; kn; knþ1 þ 1Þ � Lik;knþ1þ1ð1� e�tÞ:

Lemma 2. For a matrix A ¼ ðai; jÞ1aian;1ajar, ai; j A Rb0 and s ¼ ðs1; . . . ;
snÞ A Cn we define
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zðs;AÞð5Þ

¼
Xy

m1¼1;...;mr¼1

ða1;1m1 þ � � � þ a1; rmrÞ�s1 � � � ðan;1m1 þ � � � þ an; rmrÞ�sn

¼
Xy

m1¼1;...;mr¼1

Yn
i¼1

1

ðA
m1

..

.

mr

0
B@

1
CAÞsii

;

where ðÞi represents the i-th element of a vertical vector. For <ðsiÞ > 0 ð1a ia nÞ,
if zðs;AÞ converges absolutely then

zðs;AÞ ¼ 1Qn
i¼1 GðsiÞ

ðy
0

� � �
ðy
0

 Yr
i¼1

1

expð tA
t1

..

.

tn

0
B@

1
CAÞi � 1

!Yn
i¼1

tsi�1
i dti;ð6Þ

where tA represents the transposed matrix of A.

Remark 2. The function zðs;AÞ was introduced by Matsumoto [5]. More-

over, he showed that the function zðs;AÞ can be continued meromorphically to

the whole Cn space.

Remark 3. If there exists i satisfying <ðsiÞa 0, then the integral on the

right hand side of (6) diverges.

Proof of Lemma 2. By using GðsÞ ¼ ms
Ðy
0 ts�1e�mt dt ð<ðsÞ > 0Þ, we

have

zðs;AÞ

¼
Xy

m1¼1;...;mr¼1

1Qn
i¼1 GðsiÞ

�
ðy
0

� � �
ðy
0

e�t1ða1; 1m1þ���þa1; rmrÞ � � � e�tnðan; 1m1þ���þan; rmrÞ
Yn
i¼1

tsi�1
i dti

¼
Xy

m1¼1;...;mr¼1

1Qn
i¼1 GðsiÞ
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�
ðy
0

� � �
ðy
0

e�ðt1a1; 1þ���þtnan; 1Þm1 � � � e�ðt1a1; rþ���þtnan; rÞmr

Yn
i¼1

tsi�1
i dti

¼ 1Qn
i¼1 GðsiÞ

ðy
0

� � �
ðy
0

1

et1a1; 1þ���þtnan; 1 � 1
� � � 1

et1a1; rþ���þtnan; r � 1

Yn
i¼1

tsi�1
i dti:

The last equality holds since zðs;AÞ converges absolutely. r

The following results on the Arakawa-Kaneko zeta function and the Ito zeta

function are known.

Theorem 1 ([4, Theorem 2.5]). For k ¼ ðk1; . . . ; knÞ A Nn, we write jkj ¼
k1 þ � � � þ kn and call it the weight of k, and dðkÞ ¼ n, the depth of k. Moreover,

we write

bðk; jÞ ¼
Yn
i¼1

ki þ ji � 1

ji

� �
:

For any m A N, we have

xðk;mÞ ¼
X

jjj¼m�1;dðjÞ¼dððkþÞ�Þ
bððkþÞ�; jÞzððkþÞ� þ jÞ;

where the sum is over all j ¼ ð j1; . . . ; jnÞ A Zn
b0 satisfying jjj ¼ m� 1, dðjÞ ¼

dððkþÞ�Þ.

Theorem 2 ([4, Theorem 3.6]). The Arakawa-Kankeo zeta function xðk; sÞ
can be written in terms of EZ-type MZFs as

xðk; sÞ ¼
X

k 0; jb0

ckðk 0; jÞ sþ j � 1

j

� �
zðk 0; j þ sÞ:

Here, the sum is over indices k 0 and integers jb 0 satisfying jk 0j þ ja jkj, and

ckðk 0; jÞ is a Q-linear combination of EZ-type MZVs of weight jkj � jk 0j � j.

Theorem 3 ([3, Proposition 5]). For m A Zb0,

xMT ðk1; . . . ; kr;mþ 1Þ ¼ 1

m!
zMT ðk1; . . . ; kr; f1gm; 1Þ:
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Theorem 4 ([3, Theorem 8]). For r A N and s A C,

Xr�1

j¼0

r� 1

j

� �
ð�1Þ jzð2Þr�1�jGðsÞxMT ðf2g j; sÞ

¼
Xr�1

j¼0

r� 1

j

� �
Gðsþ jÞzMT ð0; f2gr�1�j; f1g j; j þ sÞ:

Remark 4. Ito obtained relations among MT-type MZVs by putting s ¼
mþ 1 in Theorem 4 and using Theorem 3 for xMT ðf2g j;mþ 1Þ.

3. An analog of the Arakawa-Kaneko zeta function of Miyagawa-type

Miyagawa [7] defined the multiple zeta funcion (3). We write the Miyagawa-

type MZF as follows.

Definition 8. For srþ1 ¼ ðsrþ1;1; . . . ; srþ1;nrþ1
Þ A Cnrþ1 , we write

zMT ðs1; . . . ; sr; srþ1Þ

¼
X

0<m1;...;0<mr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

1

ms1
1 � � �msr

r

Qnrþ1

u¼1ð
Pr

v¼1 mv þ
Pu�1

w¼1 mrþ1;wÞsrþ1; u
:

Proposition 1. The Miyagawa-type MZF zMT ðs1; s2; . . . ; sr; srþ1Þ converges

absolutely when

Xk
i¼0

<ðsrþ1;nrþ1�iÞ > k þ 1

for any k ¼ 1; . . . ; nrþ1 � 2 and

Xj

l¼1

<ðskl Þ þ
Xnrþ1�1

i¼0

<ðsrþ1;nrþ1�iÞ � nrþ1 þ 1 > j

with 1a k1 < k2 < � � � < kj a r for any j ¼ 1; 2; . . . ; r are all satisfied.
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Proof. The series
Py

n¼1ðN þ nÞ�s ðN > 0Þ converges only when s > 1,

and

Xy
n¼1

1

ðN þ nÞs a
1

ðs� 1ÞN s�1
:

Let

sðkÞ ¼ <ðsrþ1;1Þ; . . . ;<ðsrþ1;nrþ1�k�1Þ;
Xk
i¼0

<ðsrþ1;nrþ1�iÞ � k

 !
:

Then we have

zMT ð<ðs1Þ;<ðs2Þ; . . . ;<ðsrÞ;<ðsrþ1;1Þ; . . . ;<ðsrþ1;nrþ1
ÞÞ

f zMT ð<ðs1Þ;<ðs2Þ; . . . ;<ðsrÞ; sð1ÞÞ

f zMT ð<ðs1Þ;<ðs2Þ; . . . ;<ðsrÞ; sð2ÞÞ

f � � �

f zMT <ðs1Þ;<ðs2Þ; . . . ;<ðsrÞ;
Xnrþ1�1

i¼0

<ðsrþ1;nrþ1�iÞ � nrþ1 þ 1

 !
;

where the implicit constants of f depend on srþ1 ¼ ðsrþ1;1; . . . ; srþ1;nrþ1
Þ. By

absolute convergence of the MT-type MZF, the assertion of this proposition

follows. r

Remark 5. By Lemma 2, we have

zMT ð0; s2; . . . ; sr; srþ1Þð7Þ

¼ 1Qr
i¼2 GðsiÞ

Qnrþ1

j¼1 Gðsrþ1; jÞ

ðy
0

� � �
ðy
0

Yr
i¼2

tsi�1
i dti

etiþtrþ1; 1þ���þtrþ1; nrþ1 � 1

�
Ynrþ1

u¼1

t
srþ1; u�1
rþ1;u dtrþ1;u

etrþ1; uþ���þtrþ1; nrþ1 � 1
:

This identity is a specialization of identity (9) below. We can obtain the formula

(7) as a consequence of identity (9).
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In this section, we discuss the function (2), and obtain certain relations

among Miyagawa-type MZVs. Namely we may regard the argument in this

section as a Miyagawa-type analog of Ito’s work.

