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ON AN ANALOG OF THE ARAKAWA-KANEKO ZETA
FUNCTION AND RELATIONS OF SOME MULTIPLE
ZETA VALUES

By

Ryota UMEzZAWA

Abstract. T. Ito defined an analog of the Arakawa-Kaneko zeta
function to obtain relations among Mordell-Tornheim multiple zeta
values. In this paper, we develop two things related to an analog
of the Arakawa-Kaneko zeta function. One is to find an analog of
the Arakawa-Kaneko zeta function of Miyagawa-type (defined by
T. Miyagawa) and to obtain relations among Miyagawa-type mul-
tiple zeta values. The other is to find a class of zeta functions to
which Ito’s zeta functions of the case of general index are related.

1. Introduction

The Arakawa-Kaneko zeta function is the following function introduced in

2]

DermniTION 1 (The Arakawa-Kaneko zeta function). For k= (ky,...,k,) €
N" and se C with R(s) > 1 —n, the Arakawa-Kaneko zeta function is defined
by

1 ] tsfl

E(k;s) = ﬂjo ] Lix(1 — e™") dt,

where Lix(z) is the multi-polylogarithm defined by

0<m <my<---<my
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The Arakawa-Kaneko zeta function has a connection with Euler-Zagier
multiple zeta values (EZ-type MZVs for brevity) and poly-Bernoulli numbers (see
[2]). Here, EZ-type MZVs are the special values of the following functions.

DerINITION 2 (The Euler-Zagier multiple zeta function (EZ-type MZF)).
For s = (s1,...,s,) € C", the Euler-Zagier multiple zeta function is defined by

1
O= D

0<my <my<---<my

This series converges absolutely when

k

S R(sr) > k+1

i=0

for any k with 0 <k <n—1 (see [6]) and can be continued meromorphically
to the whole C" space (see [1]). The values of EZ-type MZFs at k = (ky, ...,
k,) e N" with k, >2 are called Euler-Zagier multiple zeta values (EZ-type
MZVs).

In this paper, we focus on the fact that the properties of the Arakawa-
Kaneko zeta function lead to certain relations among EZ-type MZVs. Regarding
this, there is the work of Ito [3]. Ito introduced the following function as an
analog of the Arakawa-Kaneko zeta function:

DreFINITION 3 (The Ito zeta function). For kj,...,k €N and se C with
R(s) > 1 —r, we define

1 o0 l“\il r ) »
(1) éMT(klv--wkrvS) —mjo mngki(l — e )dl

We call the function (1) the Ito zeta function in this paper. We also introduce
MT-type MZVs which are the special values of the following functions.

DeriNITION 4 (The Mordell-Tornheim multiple zeta function (MT-type
MZF)). For si,...,54 € C, the Mordell-Tornheim multiple zeta function is
defined by

CMT(SI,"')SF;SV+1) = Z S1
m=l,...m=
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This series converges absolutely when

J
> Rsk) + Rlsepr) > Jj

=1

with 1 <k <ky<---<kj<r for any j=1,2,...,r (see [8]) and can be
continued meromorphically to the whole C" space (see [5]). The values of MT-
type MZF at non-negative integer points in the domain of convergence are
called Mordell-Tornheim multiple zeta values (MT-type MZVs). Ito used his
zeta function to obtain certain relations among MT-type MZVs. Therefore,
the Ito zeta function is an analog of the Arakawa-Kaneko zeta function of
MT-type.

There is a generalization of the Ito zeta function, which was given by Ito
himself as follows.

DrerFINITION 5 (The generalized Ito zeta function (r=1)). For k = (ky,...,
ky) e N", k,y1 € Zso and se C with R(s) > 1 —n, we define

1 0 gs—1
©) nr(ik):9) = 5 | =g L (1= ¢

where
z Y

Likk, ()= 3 % i
" m=1,....m,=1 Wll1 Sy (Zjn:I m/) !

(lz2| < 1).

Ito considered a version of the function (2), in which Liyy,,, (1 —e™") is
replaced by a product of r quantities of the form Lik.x, (1 —e™") ([3, Definition
13]). Therefore, we call the function (2) the generalized Ito zeta function (r = 1).

On the other hand, there is also a generalization of MT-type MZF, which
was given by Miyagawa as follows.

DeriNITION 6 (The Miyagawa multiple zeta function (Miyagawa-type MZF)).
For s;,...,5.41 € C, we define

(3) CMT,j‘r(Sla-~-75j§sj+17-~-asr+l)

. 1

; 1 1
"mj/ H;;H(Z: 1 )™
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This function was introduced by Miyagawa [7]. Moreover, he showed that
the function (3) can be continued meromorphically to the whole C"™! space. We
call the function (3) the Miyagawa multiple zeta function (Miyagawa-type MZF).
Moreover, we call the values of Miyagawa-type MZFs at non-negative integer
points in the domain of convergence Miyagawa multiple zeta values (Miyagawa-
type MZVs). In the present paper, we use the function (2) to obtain certain
relations among Miyagawa-type MZVs. Ito’s method uses functional relations
between functions (1) and MT-type MZFs (Theorem 4), and our method uses
functional relations between functions (2) and Miyagawa-type MZFs (Theorem
6). However, Theorem 4 and Theorem 6 only give functional relations in the case
when all the indices k; are 2 in the function (1) and the function (2). In this
paper, we also study functional relations for the function (1) and the function (2)
with general indices. For this purpose, we introduce the following new class of
multiple zeta functions.