In the two subsections in this section, we show a relationship between

special values of the function (2) and Miyagawa-type MZVs, and a relation-

ship between functions (2) and Miyagawa-type MZFs. In conclusion, we obtain

certain relations among Miyagawa-type MZVs. Therefore, we may regard the

function (2) as an analog of the Arakawa-Kaneko zeta function of Miyagawa-

type.

3.1. Special values. The special values of the function (2) can be written in

terms of Miyagawa-type MZVs as follows.

Theorem 5. For k ¼ ðk1; . . . ; knÞ A Nn, knþ1 A Zb0 and m A Zb0, we have

xMT ððk; knþ1Þ;mþ 1Þ

¼
X

a1þ���þaknþ1þ1¼m

1

aknþ1þ1!

� zMT ðf1gaknþ1þ1 ; k1; . . . ; kn; �ðða1 þ 1; . . . ; aknþ1
þ 1; 2Þ�ÞÞ;

where the sum is over all a1; . . . ; aknþ1þ1 A Zb0 satisfying a1 þ � � � þ aknþ1þ1

¼ m.

To prove this theorem, we need the following lemma.

Lemma 3. Let krþ1 ¼ ðkrþ1;1; . . . ; krþ1;nrþ1
Þ A Nnrþ1 (nrþ1 ¼ 1 or krþ1;nrþ1

b 2)

and ððþkrþ1Þ�Þ� ¼ ðl1; . . . ; ldÞ. We have

zMT ðk1; . . . ; kr; krþ1Þ

¼ 1Qd
i¼1 GðliÞ

ðy
0

� � �
ðy
0

Yd
i¼1

tli�1
i

etiþ���þtd � 1

 !Yr
i¼1

Likið1� e�td Þ dt1 � � � dtd :

Proof. Let z A R>0 and krþ1 ¼ ðb0; f1ga1�1; b1 þ 1; . . . ; f1gah�1; bh þ 1Þ with

b0; ai; bi A N ð1a ia hÞ. By using the same method as in the proof of equation

(23) in Kaneko-Tsumura [4], we have
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X
0<m1;...;0<mr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

ð8Þ

ð1� e�zÞT
r

v¼1mvþT
nrþ1�1

w¼1
mrþ1; w

mk1
1 � � �mkr

r

Qnrþ1

u¼1ð
Pr

v¼1 mv þ
Pu�1

w¼1 mrþ1;wÞkrþ1; u

¼
ð
0<t1<���<tb0þ���þbh

<z

�
Ybh
i¼1

1

etb0þ���þbh�1þi � 1

 !
1

ah!
ðtb0þ���þbh�1þ1 � tb0þ���þbh�1

Þah

�
Ybh�1

i¼1

1

etb0þ���þbh�2þi � 1

 !
1

ah�1!
ðtb0þ���þbh�2þ1 � tb0þ���þbh�2

Þah�1 � � �

�
Yb1
i¼1

1

etb0þi � 1

 !
1

a1!
ðtb0þ1 � tb0Þ

a1

�
Yb0
i¼1

1

eti � 1

 !Yr
i¼1

Likið1� e�t1Þ dt1 � � � dtb0þ���þbh :

Since

ððþkrþ1Þ�Þ� ¼ ðf1gbh�1; ah þ 1; . . . ; f1gb1�1; a1 þ 1; f1gb0Þ ¼ ðl1; . . . ; ldÞ;

by taking the limit as z tends to infinity, we obtain

zMT ðk1; . . . ; kr; krþ1Þ

¼
ð
0<t1<���<tb0þ���þbh

<y

�
Ybh
i¼1

1

etb0þ���þbh�1þi � 1

 !
1

ah!
ðtb0þ���þbh�1þ1 � tb0þ���þbh�1

Þah

�
Ybh�1

i¼1

1

etb0þ���þbh�2þi � 1

 !
1

ah�1!
ðtb0þ���þbh�2þ1 � tb0þ���þbh�2

Þah�1 � � �

�
Yb1
i¼1

1

etb0þi � 1

 !
1

a1!
ðtb0þ1 � tb0Þ

a1

270 Ryota Umezawa



�
Yb0
i¼1

1

eti � 1

 !Yr
i¼1

Likið1� e�t1Þ dt1 � � � dtb0þ���þbh

¼ 1

a1!
� � � 1

ah!

ðy
0

� � �
ðy
0

Ybh
i¼1

1

etb0þ���þbh�1þiþ���þt1 � 1

 !
tahb0þ���þbh�1þ1

�
Ybh�1

i¼1

1

etb0þ���þbh�2þiþ���þt1 � 1

 !
tah�1

b0þ���þbh�2þ1 � � �

�
Yb1
i¼1

1

etb0þiþ���þt1 � 1

 !
ta1b0þ1

�
Yb0
i¼1

1

etiþ���þt1 � 1

 !Yr
i¼1

Likið1� e�t1Þ dt1 � � � dtb0þ���þbh

¼ 1Qd
i¼1 GðliÞ

ðy
0

� � �
ðy
0

Yd
i¼1

t
ldþ1�i�1
i

etiþ���þt1 � 1

 !Yr
i¼1

Likið1� e�t1Þ dt1 � � � dtd

¼ 1Qd
i¼1 GðliÞ

ðy
0

� � �
ðy
0

Yd
i¼1

tli�1
i

etiþ���þtd � 1

 !Yr
i¼1

Likið1� e�td Þ dt1 � � � dtd :

This completes the proof. r

Proof of Theorem 5. For <ðsÞ > 0, by using the case nrþ1 ¼ 1 of the

equation (8), we have

GðsÞxMT ððk; knþ1Þ; sÞ

¼
ðy
0

ts�1

et � 1

ð
0<t1<���<tknþ1

<t

Yknþ1

i¼1

1

eti � 1

 !Yn
i¼1

Likið1� e�t1Þ dt1 � � � dtknþ1
dt

¼
ðy
0

� � �
ðy
0

ðtknþ1þ1 þ � � � þ t1Þs�1

etknþ1þ1þ���þt1 � 1

Yknþ1

i¼1

1

etiþ���þt1 � 1

 !

�
Yn
i¼1

Likið1� e�t1Þ dt1 � � � dtknþ1
dtknþ1þ1
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¼
ðy
0

� � �
ðy
0

ðt1 þ � � � þ tknþ1þ1Þs�1

et1þ���þtknþ1þ1 � 1

Yknþ1þ1

i¼2

1

etiþ���þtknþ1þ1 � 1

 !

�
Yn
i¼1

Likið1� e�tknþ1þ1Þ dt1 � � � dtknþ1
dtknþ1þ1:

By putting s ¼ mþ 1 in this equation and using the formula Li1ð1� e�tÞ ¼ t and

Lemma 3, we have

m!xMT ððk; knþ1Þ;mþ 1Þ

¼
ðy
0

� � �
ðy
0

ðt1 þ � � � þ tknþ1þ1Þm
Yknþ1þ1

i¼1

1

etiþ���þtknþ1þ1 � 1

 !

�
Yn
i¼1

Likið1� e�tknþ1þ1Þ dt1 � � � dtknþ1
dtknþ1þ1

¼
X

a1þ���þaknþ1þ1¼m

m!

a1! � � � aknþ1þ1!

�
ðy
0

� � �
ðy
0

ta11 � � � taknþ1

knþ1
ðLi1ð1� e�tknþ1þ1ÞÞaknþ1þ1

�
Yknþ1þ1

i¼1

1

etiþ���þtknþ1þ1 � 1

 !Yn
i¼1

Likið1� e�tknþ1þ1Þ dt1 � � � dtknþ1
dtknþ1þ1

¼
X

a1þ���þaknþ1þ1¼m

m!

aknþ1þ1!

� zMT ðf1gaknþ1þ1 ; k1; . . . ; kn; �ðða1 þ 1; . . . ; aknþ1
þ 1; 2Þ�ÞÞ:

This completes the proof. r

Remark 6. We can also prove Theorem 5 by using the Yamamoto-integral

defined by Yamamoto [9]. This method is more intuitive. Here, we use the nota-

tion in [9]. Since

m!xMT ððk; knþ1Þ;mþ 1Þ ¼
ðy
0

ðLi1ð1� e�tÞÞm

et � 1
Lik;knþ1

ð1� e�tÞ dt

¼
ð1
0

ðLi1ðtÞÞm

t
Lik;knþ1

ðtÞ dt;

by using the Yamamoto-integral, we have
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m!xMT ððk; knþ1Þ;mþ 1Þ

¼

¼
X

a1þ���þaknþ1þ1¼m

m!

aknþ1þ1!

The second equality is obtained by ordering m black vertices and 1þ knþ1 white

vertices. Here, by Lemma 1, the special values of the Miyagawa-type MZF is

written as

zMT ðk1; . . . ; kr; krþ1Þ

¼
ð
0<t1<���<tkrþ1; 1þ���þkrþ1; nrþ1

<1

Ykrþ1;nrþ1

i¼2

1

tkrþ1; 1þ���þkrþ1; nrþ1�1þi

 !

� 1

1� tkrþ1; 1þ���þkrþ1; nrþ1�1þ1

Ykrþ1; nrþ1�1

i¼2

1

tkrþ1; 1þ���þkrþ1; nrþ1�2þi

0
@

1
A� � �

� 1

1� tkrþ1; 1þkrþ1; 2þ1

Ykrþ1; 2

i¼2

1

tkrþ1; 1þi

 !

� 1

1� tkrþ1; 1þ1

Ykrþ1; 1

i¼1

1

ti

 !Yr
i¼1

Likiðt1Þ dt1 � � � dtkrþ1; 1þ���þkrþ1; nrþ1
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¼

Therefore, we obtain

zMT ðf1gaknþ1þ1 ; k1; . . . ; kn; �ðða1 þ 1; . . . ; aknþ1
þ 1; 2Þ�ÞÞ

¼

Therefore, we obtain Theorem 5.

3.2. Functional relations. Functions (2) has the relationship with

Miyagawa-type MZFs as follows.

Theorem 6. For l; k A N, s A C, we have

274 Ryota Umezawa



zð2Þ lzðf1gk; sÞ þ
Xl

j¼1

l

j

� �
zð2Þ l�jð�1Þ j

 Xk
i¼1

ð�1Þ i�1zMT ðf2g j; iÞzðf1gk�i; sÞ

þ ð�1ÞkxMT ððf2g j; kÞ; sÞ
!

¼
X

aþb1þ���þbkþ1¼l

l!

a!

sþ bkþ1 � 1

bkþ1

� �

� zMT ð0; f2ga; f1g l�a; b1 þ 1; . . . ; bk þ 1; bkþ1 þ sÞ;

where the sum on the right hand side is over all a A Zb0 and bi A Zb0 satisfying

aþ b1 þ � � � þ bkþ1 ¼ l.

Remark 7. If we understand the sum in i as in equal to 0 when k ¼ 0,

then Theorem 6 holds also when k ¼ 0 and coincides with Theorem 4.

Proof of Theorem 6. For s A C with <ðsÞ > 1, let

J ¼
ðy
0

� � �
ðy
0

ts�1
kþ1

Yl
i¼1

ui þ t1 þ � � � þ tkþ1

euiþt1þ���þtkþ1 � 1

 !

� 1

et1þ���þtkþ1 � 1

1

et2þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
du1 � � � duldt1 � � � dtkþ1:

We calculate J in two di¤erent ways.

The first calculation is to integrate directly by using Corollary 1. By inte-

grating with respect to u1; . . . ; ul , we have

J ¼
ðy
0

� � �
ðy
0

ts�1
kþ1ðzð2Þ � Li2ð1� e�ðt1þ���þtkþ1ÞÞÞ l

� 1

et1þ���þtkþ1 � 1

1

et2þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
dt1 � � � dtkþ1

¼ GðsÞzð2Þ lzðf1gk; sÞ

þ
Xl

j¼1

l

j

� �
zð2Þ l�jð�1Þ j

ðy
0

� � �
ðy
0

ts�1
kþ1ðLi2ð1� e�ðt1þ���þtkþ1ÞÞÞ j

� 1

et1þ���þtkþ1 � 1

1

et2þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
dt1 � � � dtkþ1:
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We compute the above integral by parts in order of t1; . . . ; tk to obtainðy
0

� � �
ðy
0

ts�1
kþ1ðLi2ð1� e�ðt1þ���þtkþ1ÞÞÞ j

� 1

et1þ���þtkþ1 � 1

1

et2þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
dt1 � � � dtkþ1

¼
ðy
0

� � �
ðy
0

ts�1
kþ1ðzMT ðf2g j; 1Þ � Lif2g j ;1ð1� e�ðt2þ���þtkþ1ÞÞÞ

� 1

et2þ���þtkþ1 � 1

1

et3þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
dt2 � � � dtkþ1

¼ GðsÞzMT ðf2g j; 1Þzðf1gk�1; sÞ

�
ðy
0

� � �
ðy
0

ts�1
kþ1 Lif2g j ;1ð1� e�ðt2þ���þtkþ1ÞÞ

� 1

et2þ���þtkþ1 � 1

1

et3þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
dt2 � � � dtkþ1

¼ GðsÞzMT ðf2g j; 1Þzðf1gk�1; sÞ � GðsÞzMT ðf2g j; 2Þzðf1gk�2; sÞ

þ
ðy
0

� � �
ðy
0

ts�1
kþ1 Lif2g j ;2ð1� e�ðt3þ���þtkþ1ÞÞ

� 1

et3þ���þtkþ1 � 1

1

et4þ���þtkþ1 � 1
� � � 1

etkþ1 � 1
dt3 � � � dtkþ1

¼ � � �

¼ GðsÞ
Xk
i¼1

ð�1Þ i�1zMT ðf2g j; iÞzðf1gk�i; sÞ

þ ð�1Þk
ðy
0

ts�1
kþ1 Lif2g j ;kð1� e�tkþ1Þ 1

etkþ1 � 1
dtkþ1:

Therefore, we have

J ¼ GðsÞzð2Þ lzðf1gk; sÞ þ GðsÞ
Xl

j¼1

l

j

� �
zð2Þ l�jð�1Þ j

�
Xk
i¼1

ð�1Þ i�1zMT ðf2g j; iÞzðf1gk�i; sÞ þ ð�1ÞkxMT ððf2g j; kÞ; sÞ
 !