DeriNiTION 7 (The generalized Mordell-Tornheim multiple zeta function
(GMT-type MZF)). For s;=(si1,...,8,)€C" (1<i<r+1,nmeN), we
define

(4) CMT(Sl,Sz7~--,S:-;Sr+1)
0
= > >
O0<my <my 2 <--<my . Mgy 1=l Mgy —1=1
0<my <m,fz<-~<m,v, nr
1

; n 1 o la
Hz‘rzl Hjil mis.,‘jj Zzll (ZL:I My, p, + Z:::l mrH-,W)S "

0

= 2 2

0<my, 1,0<my 2,..., 0<m]_,,,1 m,.H,1:1,...,m,.+1,nr+1,1:1

O<m,,1,0<mr:,z“..,0<m,‘,,,
1
’ i k i -+ i —1 L
[T T (Zj:l m; ) T 2;1:1 M+ Dy Myt w) ™

We call this function the generalized Mordell-Tornheim multiple zeta func-
tion (GMT-type MZF) and call the values of GMT-type MZFs at non-negative
integer points in the domain of convergence generalized Mordell-Tornheim mul-
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tiple zeta values (GMT-type MZVs). As a consequence of the present study, we
can obtain relations among special values of functions (4).

Regarding relations among those functions, the known results and the results
shown in the present paper are summarized as follows.

&-function special value functional relation
Arakawa-Kaneko EZ-type EZ-type
zeta function (Theorem 1) (Theorem 2)
MT-type if k; <2
Ito MT-type (Theorem 8)
zeta function (Theorem 3) | GMT-type (1,4 = 1) general
(Theorem 8)
) Miyagawa-type if ;<2
Generahzed. Ito Miyagawa-type (Theorem 10) (1<i<n)
zeta function
(r=1) (Theorem 5) GMT-type general

(Theorem 10)

REmARK 1. Theorem 4 expresses the relationship between Ito zeta func-
tions with k; =2 and MT-type MZFs, and Theorem 6 expresses the relation-
ship between generalized Ito zeta functions (r=1) with k;, =2 (1 <i <n) and
Miyagawa-type MZFs.

In Section 2, we provide some notations, lemmas and known results which
we need in later sections. In Section 3, we discuss the function (2) and prove
Theorem 5 and Theorem 6. As a consequence, we can obtain relations among
Miyagawa-type MZVs. In Section 4, we discuss the function (4) and prove several
propositions on the function (4). In Section 5, using functions (4), we generalize
Theorem 4 and 6 to Theorem 8 and 10, respectively. As a consequence, we can
obtain relations among GMT-type MZVs.

2. Preliminaries

In this section, we provide some notations, lemmas and known results which
we need later. In this paper, unless otherwise noted, k£, n and r denote positive
integers and s is a complex number also when these have subscripts. Moreover,
{k}" denotes n repetitions of k. For example, (1,2,2,3) = (1,{2}*3). For k =
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(kiy...,ky), we define ky = (ki,...,kp—1,ky £ 1) and 1k = (k; + 1,ka,... k).
Let k* denote the dual index of k.

LemMA 1 ([2, Lemma 1] and [3, Lemma 4]). For k= (ky,...,k,) e N", the
following formulas hold:

(i)

4 i) = {_{Lik(z) (if ky > 1),

— L
= M T L () (G k= 1),

d _. ik, —1(z)  (Gf kpyp > 1)
—~ Lk =9 Tn . '
dz ke @) {lHlnl Lig(z)  (if Ky =1).

By Lemma 1, we have

1

d . o
fL1k+(1—e ! L):m

7 Lix(1 — Eifiu),

d .. —t—u 1 T —t—u
%le;l(l_e ):ez+u_1ngki(1_e ),

. i 1 . i
% le;kn+|+1(1 —e! u) :m le:kwl(l —e! u).

Therefore, we obtain the following corollary.

COROLLARY 1. The following formulas hold.

0 1 ) o . i
L g il = ™) du={(ky) — Lix (1 - ™),

J‘J ! HLiki(l—eitiu) du:{MT(kl,...,kn;l)—Lik;1(1—e*”‘),
0 i=1

eltu — 1

I . . .
J lek;kwl(l —e ! ) du:gMT(kla"'vkn;er—l +1) _le;k,,+1+1(1 —e€ t)'
0 _

LeMMA 2. For a matrix A= (ai;)i;jcp1<j<p %,j€Rz0 and s=(s1,...,
sn) € C" we define
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(5) is:4)

= Z (al,lml +”'+al,rmr)7ﬁ "'(an,lml +...+an7rmr)ﬂ'n

0 n 1
= Z Hi
my=1,...m=1 i=1 m ’
Af P

my

where (); represents the i-th element of a vertical vector. For R(s;) >0 (1 <i <n),
if {(s;A) converges absolutely then

1 o] 0 r 1 n s
©) 54 =) L JO (H - )H o dn,

i=1
exp(‘4] i |)i—1

In

where 'A represents the transposed matrix of A.