:
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The second calculation is to use the polynomial expansion and the equation

(7). By symmetry of u1; . . . ; ul , we have

J ¼
X

aþb1þ���þbkþ1¼l

l!

a!b1! � � � bkþ1!

ðy
0

� � �
ðy
0

ts�1
kþ1u1 � � � uat

b1
1 � � � tbkþ1

kþ1

�
Yl
i¼1

1

euiþt1þ���þtkþ1 � 1

 ! Ykþ1

i¼1

1

etiþ���þtkþ1 � 1

 !
du1 � � � duldt1 � � � dtkþ1

¼
X

aþb1þ���þbkþ1¼l

l!Gðbkþ1 þ sÞ
a!bkþ1!

zð0; f2ga; f1g l�a; 1þ b1; . . . ; 1þ bk; bkþ1 þ sÞ:

By the first and second calculations, we obtain the desired identity for <ðsÞ > 1.

By the analytic continuation of the EZ-type MZF, the generalized Ito zeta

function ([3, Theorem 14]) and the Miyagawa-type MZF, we obtain the stated

theorem. r

Note that J was calculated by Arakawa and Kaneko when l ¼ 1, and Ito

when k ¼ 0 (see the proof of [2, Theorem 6.(ii)] and [3, Theorem 8]). Therefore,

we may regard this proof as a fusion of the method of Arakawa and Kaneko,

and the method of Ito.

By putting s ¼ mþ 1 with m A N in Theorem 6 and using Theorem 5 for

xMT ððf2g j ; kÞ; sÞ, we can obtain the following relations among Miyagawa-type

MZVs.

Theorem 7. For l; k;m A N, we have

zð2Þ lzðf1gk;mþ 1Þ

þ
Xl

j¼1

l

j

� �
zð2Þ l�jð�1Þ j

 Xk
i¼1

ð�1Þ i�1zMT ðf2g j ; iÞzðf1gk�i;mþ 1Þ

þ ð�1Þk
X

a1þ���þakþ1¼m

1

akþ1!
zMT ðf1gakþ1 ; f2g j; �ðða1 þ 1; . . . ; ak þ 1; 2Þ�ÞÞ

!

¼
X

aþb1þ���þbkþ1¼l

l!

a!

mþ bkþ1

bkþ1

� �

� zMT ð0; f2ga; f1g l�a; b1 þ 1; . . . ; bk þ 1; bkþ1 þmþ 1Þ:
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Example 1. Let l ¼ 1, k ¼ 1, m ¼ 1. Then we obtain

zð2Þzð1; 2Þ � zMT ð2; 1Þzð2Þ þ zMT ð2; 1; 2Þ þ zMT ð1; 2; 2Þ

¼ zMT ð0; 2; 1; 2Þ þ zMT ð0; 1; 2; 2Þ þ 2zMT ð0; 1; 1; 3Þ:

When l ¼ 1, k ¼ 1, m ¼ 2 and l ¼ 1, k ¼ 2, m ¼ 1. Then we obtain

zð2Þzð1; 3Þ � zMT ð2; 1Þzð3Þ þ zMT ð2; 1; 1; 2Þ

þ zMT ð1; 2; 1; 2Þ þ
1

2
zMT ð1; 1; 2; 2Þ

¼ zMT ð0; 2; 1; 3Þ þ zMT ð0; 1; 2; 3Þ þ 3zMT ð0; 1; 1; 4Þ

and

zð2Þzð1; 1; 2Þ � zMT ð2; 1Þzð1; 2Þ þ zMT ð2; 2Þzð2Þ

� zMT ð2; 2; 2Þ � zMT ð2; 1; 3Þ � zMT ð1; 2; 3Þ

¼ zMT ð0; 2; 1; 1; 2Þ þ zMT ð0; 1; 2; 1; 2Þ

þ zMT ð0; 1; 1; 2; 2Þ þ 2zMT ð0; 1; 1; 1; 3Þ;

respectively.

4. Generalized Mordell-Tornheim multiple zeta function

We will generalize Theorem 4 and Theorem 6 in the next section. For this

purpose, we need to introduce a new class of the multiple zeta function (4). In

this section, we show several propositions on the function (4).

Remark 8. The function (4) contains the EZ-type MZF, the MT-type MZF

and the Miyagawa-type MZF as special cases. For example,

zMT ððs1; . . . ; sjÞ; ðsjþ1; . . . ; snÞÞ ¼ zðs1; . . . ; sj�1; sj þ sjþ1; sjþ2; . . . ; snÞ;

zMT ððs1Þ; . . . ; ðsrÞ; ðsrþ1ÞÞ ¼ zMT ðs1; . . . ; sr; srþ1Þ;

and

zMT ððs1Þ; . . . ; ðsjÞ; ðsjþ1; . . . ; srþ1ÞÞ ¼ ẑzMT ; j; rðs1; . . . ; sj; sjþ1; . . . ; srþ1Þ:
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Therefore, for the case ni ¼ 1 ð1a ia rÞ and srþ1 ¼ ðsrþ1;1; . . . ; srþ1;nrþ1
Þ, we may

omit the parentheses. For example, we write zMT ððs1;1Þ; ðs2;1; s2;2Þ; ðs3;1; s3;2ÞÞ as

zMT ðs1;1; ðs2;1; s2;2Þ; s3;1; s3;2Þ. Under this notation, the Miyagawa-type MZF is

written as

ẑzMT ; r; rþnrþ1�1ðs1; . . . ; sr; srþ1;1; . . . ; srþ1;nrþ1
Þ ¼ zMT ðs1; . . . ; sr; srþ1Þ:

Proposition 2. If one of the following conditions is satisfied, then the function

(4) conveges absolutely.

(i)

<ðsi; jÞb 1 ð1a ia r; 1a ja nrÞ;

Xk
i¼0

<ðsrþ1;nrþ1�iÞ > k þ 1 ð0a ka nrþ1 � 2Þ;

Xnrþ1�1

i¼0

<ðsrþ1;nrþ1�iÞ > nrþ1 � 1;

(ii)

s1 ¼ ð0Þ;

<ðsi; jÞb 1 ð2a ia r; 1a ja nrÞ;

Xk
i¼0

<ðsrþ1;nrþ1�iÞ > k þ 1 ð0a ka nrþ1 � 1Þ:

Note that these conditions are not a necessary condition for absolute con-

vergence. However, we mainly deal with the case when (ii) is satisfied.

Proof. The series
Py

n¼1ðN þ nÞ�s ðN > 0Þ converges only when s > 1,

and

Xy
n¼1

1

ðN þ nÞs a
1

ðs� 1ÞN s�1
:

Let <ðsiÞ ¼ ð<ðsi;1Þ; . . . ;<ðsi;niÞÞ ð1a ia rþ 1Þ and

sðkÞ ¼ <ðsrþ1;1Þ; . . . ;<ðsrþ1;nrþ1�k�1Þ;
Xk
i¼0

<ðsrþ1;nrþ1�iÞ � k

 !
:
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(i) We have

zMT ð<ðs1Þ;<ðs2Þ; . . . ;<ðsrÞ;<ðsrþ1ÞÞ

a zMT ððf1gn1Þ; . . . ; ðf1gnrÞ;<ðsrþ1ÞÞ

f zMT ððf1gn1Þ; . . . ; ðf1gnrÞ; sð1ÞÞ

f zMT ððf1gn1Þ; . . . ; ðf1gnrÞ; sð2ÞÞ

f � � �

f zMT ðf1gn1Þ; . . . ; ðf1gnrÞ;
Xnrþ1�1

i¼0

<ðsrþ1;nrþ1�iÞ � nrþ1 þ 1

 !
;

where the implicit constants of f depend on srþ1 ¼ ðsrþ1;1; . . . ;

srþ1;nrþ1
Þ. Let R ¼ ð

Pnrþ1�1
i¼0 <ðsrþ1;nrþ1�iÞ � nrþ1 þ 1Þ=r. Then R > 0

and

1

ð
Pr

v¼1 mv;nvÞ
T

nrþ1�1

i¼0
<ðsrþ1; nrþ1�iÞ�nrþ1þ1

a
1Qr

v¼1 m
R
v;nv

:

Hence we have

zMT ð<ðs1Þ;<ðs2Þ; . . . ;<ðsrÞ;<ðsrþ1ÞÞ

f zðf1gn1�1; 1þ RÞzðf1gn2�1; 1þ RÞ � � � zðf1gnr�1; 1þ RÞ:

This completes the proof for the case (i).

(ii) In the same way as that of (i), we obtain

zMT ð0;<ðs2Þ; . . . ;<ðsrÞ;<ðsrþ1ÞÞ

f zMT 0; ðf1gn2Þ; . . . ; ðf1gnrÞ;
Xnrþ1�1

i¼0

<ðsrþ1;nrþ1�iÞ � nrþ1 þ 1

 !
:

Let e > 0 such that
Pnrþ1�1

i¼0 <ðsrþ1;nrþ1�iÞ � nrþ1 > e and let

R ¼
Pnrþ1�1

i¼0 <ðsrþ1;nrþ1�iÞ � nrþ1 � e

r� 1
ð> 0Þ:
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By using

1

ð
Pr

v¼1 mv;nvÞ
T

nrþ1�1

i¼0
<ðsrþ1; nrþ1�iÞ�nrþ1þ1

a
1

ðm1;1Þ1þeQr
v¼2 m

R
v;nv

;

we have

zMT ð0;<ðs2Þ; . . . ;<ðsrÞ;<ðsrþ1ÞÞ

f zð1þ eÞzðf1gn2�1; 1þ RÞ � � � zðf1gnr�1; 1þ RÞ:

This completes the proof. r

Remark 9. Let

A ¼

Then we have

zMT ðs1; s2; . . . ; sr; srþ1Þ ¼ zðs1; s2; . . . ; sr; srþ1;AÞ:

Therefore, the function (4) is included as a special case of the function (5). From

Remark 2, the function (4) can be continued meromorphically to the whole space

Cn1þ���þnrþ1 . Moreover, by Lemma 2, especially when the condition (i) of Prop-

osition 2 is satisfied, we have
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zMT ðs1; . . . ; sr; srþ1Þ

¼ 1Qrþ1
i¼1

Qni
j¼1 Gðsi; jÞ

ðy
0

� � �
ðy
0

Yr
i¼1

Yni
j¼1

t
si; j�1
i; j dti; j

eti; jþ���þti; niþtrþ1; 1þ���þtrþ1; nrþ1 � 1

� t
srþ1; 1�1
rþ1;1 dtrþ1;1

Ynrþ1

u¼2

t
srþ1; u�1
rþ1;u dtrþ1;u

etrþ1; uþ���þtrþ1; nrþ1 � 1
:

Let

A ¼

Then we have

zMT ð0; s2; . . . ; sr; srþ1Þ ¼ zð0; s2; . . . ; sr; srþ1;AÞ:

Therefore, by Lemma 2, especially when the condition (ii) of Proposition 2 is

satisfied, we have

zMT ð0; s2; . . . ; sr; srþ1Þð9Þ

¼ 1Qrþ1
i¼2

Qni
j¼1 Gðsi; jÞ

ðy
0

� � �
ðy
0

Yr
i¼2

Yni
j¼1

t
si; j�1
i; j dti; j

eti; jþ���þti; niþtrþ1; 1þ���þtrþ1; nrþ1 � 1

�
Ynrþ1

u¼1

t
srþ1; u�1
rþ1;u dtrþ1;u

etrþ1; uþ���þtrþ1; nrþ1 � 1
:

Remark 10. For z A C with jzj < 1, let
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Lik1;...;kr;krþ1
ðzÞ

¼
X

0<m1; 1<m1; 2<���<m1; n1

..

.

0<mr; 1<mr; 2<���<mr; nr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

� zT
r

v¼1mv; nvþT
nrþ1�1

w¼1
mrþ1;wQr

i¼1

Qni
j¼1 m

ki; j
i; j

Qnrþ1

u¼1ð
Pr

v¼1 mv;nv þ
Pu�1

w¼1 mrþ1;wÞkrþ1; u
:

Then we obtain

d

dz
Lik1;...;kr;krþ1

ðzÞ

¼

1

z
Lik1;...;kr; ðkrþ1Þ�ðzÞ ðif krþ1;nrþ1

> 1Þ;

1

1� z
Lik1;...;kr;krþ1; 1;...;krþ1; nrþ1�1

ðzÞ ðif krþ1;nrþ1
¼ 1; nrþ1 > 1Þ;

1

z

Yr
i¼1

LikiðzÞ ðif krþ1;nrþ1
¼ 1; nrþ1 ¼ 1Þ:

8>>>>>>>>><
>>>>>>>>>:

Therefore, the special values of the GMT-type MZF are written as

follows:

zMT ðk1; . . . ; kr; krþ1Þ

¼
ð
0<t1<���<tkrþ1; 1þ���þkrþ1; nrþ1

<1

Ykrþ1; nrþ1

i¼2

1

tkrþ1; 1þ���þkrþ1; nrþ1�1þi

0
@

1
A

� 1

1� tkrþ1; 1þ���þkrþ1; nrþ1�1þ1

Ykrþ1; nrþ1�1

i¼2

1

tkrþ1; 1þ���þkrþ1; nrþ1�2þi

0
@

1
A� � �

� 1

1� tkrþ1; 1þkrþ1; 2þ1

Ykrþ1; 2

i¼2

1

tkrþ1; 1þi

 !

� 1

1� tkrþ1; 1þ1

Ykrþ1; 1

i¼1

1

ti

 !Yr
i¼1

Likiðt1Þ dt1 � � � dtkrþ1; 1þ���þkrþ1; nrþ1
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¼

Therefore, GMT-type MZVs can be expressed as a sum of a finite number of

EZ-type MZVs by [9, Corollary 2.4].