ReEMARK 2. The function {(s; 4) was introduced by Matsumoto [5]. More-
over, he showed that the function {(s; 4) can be continued meromorphically to
the whole C” space.

ReMARK 3. If there exists i satisfying R(s;) <0, then the integral on the
right hand side of (6) diverges.

ProoF OF LEmMMA 2. By using I[(s)=m* [ r*"le= di (R(s) > 0), we
have

{(s; 4)
£ 1

.....

o0 o0 n
X J . J eftl (al.lml+“'+”1,l‘mr‘) . eiln(“mlml+“‘+an.rmr'> l;_yi_l dll
0 0 i=1
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0] o0 n
% J . J e~ (@it taan e =(Ba1 ety ) tle‘ifl dt;
0 0 i=1

1 0 0 1 1 n 1
- - l‘?i_ dt;.
H?:l I(s;) Jo L ehaiitthans _ 1 eha o ttady, _ 111 i !

The last equality holds since {(s;4) converges absolutely. O

The following results on the Arakawa-Kaneko zeta function and the Ito zeta
function are known.

THEOREM 1 ([4, Theorem 2.5]). For k= (ki,...,k,) eN", we write |k| =
ki +---+k, and call it the weight of k, and d(k) = n, the depth of k. Moreover,
we write

. = (ki + ji— 1
b =T (77771,
i=1 !

For any me N, we have

E(k;m) = > b((k+) 5 1)E((k) ™ + 1),
[il=m—1,d(§)=d((k;)")

where the sum is over all j= (ji,...,j.) € LY, satisfying |j| =m—1, d(j) =

d((ks)").

THEOREM 2 ([4, Theorem 3.6]). The Arakawa-Kankeo zeta function £(K;s)
can be written in terms of EZ-type MZFs as

ctios) = 3 alksn (T e ),

k',j>0 J

Here, the sum is over indices k' and integers j >0 satisfying |k'| + j < |k|, and
(K ) is a Q-linear combination of EZ-type MZVs of weight k| — k| — j.

THEOREM 3 ([3, Proposition 5]). For m e Zxo,

1 m
éMT(klw"akr;m_‘_ 1) :%C/MT(kh'"akra{l} 31)
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THEOREM 4 ([3, Theorem 8]). For reN and seC,

r—1
S (7 v mean ey

=0 N/

- r—1 R r—1—j i
=Z( ; )r<s+1>cm<o,{z} LAY +).
=0

REmMARK 4. Ito obtained relations among MT-type MZVs by putting s =
m+ 1 in Theorem 4 and using Theorem 3 for &,7({2}/;m+1).

3. An analog of the Arakawa-Kaneko zeta function of Miyagawa-type

Miyagawa [7] defined the multiple zeta funcion (3). We write the Miyagawa-
type MZF as follows.

DEFINITION 8. For s,41 = (Sy41.15-- -5 8+1,n,,,) € C"', we write
Corr(S1s -5 S5 8r41)
o0
= 2 )
0<my,...,0<m, m,.+|_1:1,...,)77,.“,,,’,“,1:1
1

miYI o m;y ::11 (ZZ:I my + Z:;ll mrH,W)JHM .

PropoSITION 1. The Miyagawa-type MZF {yr(s1,52, .., 8 Sr41) converges
absolutely when

k
Z §R(Sr+l7”r+17i) > k + 1
i=0

for any k=1,....n,1 —2 and

Z R(sk,) + Z R(Sr1.m00-1) —Mrg1 + 1>

J Ny —1
=1 i=0

with 1 <k; <k, <---<k;<r for any j=1,2,...,r are all satisfied.
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Proor. The series ..~ (N +mn)? (N >0) converges only when o> 1,
and

= 1 1

Nin)’ = (e_DNo T

n=1
Let
k
S(k) = <§R(S)‘+l‘l)7 §R sr+l e —k—1 ;Z % Sr+1 ) — l - k) .

i=0

Then we have

CMT(%(Sl)ﬂ %(‘h)? R §R<S1‘); éR(Si”rl,l)a R §R(Sr+11nr}l))
< Lar(R(s1), Rs2), -, Rsr)is M)

< Cyr(R(s1), R(s2), .., R(sy);8)

s

i=0

}’l,-+|71
ASS éMT <§R(S1)> §R(SZ)3 ceey §R(Sr); Z §R(SrJrl,erlfi) — Hr4 + 1) )

where the implicit constants of « depend on Sy41 = (S4+1,1,--.,S+1,n,.,)- BY
absolute convergence of the MT-type MZF, the assertion of this proposition
follows. 0

REMARK 5. By Lemma 2, we have

(7> CMT(O7525"'7SV;SV+1)

1 0 oo r si—1 dt
= H i i
[T, T(si) H, I T, j)J Jo L Lttt attltng ]

i=2

n, Sr1,u—1
r+1 tril—lfl; dtr+17u

X H etr+l.u+"'+l/+1,n”1 _ l )
u=1

This identity is a specialization of identity (9) below. We can obtain the formula
(7) as a consequence of identity (9).
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In this section, we discuss the function (2), and obtain certain relations
among Miyagawa-type MZVs. Namely we may regard the argument in this
section as a Miyagawa-type analog of Ito’s work.