Proposition 3. If the condition (ii) of Proposition 2 is satisfied and all entries

of si ð2a ia rÞ are positive integers (we put si ¼ kið¼ ðki;1; . . . ; ki;niÞÞ A Nni

ð2a ia rÞ), then zMT ð0; k2; . . . ; kr; srþ1Þ is expressed as a Q-linear combination of

EZ-type MZFs.

Proof. We have

zMT ð0; k2; . . . ; kr; srþ1Þð10Þ

¼
X

0<m1; 1

0<m2; 1<m2; 2<���<m2; n2

..

.

0<mr; 1<mr; 2<���<mr; nr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

1Q r
i¼2

Qni
j¼1 m

ki; j
i; j

Qnrþ1

u¼1ð
Pr

v¼1 mv;nv þ
Pu�1

w¼1 mrþ1;wÞsrþ1; u
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¼
X

0<m1; 1

0<m2; 1<m2; 2<���<m2; n2

..

.

0<mr; 1<mr; 2<���<mr; nr

Xy
mrþ1; 1¼1;...;mrþ1; nrþ1�1¼1

1Qr
i¼2

Qni
j¼1 m

ki; j
i; j

�
Ynrþ1

u¼1

1

Gðsrþ1;uÞ

ðy
0

tsrþ1; u�1
u e�ðT r

v¼1mv; nvþT
u�1
w¼1mrþ1; wÞtu dtu

 !

¼ 1Qnrþ1

u¼1 Gðsrþ1;uÞ
X

0<m2; 1<m2; 2<���<m2; n2

..

.

0<mr; 1<mr; 2<���<mr; nr

1Qr
i¼2

Qni
j¼1 m

ki; j
i; j

�
ðy
0

� � �
ðy
0

t
srþ1; 1�1
1 � � � tsrþ1; nrþ1

�1
nrþ1 e�ðT r

v¼2mv; nv Þðt1þ���þtnrþ1
Þ

� 1

et1þ���þtnrþ1 � 1

1

et2þ���þtnrþ1 � 1
� � � 1

etnrþ1 � 1
dt1 � � � dtnrþ1

¼ 1Qnrþ1

u¼1 Gðsrþ1;uÞ

ðy
0

� � �
ðy
0

t
srþ1; 1�1
1 � � � tsrþ1; nrþ1

�1
nrþ1

�
Qr

i¼2 Likiðe�ðt1þ���þtnrþ1
ÞÞ

et1þ���þtnrþ1 � 1

1

et2þ���þtnrþ1 � 1
� � � 1

etnrþ1 � 1
dt1 � � � dtnrþ1

:

By using the shu¿e product formula for
Q r

i¼2 Likiðe�ðt1þ���þtnrþ1
ÞÞ, we find that (10)

is expressed as a Q-linear combination of the form

1Qnrþ1

u¼1 Gðsrþ1;uÞ

ðy
0

� � �
ðy
0

t
srþ1; 1�1
1 � � � tsrþ1; nrþ1

�1
nrþ1ð11Þ

� Likðe�ðt1þ���þtnrþ1
ÞÞ

et1þ���þtnrþ1 � 1

1

et2þ���þtnrþ1 � 1
� � � 1

etnrþ1 � 1
dt1 � � � dtnrþ1

:

By applying (10) with r ¼ 2 to the function (11), we see that the function (11)

equals to zMT ð0; k; srþ1Þ. Moreover, by the definition of the function (4), we find

that

zMT ð0; k; srþ1Þ ¼ zðk; srþ1Þ:

Therefore, (10) is expressed as a Q-linear combination of EZ-type MZFs.

r
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5. Generalizing Theorem 4 and Theorem 6

In this section, using GMT-type MZFs, we generalize Theorem 4 and

Theorem 6.

5.1. Ito zeta function. It is di‰cult to generalize Theorem 4 and Theorem

6 as their original forms. First, in order to make the idea easier to understand, we

rewrite Theorem 4.

Proposition 4. For r A N, s A C, we have

xMT ðf2gr; sÞ

¼
X

a1þa2þa3¼r

r!

a1!a3!
zð2Þa1ð�1Þa2þa3 sþ a2 � 1

a2

� �
zMT ð0; f1ga2 ; f2ga3 ; a2 þ sÞ;

where the sum is over all a1; a2; a3 A Zb0 satisfying a1 þ a2 þ a3 ¼ r.

Proof. By using the first formula of Corollary 1, we have

Li2ð1� e�tÞ ¼ zð2Þ �
ðy
0

t

etþu � 1
du�

ðy
0

u

etþu � 1
du:

Therefore, for <ðsÞ > 1, we have

GðsÞxMT ðf2gr; sÞ

¼
ðy
0

ts�1

et � 1
ðLi2ð1� e�tÞÞr dt

¼
ðy
0

ts�1

et � 1
zð2Þ �

ðy
0

t

etþu � 1
du�

ðy
0

u

etþu � 1
du

� �r
dt

¼
X

a1þa2þa3¼r

r!

a1!a2!a3!

�
ðy
0

ts�1

et � 1
zð2Þa1 �

ðy
0

t

etþu � 1
du

� �a2
�
ðy
0

u

etþu � 1
du

� �a3
dt

¼
X

a1þa2þa3¼r

r!

a1!a2!a3!
zð2Þa1ð�1Þa2þa3
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�
ðy
0

tsþa2�1

et � 1

ðy
0

1

etþu � 1
du

� �a2 ðy
0

u

etþu � 1
du

� �a3
dt

¼
X

a1þa2þa3¼r

r!

a1!a2!a3!
zð2Þa1ð�1Þa2þa3Gða2 þ sÞzMT ð0; f1ga2 ; f2ga3 ; a2 þ sÞ:

By the analytic continuation of the Ito zeta function ([3, Theorem 2]) and the

MT-type MZF, we obtain the stated theorem. r

The key of this proof is to use the formula

Li2ð1� e�tÞ ¼ zð2Þ �
ðy
0

t

etþu � 1
du�

ðy
0

u

etþu � 1
du

directly. We generalize this formula to any k.

Lemma 4. For k A Zb2 and t > 0, we have

Likð1� e�tÞ ¼
X2k�2

j¼0

f ðt; j; kÞ;

where

f ðt; j; kÞ

¼
ð�1Þ jzðk � jÞ

Ðy
0 � � �

Ðy
0

Q j
i¼1

dui
e tþu1þ���þui�1

ðif j < k � 1Þ;
ð�1Þk�1 Ðy

0 � � �
Ðy
0 t
Qk�1

i¼1
dui

e tþu1þ���þui�1
ðif j ¼ k � 1Þ;

ð�1Þk�1 Ðy
0 � � �

Ðy
0 uj�kþ1

Qk�1
i¼1

dui
e tþu1þ���þui�1

ðif j > k � 1Þ;

8>><
>>:

and we understand if j ¼ 0 thenðy
0

� � �
ðy
0

1

etþu1 � 1
� � � 1

etþu1þ���þuj � 1
du1 � � � duj ¼ 1:

Proof. We use induction. If k ¼ 2, it is true since

Li2ð1� e�tÞ ¼ zð2Þ �
ðy
0

t

etþu � 1
du�

ðy
0

u

etþu � 1
du:

Assume that the formula holds for k, and prove it for k þ 1.

Likþ1ð1� e�tÞ

¼ zðk þ 1Þ �
ðy
0

Likð1� e�ðtþu1ÞÞ
etþu1 � 1

du1
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¼ zðk þ 1Þ �
ðy
0

1

etþu1 � 1

X2k�2

j¼0

f ðtþ u1; j; kÞ
 !

du1

¼ zðk þ 1Þ þ
Xk�2

j¼0

f ðt; j þ 1; k þ 1Þ þ f ðt; k; k þ 1Þ þ f ðt; k þ 1; k þ 1Þ

þ
X2k�2

j¼k

f ðt; j þ 2; k þ 1Þ

¼
X2k
j¼0

f ðt; j; k þ 1Þ:

This completes the proof. r

Lemma 5. With the assumption of Lemma 4, for ki b 2 ð1a ia rÞ and

t > 0, we have

Yr
i¼1

Likið1� e�tÞ ¼
X

0aj1a2k1�2

..

.

0ajra2kr�2

Yr
i¼1

f ðt; ji; kiÞ:

Proof. By Lemma 4, we have

Yr
i¼1

Likið1� e�tÞ ¼
Yr
i¼1

X2ki�2

j¼0

f ðt; j; kiÞ ¼
X

0aj1a2k1�2

..

.

0ajra2kr�2

Yr
i¼1

f ðt; ji; kiÞ: r

Theorem 8. For l A Zb0, s A C and ki b 2 ð1a ia rÞ, we have

xMT ðf1g l ; k1; . . . ; kr; sÞ

¼
X

0aj1a2k1�2

..

.

0ajra2kr�2

arðj; kÞ
Gðl þ brðj; kÞ þ sÞ

GðsÞ

� zMT ð0; kð j1; k1Þ; . . . ; kð jr; krÞ; l þ brðj; kÞ þ sÞ;
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where

arðj; kÞ ¼
Yr
i¼1

að ji; kiÞ; að ji; kiÞ ¼
ð�1Þ jizðki � jiÞ ð ji < ki � 1Þ;
ð�1Þki�1 ð ji b ki � 1Þ;

(

brðj; kÞ ¼ jfi A f1; . . . ; rg j ji ¼ ki � 1gj;

and

kð ji; kiÞ ¼
ðf1g jiÞ ð ji a ki � 1Þ;
ðf1g ji�ki ; 2; f1g2ki�2�ji|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

ki�1

Þ ð ji > ki � 1Þ:

8><
>:

Proof. By Lemma 5 and the formula (9), for <ðsÞ > 1, we have

GðsÞxMT ðf1g l ; k1; . . . ; kr; sÞ

¼
ðy
0

tsþl�1

et � 1

Yr
i¼1

Likið1� e�tÞ dt

¼
X

0aj1a2k1�2

..

.

0ajra2kr�2

ðy
0

tsþl�1

et � 1

Yr
i¼1

f ðt; ji; kiÞ dt

¼
X

0aj1a2k1�2

..

.

0ajra2kr�2

arðj; kÞGðl þ brðj; kÞ þ sÞ

� zMT ð0; kð j1; k1Þ; . . . ; kð jr; krÞ; l þ brðj; kÞ þ sÞ:

By the analytic continuation, we obtain the stated theorem. r

By putting s ¼ mþ 1 in Theorem 8 and using Theorem 3, we can obtain the

following relations among GMT-type MZVs with nrþ1 ¼ 1.

Theorem 9. For m A N and ki b 2 ð1a ia rÞ, we have

zMT ðk1; . . . ; kr; f1gm; 1Þ

¼
X

0aj1a2k1�2

..

.

0ajra2kr�2

ðbrðj; kÞ þmÞ!arðj; kÞzMT ð0; kð j1; k1Þ; . . . ; kð jr; krÞ; brðj; kÞ þmþ 1Þ:

289On an analog of the Arakawa-Kaneko zeta function



Example 2. In the case k1 ¼ 2; . . . ; kr ¼ 2, Theorem 9 gives relations among

MT-type MZVs. For example, if k1 ¼ 2, r ¼ 1 then we obtain

zMT ð2; f1gm; 1Þ

¼ m!zð2ÞzMT ð0;mþ 1Þ � ðmþ 1Þ!zMT ð0; 1;mþ 2Þ �m!zMT ð0; 2;mþ 1Þ:

If there exists i satisfying ki b 3 then Theorem 9 gives relations among GMT-

type MZVs with nrþ1 ¼ 1, not MT-type MZVs. For example, if k1 ¼ 3, r ¼ 1

then we obtain

zMT ð3; f1gm; 1Þ

¼ m!zð3ÞzMT ð0;mþ 1Þ �m!zð2ÞzMT ð0; 1;mþ 1Þ

þ ðmþ 1Þ!zMT ð0; ð1; 1Þ;mþ 2Þ þm!zMT ð0; ð2; 1Þ;mþ 1Þ

þm!zMT ð0; ð1; 2Þ;mþ 1Þ:

5.2. An analog of the Arakawa-Kaneko zeta function of Miyagawa-type.

We generalize Theorem 6 by using Lemma 5.

Theorem 10. With the assumption of Theorem 8, for l A Zb0, k ¼ ðk1; . . . ;
knÞ A Zn

b2, knþ1 A Zb0 and s A C, we have

ð�1Þknþ1xMT ððf1g l ; k; knþ1Þ; sÞ

¼
X

0a j1a2k1�2

..

.

0a jna2kn�2

X
c1þ���þcknþ1þ1¼lþbnðj;kÞ

ðl þ bnðj; kÞÞ!anðj; kÞ
sþ cknþ1þ1 � 1

cknþ1þ1

� �

� zMT ð0; kð j1; k1Þ; . . . ; kð jn; knÞ; c1 þ 1; . . . ; cknþ1
þ 1; cknþ1þ1 þ sÞ

�
Xknþ1

i¼1

ð�1Þ i�1zMT ðf1g l ; k1; . . . ; kn; iÞzðf1gknþ1�i; sÞ:

Proof. Let q ¼ knþ1 þ 1. For <ðsÞ > 1, let

J ¼
ðy
0

� � �
ðy
0

ts�1
q ðt1 þ � � � þ tqÞ l

Yn
i¼1

Likið1� e�ðt1þ���þtqÞÞ
 !Yq

i¼1

dti

etiþ���þtq � 1
:
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We calculate J in two di¤erent ways. By using Corollary 1, we have

J ¼
ðy
0

� � �
ðy
0

ts�1
q ðzMT ðf1g l ; k1; . . . ; kn; 1Þ � Lif1g l ;k1;...;kn;1

ð1� e�ðt2þ���þtqÞÞÞ

� 1

et2þ���þtq � 1
� � � 1

etq � 1
dt2 � � � dtq

¼ GðsÞzMT ðf1g l ; k1; . . . ; kn; 1Þzðf1gq�2; sÞ

�
ðy
0

� � �
ðy
0

ts�1
q Lif1g l ;k1;...;kn;1

ð1� e�ðt2þ���þtqÞÞ

� 1

et2þ���þtq � 1
� � � 1

etq � 1
dt2 � � � dtq

¼ � � �

¼ GðsÞ
Xq�1

i¼1

ð�1Þ i�1
zMT ðf1g l ; k1; . . . ; kn; iÞzðf1gq�1�i; sÞ

þ ð�1Þq�1GðsÞxMT ððf1g l ; k; q� 1Þ; sÞ:

On the other hand, by using Lemma 5, we have

J ¼
X

0aj1a2k1�2

..