In the two subsections in this section, we show a relationship between
special values of the function (2) and Miyagawa-type MZVs, and a relation-
ship between functions (2) and Miyagawa-type MZFs. In conclusion, we obtain
certain relations among Miyagawa-type MZVs. Therefore, we may regard the
function (2) as an analog of the Arakawa-Kaneko zeta function of Miyagawa-
type.

3.1. Special values. The special values of the function (2) can be written in
terms of Miyagawa-type MZVs as follows.

THEOREM 5. For k= (ki,...,ky) e N", kyy1 € Zso and m € Ly, we have

Emr((K;kyyy);m + 1)
1

“1+”‘+“I"n+1+1:m akn+l+l!
X Cr ({13 % ke, ook — (a0 + 1, ag,, +1,2)7)),

where the sum is over all ai,...,ax, 11 €ZLso satisfying ay+---+ ag,, 11
=m.

To prove this theorem, we need the following lemma.

Lemma 3. Let k. = (k)‘+1,l, . 7kr+17n,.+1) e N/t (nH-l =1 or kr+l.,n,‘,1 > 2)
and ((+ke41)")_ = (h,...,1z). We have

Cur(ky, . ke Kkep)

1 o0 o0 d Z'[ffl r ,
- | ... ”17 ” i (1l —e
Hlil 1"([,»),[ J ( Lo =7 ) 1 Liy, (1 —e™") dt, - - - dt,.

0 0

=

PROOF. Let z e Rog and K,y = (bo, {1} by +1,..., {1} by + 1) with
bo,a;,b; e N (1 <i < h). By using the same method as in the proof of equation
(23) in Kaneko-Tsumura [4], we have
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0
®) > >
0<my,...,0<m, my4q, 1:1,...,m,.+],n’_+1,1:1

(1 — o) Zamet T

i T (S50 e+ 5202 )

J0<t1 <~-'<l‘h0+,.,+[,/l <z

il 1 1
- O — _ ap
X | I1 ooy 1+ _ ] a! (tbo+“'+b/171+1 tb0+“'+bh—l)
i=

by

‘ 1 1

Ap—1

l etbO+"'+h/x—2+i 1 ah_l! (tb0+"'+b/z—2+1 - lb0+"'+b/,,2)

el 1
|\ g=t a1 (ot = 1)
L !

1

bo r
1 ) -
H—,l ngk,(l —e ") dty - dipysip,-

el

Since

(k) = {1 La+ 1, A a + L{13™) = (0, L),

by taking the limit as z tends to infinity, we obtain

Cur (k.o ke Kegn)

J0<11 Lo Ll ey, <O

b/z

X Hil L(tb byl — gty )

] et;,0+...+/,]171+,- —1 ah! 0+ +bp—1+ 0+ +0p—1
=

b 1 1

J— al771 PEREY
X L1 el 2t | ap 1! ([b0+'“+b1172+1 tb0+~~+b,,,2)
i=

LN 1 o
X Heth0+i 1 a(tb0+l - tbo)
=
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bo
(He" — 1) Hle (I—e - )dt - dlbo+<--+bh

e o [ b
(e )
= Tt bl bo+-+by1+1
a]! ah! 0 0 pale elbotr by +i 1 _ 1 0 h—1
by
% ﬁ 1 talz—] .
elbottby_prit I ] bo+--+by_o+1
i=1

by
N . —
L1 ipp+itti _ bo+1

bo
x (Hl el+ 1 > Hle 1 —e dtl dtb0+“,+bh

=

1 0 w [ d tld+1 i—1
Hdnmjnf<qd+w_>nhkle )dn - dig

i=1 0 0
1 0 0 d
pr— t[
_—Hf’lr(z»)L JO 116’* o Hle ) dty - diy
This completes the proof. O

ProOF oF THEOREM 5. For R(s) >0, by using the case n,.; =1 of the
equation (8), we have

L(8)Enrr ((K; Kns1); 5)

J~3o tsfl J lin_+[l
= —
0o e —1 0<ty <<ty | <t

n \ S= ki
= ﬂ'-~ QO(l‘kn—H-]“i""‘ktl)‘ 1 ﬁ 1
_ ' ’ el —1 e elit+t _ ]

I

)Hle (1 —e™)dt; ---du,, dt

X HLIk 1—8 g dl] dtk,,+1d[kn+1+l
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) —1 [l +1
0 0 el e e elit v _

n
x H lel(l - eitknﬂ“) dtl T dtkn+ld[kn+l+l'
i=1

i=

By putting s = m + 1 in this equation and using the formula Li;(1 —e™") = ¢ and
Lemma 3, we have

m! (K kyyr);m + 1)

0 0 Kny1+1 1
= .. t o4t m -
Jo Jo (et ) E el T+ ]

n
x H Lig, (1 - e_rk"“H) diy - diy,,. dig,, 1
i=1

zz#

artebag, 1 =m ai:: - di,  +1°

0 ) “
aj kel (T 3 ey +1Y)) g1 1
XJO JO [1 ...tknzl (Lll(l — e huprt )) .l

Fopp1+1
e 1 s 7 g, 41

<\ 11 e T [ Lix (1 = e "ty dty - dty,, dty,. 41
i=1 i=1

m!

|
“1+‘“+61k”+1+1:m akn+l+1 °

X Cpr ({13 %t kg ks — (a0 + 1, ag,,, +1,2)7)).

This completes the proof. [

REMARK 6. We can also prove Theorem 5 by using the Yamamoto-integral
defined by Yamamoto [9]. This method is more intuitive. Here, we use the nota-
tion in [9]. Since

0 : =\
myr (K kp1);m + 1) = J (Lh( —e))” Likg,, (1 —e™") dt

0 el —1

Lik.x,,, (?) dt,

n+l1

B J (Lii ()"
0 t

by using the Yamamoto-integral, we have
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ml&yr((K; kg1 );m + 1)

a :
a1+"'+ak"+]+1:m k141 ag

- ¥ "y
{:

The second equality is obtained by ordering m black vertices and 1 + k,; white
vertices. Here, by Lemma 1, the special values of the Miyagawa-type MZF is
written as

CMT(kh e aerkr+1)

J K1, M1 1
0<t1<'“<I"r+l.1*"'*1"r+1,nr+1 <l i=D [k,-+|_1+'“+kr+1‘y,’+1,1+i

Kt n,, -1
1 r+1 1

1- tkr+1,l+‘“+kr+l.nr+l—l+1 =2 tkr+1,1+“'+kr+1.71,,+1—2+i

ki1,
1 +1,2 1
X H
1- Thrn 1k, 241 i) Clepr 1 +i

1 kr+l.l 1 r
X Hl Z Hl ler(tl) dtl e dtkr—lA1+'“+kr+1,n,,+1
i= i=

1 - [km,Hrl
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?
kr+1,nr+1 -1 H
kr41,2 — 1{5

J;

kry1,1

gMT({l}ak"“Hvkh s akn; 7((“1 + la L 7akn+1 + 1’2)*))

Therefore, we obtain Theorem 5.

3.2. Functional relations. Functions (2) has the relationship with
Miyagawa-type MZFs as follows.

THEOREM 6. For I,keN, seC, we have
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k
{2)C{1}"s) EI() n(}]—wlwﬂuwmauﬁiw

i=1
+(—U%MﬂHﬂhwm0

/! <s+bk+1 — 1)
wtbrt b=t bit1

X (MT(O’ {2}07 {l}l_a;bl + 1) e '7bk + labk+1 +S)7

where the sum on the right hand side is over all a € L~y and b; € > satisfying
a+b+-+b =1L

Remark 7. If we understand the sum in i as in equal to 0 when k =0,
then Theorem 6 holds also when k& = 0 and coincides with Theorem 4.

PrROOF OF THEOREM 6. For se C with R(s) > 1, let

0 o !
_ s—1 Ui+ 0+t hep
J = J ce J() Zk+1 (H etitlit e — ]

0 i=1

1 1 1

~ e
ettt _ | ebat -+t — | el — 1

duy - - - duydty - - -dl‘k+1.

We calculate J in two different ways.
The first calculation is to integrate directly by using Corollary 1. By inte-
grating with respect to uy,...,u;, we have

/= J h J (51 (E(2) = Lip(1 — e ()
0

0
1 1 1

>< “ e
elit -+l — ] ot — | eli+1 — |

= T(s)C(2)"C{1}5,9)
/ o . |
+ ; (;)C(Z)lj(_l)jj JO Z/c+l(L12(1 e t1+-~~+z,<_1)))j

dty - - dtry

0

1 1 1

>< “ e
elit -+l — ] elat -+l — | eli+1 — |

dty - dtry.
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We compute the above integral by parts in order of 7;,...,# to obtain

0 0
J J ’k+1(L12(1 — e~ +m+1)))/
0 0

1 1 1

X . dt ---dt
elit -ty — ] elat e — ] elkr1 — 1 1 kel

= J .. J Zk+1(CMT({2} 1) — Li{2}j;l(1 _ e—(lz+...+tk+1)>>
0 0

1 1 1

X N
ebttlp — ] etattlhn — ] elkr1 — 1

= T(s)Cpr ({2} DC1Y L s)

0 0
_ JO .. .JO lli:rll Li{Z}j;l(l _ e—(1‘2+~“+lk+l))

dty - - dti

1 1 1

et -+l — ] ettt — | elk+1 — 1

= T (215 DX ) = Tl (2Y:20{1) 1)

dty - - - dti

" Jo .”Jo i Liggyra(1 = o7ttt

1 1 1

X -
ettt — ] elat -t — ] el — 1

dty - - - dti

>

L) S (=1 G ({2) {11 )

i=1

o0
i (_1)kj it Ly (1 —e7) iy,
. ,

el — 1

Therefore, we have

T =T()2) {1} s) i() -1y

J=1

k
x (Z ) ({2150 <{1}"f,s>+<—1>"5MT<<{2}f;k>;s>>.
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The second calculation is to use the polynomial expansion and the equation
(7). By symmetry of u,...,u;, we have