.

0ajna2kn�2

ðy
0

� � �
ðy
0

ts�1
q ðt1 þ � � � þ tqÞ l

�
Yn
i¼1

f ðt1 þ � � � þ tq; ji; kiÞ
 !Yq

i¼1

dti

etiþ���þtq � 1

¼
X

0aj1a2k1�2

..

.

0ajna2kn�2

ðy
0

� � �
ðy
0

ts�1
q ðt1 þ � � � þ tqÞ lþbnðj;kÞ

�
Yn
i¼1

f ðt1 þ � � � þ tq; ji; kiÞ
ðt1 þ � � � þ tqÞbnðj;kÞ

 !Yq
i¼1

dti

etiþ���þtq � 1

¼
X

0aj1a2k1�2

..

.

0ajna2kn�2

X
c1þ���þcq¼lþbnðj;kÞ

ðl þ bnðj; kÞÞ!
c1! � � � cq!

ðy
0

� � �
ðy
0

ts�1
q tc11 � � � tcqq
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�
Yn
i¼1

f ðt1 þ � � � þ tq; ji; kiÞ
ðt1 þ � � � þ tqÞbnðj;kÞ

 !Yq
i¼1

dti

etiþ���þtq � 1

¼
X

0aj1a2k1�2

..

.

0ajna2kn�2

X
c1þ���þcq¼lþbnðj;kÞ

ðl þ bnðj; kÞÞ!
c1! � � � cq!

anðj; kÞ
Yq�1

i¼1

Gðci þ 1Þ
 !

� Gðcq þ sÞzMT ð0; kð j1; k1Þ; . . . ; kð jn; knÞ; c1 þ 1; . . . ; cq�1 þ 1; cq þ sÞ

¼
X

0aj1a2k1�2

..

.

0ajna2kn�2

X
c1þ���þcq¼lþbnðj;kÞ

ðl þ bnðj; kÞÞ!
cq!

anðj; kÞGðcq þ sÞ

� zMT ð0; kð j1; k1Þ; . . . ; kð jn; knÞ; c1 þ 1; . . . ; cq�1 þ 1; cq þ sÞ:

By the analytic continuation, we obtain the stated theorem. r

By putting s ¼ mþ 1 in Theorem 10 and using Theorem 5, we can obtain the

following relations among GMT-type MZVs.

Theorem 11. For m A N; knþ1; l A Zb0 and ki b 2 ð1a ia nÞ, we have

ð�1Þknþ1
X

a1þ���þaknþ1þ1¼m

1

aknþ1þ1!

� zMT ðf1gaknþ1þ1þl ; k1; . . . ; kn; �ðða1 þ 1; . . . ; aknþ1
þ 1; 2Þ�ÞÞ

¼
X

0aj1a2k1�2

..

.

0ajna2kn�2

X
c1þ���þcknþ1þ1¼lþbnðj;kÞ

ðl þ bnðj; kÞÞ!anðj; kÞ
mþ cknþ1þ1

cknþ1þ1

� �

� zMT ð0; kð j1; k1Þ; . . . ; kð jn; knÞ; c1 þ 1; . . . ; cknþ1
þ 1; cknþ1þ1 þmþ 1Þ

�
Xknþ1

i¼1

ð�1Þ i�1zMT ðf1g l ; k1; . . . ; kn; iÞzðf1gknþ1�i;mþ 1Þ:

Example 3. In the case knþ1 ¼ 0, Theorem 11 coincides with Theorem 9. If

k1 ¼ 2; . . . ; kn ¼ 2 then Theorem 11 gives relations among Miyagawa-type MZVs.
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For example, if m ¼ 1, l ¼ 0, k1 ¼ 2, k2 ¼ 1, n ¼ 1 then we obtain

�zMT ð2; 1; 2Þ � zMT ð1; 2; 2Þ

¼ zð2ÞzMT ð0; 1; 2Þ � zMT ð0; 1; 2; 2Þ � 2zMT ð0; 1; 1; 3Þ

� zMT ð0; 2; 1; 2Þ � zMT ð2; 1Þzð2Þ:

If there exists i satisfying ki b 3 then Theorem 11 gives relations among GMT-

type MZVs, not Miyagawa-type MZVs or GMT-type MZVs with nrþ1 ¼ 1. For

example, if m ¼ 1, l ¼ 0, k1 ¼ 3, k2 ¼ 1, n ¼ 1 then we obtain

�zMT ð3; 1; 2Þ � zMT ð1; 3; 2Þ

¼ zð3ÞzMT ð0; 1; 2Þ � zð2ÞzMT ð0; 1; 1; 2Þ þ zMT ð0; ð1; 1Þ; 2; 2Þ

þ 2zMT ð0; ð1; 1Þ; 1; 3Þ þ zMT ð0; ð2; 1Þ; 1; 2Þ þ zMT ð0; ð1; 2Þ; 1; 2Þ

� zMT ð3; 1Þzð2Þ:

Acknowledgement

The author is deeply grateful to Prof. Kohji Matsumoto, Mr. Tomohiro

Ikkai, Mr. Yuta Suzuki and Mr. Kenta Endo for their helpful comments. He is

also indebted to the referee for valuable advice.

References

[ 1 ] Akiyama, S., Egami, S. and Tanigawa, Y., Analytic continuation of multiple zeta-functions and

their values at non-positive integers, Acta Arith., 98 (2001), 107–116.

[ 2 ] Arakawa, T. and Kaneko, M., Multiple zeta values, poly-Bernoulli numbers, and related zeta

functions, Nagoya Math. J. 153 (1999), 189–209.

[ 3 ] Ito, T., On analogues of the Arakawa-Kaneko zeta functions of Mordell-Tornheim type,

Comment. Math. Univ. St. Pauli 65 (2016), 111–120.

[ 4 ] Kaneko, M. and Tsumura, H., Multi-poly-Bernoulli numbers and related zeta functions, Nagoya

Math. J. 232 (2018), 19–54.

[ 5 ] Matsumoto, K., On Mordell-Tornheim and other multiple zeta-functions, in Proceedings of

the Session in Analytic Number Theory and Diophantine Equations, D. R. Heath-

Brown and B. Z. Moroz (eds.), Bonner Math. Schriften 360, Bonn, 2003, n.25,

17pp.

[ 6 ] Matsumoto, K., On the analytic continuation of various multiple-zeta functions, in Number

Theory for the Millennium II, Proc. Millennial Conf. on Number Theory, M. A. Bennett

et al. (eds.), A K Peters, 2002, pp. 417–440.

[ 7 ] Miyagawa, T., Analytic properties of generalized Mordell-Tornheim type of multiple zeta-

function and L-function, Tsukuba J. Math. 40 (2016), 81–100.

[ 8 ] Okamoto, T. and Onozuka, T., Functional equation for the Mordell-Tornheim multiple zeta-

function, Funct. Approx. Comment. Math. 55 (2016), no. 2, 227–241.

293On an analog of the Arakawa-Kaneko zeta function



[ 9 ] Yamamoto, S., Multiple zeta-star values and multiple integrals, RIMS Kôkyûroku Bessatsu, B68
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