I! . ” b b

= - s=1,. ... Lokl

J = Z abil---b lJ J lep1tn - Ualy” o Gy
at+bi4-+bp =l L k+1-Jo 0

/ k+1
1 1
X <11 eUittit il — 1) (11 elit e — 1> du1 .. .du]dll . dlk+l

i= i=

nr(b y
=y P o 1y bbb )
atbytibg=1 Pk

By the first and second calculations, we obtain the desired identity for R(s) > I.
By the analytic continuation of the EZ-type MZF, the generalized Ito zeta
function ([3, Theorem 14]) and the Miyagawa-type MZF, we obtain the stated
theorem. |

Note that J was calculated by Arakawa and Kaneko when /=1, and Ito
when k = 0 (see the proof of [2, Theorem 6.(ii)] and [3, Theorem 8§]). Therefore,
we may regard this proof as a fusion of the method of Arakawa and Kaneko,
and the method of Ito.

By putting s =m + 1 with m e N in Theorem 6 and using Theorem 5 for
Eur(({2Y;k);s), we can obtain the following relations among Miyagawa-type
MZVs.

THEOREM 7. For I k,me N, we have

(@' m+1)
k

/
+y (i) (@) (-1’ (Z(—l)"‘lcm({z}-’; D m+1)
=1

i=1

+(_1)k Z %MCMT({I}aﬂlv{z}J-;((a1+17"'7ak+172)*)>>

ar+et gy =m

. Z il (m + bk+l>
a al
a+b1+~-+bk+1:1a' bk+1

X O (0,123 A1 by 4+ 1, b+ 1, b +m+ 1),
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ExampLE 1. Let /=1, k=1, m=1. Then we obtain

((2)¢(1,2) = Cur(21)C(2) + Carr(251,2) + Carr (1, 252)

=Cur(0,2;1,2) + Gar(0,152,2) 4+ 287(0, 151, 3).
When /=1, k=1, m=2and /=1, k=2, m=1. Then we obtain
{(2)4(1,3) = Cur(2s1)E(3) + Cur(2:1,1,2)
0 (1,21,2) 43 0r(1,1,2;2)

= CMT(0527 13 3) + Z.:MT(Oa 1727 3) + 3CMT(07 17 174)

and
C2)U(1,1,2) = Cur (2 1)E(T,2) + Cur (25 2)0(2)
= ur(2:2,2) = Cur(251,3) = {ur(1,253)
={ur(0,2;1,1,2) + {ur (0,152, 1,2)
+ Cur(0,1;1,2,2) 4+ 28),7(0, 151, 1, 3),
respectively.

4. Generalized Mordell-Tornheim multiple zeta function

We will generalize Theorem 4 and Theorem 6 in the next section. For this
purpose, we need to introduce a new class of the multiple zeta function (4). In
this section, we show several propositions on the function (4).

ReMARK 8. The function (4) contains the EZ-type MZF, the MT-type MZF
and the Miyagawa-type MZF as special cases. For example,

éMT((Sla N 7S/)1 (S/Jrh s 7Sn)) = C(Sla sy 81,8 + Sjt1y8j425 - - asn)a
CMT((S1)7 ceey (SV>; (Sr+1)) = gMT(Sh cee 7sl’;sr+1)a

and

Carr((81)s 5 (87); (8150 58741)) = Caar (S5 5 87 84155 8r1)-
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Therefore, for the case n; =1 (1 <i<r) and S.i1 = (Se41,15- -+ 5 Se41,m,,, ), WE MAY
omit the parentheses. For example, we write {y7((s1,1), (52,1,52,2); (83,1,3,2)) as

Cur(s1,1, (82,1,52,2); 83,1, 83,2). Under this notation, the Miyagawa-type MZF is
written as

ST rim =1 (15 - o S5 S 1+ e o5 Srrmy) = S (815 -+ o5 813 S1)-

PROPOSITION 2.  If one of the following conditions is satisfied, then the function
(4) conveges absolutely.

(1)
§R<Si,j)21 (lSiSV,ISjSI’lr),
k
S R(sprm—i) >k+1 (0<k <nuy —2),
i=0
npp—1
§R(Sr+17n,v+17i) > Nyl — 17
i=0
(i)
S = (0)7
§R(Si,j)zl (2Si£r,1£j£n,,),
k
R(srtm0-i) >k+1 (0<k <n —1).
i=0

Note that these conditions are not a necessary condition for absolute con-
vergence. However, we mainly deal with the case when (ii) is satisfied.

Proor. The series ..~ (N +n)? (N >0) converges only when o> 1,
and

N 1
2 N S e

n=1

Let R(s;)) = R(si1),---,R(sin)) 1 <i<r+1) and

i=0

k
S(k) — (%(51‘4»1,1)7 sy §R(squl.n,.Al7k71); Z §R(SrJrl,n,.Jrlfi) - k) .
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(1)

(i)

Ryota UMEZAWA
We have
Our(R(s1), R(s2), -, Rsy); R(sr1))
< Gur ({1, - ((13™): R(sr1))
< Our(({13™), - ({13 7)380)
< ({13, ({13 7)382)

EE

npyp1—1
< gMT <({1}n1)7 ] ({l}nr); Z 8?(SrJrl,n,.Jr]fi) — N4 + 1>a

i=0

where the implicit constants of <« depend on s, = (S411,-.-,
=1

Seetmn)- Let R= (" R(Sys1m.-1) — 1 +1)/r. Then R>0

and

1 1
= < z .
> )Z,-lo“ Wit -)-matl [T m®,

v=1Mu,n,

Hence we have
CMT(gR(Sl)a §}%(52)7 ceey §R(Sr); §R<Si’+l))
<1+ R L+ R) (1Y T+ R).

This completes the proof for the case (i).
In the same way as that of (i), we obtain

Cur (0, 3%(52)a SRR §R<Sr>§ 8%(SrJrl))

1 —1
«Cur (o, )0 (A1) RSt oi) — et + 1>.

i=0
Let ¢ > 0 such that Z;’:’B“l R(Sr41,m,,,—1) — Hr+1 > € and let

E?:E)]il §R(Sr-',-l,n,url—i) — Ny — €

r—1

R= (>0).
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By using

1 1
<

(S0 )28 Bttt = ()T
we have

Cur(0,R(s2), - -, R(s,); R(sr41))

<+l 1+ R)---c({1}™ 1+ R).

This completes the proof. O

REMARK 9. Let

§ 1
ni .
n2< s e,
{1 eee 1
~—
n2

Then we have

CMT(SlaSZ7 e 7Sr;sl‘+1) = C(51,SZ7 e 7Srasr+1§A)-

Therefore, the function (4) is included as a special case of the function (5). From
Remark 2, the function (4) can be continued meromorphically to the whole space
C™" et Moreover, by Lemma 2, especially when the condition (i) of Prop-
osition 2 is satisfied, we have
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CMT(SI, cees Sy Sr+1)

1 Joo Joc roon 51 / dl, J
r+1 HH Tl +tr+1 Tty
H H 2 Dsig) 0 i=1=1¢ ' =1

Nyt 5r+l.u—1
3:+l 1= dl H r+1 u dt”‘l u
lir AL e e, 1

Let
0(1
no
1 eee 1 0
~—
ng

Then we have

CMT(O7 527 ... asl‘; Sr+1) = C(Oa S2; L) S,~,Sr+1;A).

Therefore, by Lemma 2, especially when the condition (ii) of Proposition 2 is
satisfied, we have

(9) CMT(Oa S2, .38k Sr+1)

S” dt,j

1 ’
HH—I Hn, F(SZJ)J J HH f,,+ +tzn,+tr+l 1+ F g, -1

1211

/. Yr+l.u—l
tr-l ute e, 1 :

RemMARk 10. For zeC with |z] < 1, let
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Likl,--<7ky5,k:-+| (Z)

0<mL1<m|_2<»~<ml_ﬁ1 My 1=,y Mgy 1

il =17

0<my 1 <My 2 <<y,

r ey =1
ZZU: 1M, ny +Z“.:1 Myt1,w

X .
R A Z k,
TTi TI gy T 2y o, + o0 M)

Then we obtain

d .
p Lik, . k:k., (2)
| .
Z lel,“.,k,.;(k,.,l), (z) @if k"+1~nr+l > 1),
1 . .
= E lel-,---akr;kt‘+l.l:--»vlcr+1.n,+1—l(Z) (lf kr+11"r+1 =1, Npy1 > 1)’
| L .
EHL"‘I (z) Gf Krirn., = 1, myy = 1).
i=1

Therefore, the special values of the GMT-type MZF are written

as
follows:

CMT(kh e »kr§ kl‘+1)

J Kritim,. 1
0<[1<m<lk"+l~]+"'+k’+]’”r+l <1 =2 lk}’+1,1+“'+ky+1y”r+171+i
Kevtn., -1
1 L g 1
X
- tkr+1.l+‘“+kr+l.nr+l—l+1 i—2 Zkr+l,l+“‘+kr+l.7x,.+1—2+i
1 k1,2 1

1- Uepr, 1 i1, 241 =2 Uyan, 1 +i

1 kH»l. 1 r

T H - HLik,-(fl) diy---di,, etk
g1+ i=1 ll i=1
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k7'+1>"7‘+1 -1 { H

i} -
2

Therefore, GMT-type MZVs can be expressed as a sum of a finite number of
EZ-type MZVs by [9, Corollary 2.4].

PROPOSITION 3.  If the condition (ii) of Proposition 2 is satisfied and all entries
of si 2<i<r) are positive integers (we put s; =K;(= (ki1,...,kin))eN"
(2<i<r), then {yr(0,Ka, ... Ky8041) is expressed as a Q-linear combination of
EZ-type MZFs.

Proor. We have

(10) zMT(OakZa"'akr;SFH)

0
0<my Myt 1=l Mgty —1=1
0<my, | <nzz,2<~~-<m2,,2
0<my 1 <my 2 <--<my

) T _
T T my Y TL (32 mom, + Sowct Mgt )
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- 1
> > T
0<my M 1=y —1=1 Hz =2 H
O<I’I’I2_ 1<mp 2 <---<my, ny

0<m, 1 <my 2 <---<my, y,

N1 1 o0 . el
X H J t;rJrLu*l67(215:1mt‘,np+21;':1’77z-+1.w)fu dtu
u=l L(sr+1,u) Jo

1 1
M Sy
Hu:+1 l—‘(Sr+1.,u) 0<my, | <y, 2 <<ty Hz ) H/nl 1 m

0<m, 1 <m,:3<-~<mn nr

o0 -
X J . J tlsﬂr] 1— 1 t\7+1 Myl 71ef(Z;:va.uu)([]+"'+l‘ur+1)
0

np1
0
1 1 1
. dt . dt
et Fn 1 gl Fh, el — 1 1 Ny
o0 o0
= 71 J .. J [f’“v‘*l e [’j"‘l"”+171
Nyyy r+1
[L.21 T(srenu) Jo 0
Hz , Liy, (e (t1+- +fn,+l)) 1 1 u 0
T T _ ] et Ty 1 e — 1 Ml

By using the shuffle product formula for []/_, Liy, (e~ *)), we find that (10)
is expressed as a Q-linear combination of the form

o0 o0
ny. 1 Npy1
Hulf F(Sr+1.,u) 0 0 ’
le( (f1+- g )) 1 1 gt dr
Ty 1 ety 1 e — 1 ! Mre1:

By applying (10) with r =2 to the function (11), we see that the function (11)
equals to {y7(0,Kk;s.;1). Moreover, by the definition of the function (4), we find
that

CMT(Ov k; Sr+1) = g(ka Sr+1).

Therefore, (10) is expressed as a Q-linear combination of EZ-type MZFs.
O
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5. Generalizing Theorem 4 and Theorem 6

In this section, using GMT-type MZFs, we generalize Theorem 4 and
Theorem 6.

5.1. Ito zeta function. It is difficult to generalize Theorem 4 and Theorem
6 as their original forms. First, in order to make the idea easier to understand, we
rewrite Theorem 4.

ProPOSITION 4. For re N, se C, we have

Eur({2}759)

- 3 ’—!/:(2)”1(—1)”2“”(3%_l)ém<o,{1}”ﬂ{2}“~‘;a2+s>7

lq-!
ay+ax+az=r ap:ds.

where the sum is over all ay,ay,a3 € L satisfying a; +ay +az =r.

ProOOF. By using the first formula of Corollary 1, we have

*© t *© u
Lib(l—e ) =¢(2)-| ———du—| — du.
ir( e')=((2) L ertu _ | du L ertu _ 1 du

Therefore, for $(s) > 1, we have
T(s)Eur({2}s5)

0 ys—1 . ey

0 [S_l 0 t 0 u r
L et_1<C(2)JO —e”“—lduiL 46’*“—161”) dt

Z r!
ay !a2!a3!

a+ax+az=r

0 tsfl @ 0 t a 0 u a3
. Jo el — 1C(2) ( Jo et —1 du) ( Jo ettt —1 du> a

r!
— 2 ap( 1 ax+as
a) !a2!a3! C( ) ( )

a)+ax+az=r
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0 Z.H—az—l 0 1 a 0 u a
X L o] (Jo e du) <L e du> dt

_ Z r! L2)“ (=) T (ar + ) (0, {114, 12Y ar + 5).

lar'ax!
ay +a2+03:ral -dy:ds3:

By the analytic continuation of the Ito zeta function ([3, Theorem 2]) and the
MT-type MZF, we obtain the stated theorem. O

The key of this proof is to use the formula

e | g [
le(l e ) = C(Z) JO eltu — 1 du JO eltu _ 1 du

directly. We generalize this formula to any k.

Lemma 4. For ke Zs, and t > 0, we have

2k-2
Lic(1—e ) =>_ f(tj.k),
j=0
where
f(t; ), k)
(D)L= ) Jo - o Tt (O <k —1),
= (=D krn,fm%%ﬁ- (if j=k-1)

1)k lfo . ‘[0 uj k+1 H, 1 e[ﬂ]ilu.i”‘ 1 (ljf ]>k— 1)7

and we understand if j =0 then

. 0 et+u1_1'”el‘+u1+~-+u]_1 uy - M/ZI

Proor. We use induction. If k =2, it is true since

. o “t *u
ng(l—E )—C(Z)—L mdu—Jo mdy
Assume that the formula holds for k, and prove it for &+ 1.
Lik+l (1 — €7t)

“ Lig(1 — e~ ()
:C(k+1)—J0 Wdul
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© 1 2k—2
:C(k—i—l)—J 71< f(t+u17]7k)> dul

0 et+u1 =
k=2
=0k+D)+> f(6j+Lk+D)+ f(tkk+ D)+ f(tk+1,k+1)
=0
2%—2
+ Y S+ 2,k +1)
j=k
2k
= St k+1).
J=0
This completes the proof. ]

LemMMA 5. With the assumption of Lemma 4, for k;>2 (1 <i<r) and
t >0, we have

IL[Liki(l —e )= Z ﬁf(f;ji,ki)~
i1

Oﬁj] <2k -2 i=1

0<j, <2k -2

Proor. By Lemma 4, we have
r r 2ki—2 r
[TLic—e) =11 > riky=" 3> Jl/@ik). O
i=1 i=1 j=0 0<)i <2k -2 i=1
0<jp gzzk,t_z

THEOREM 8. For l€Zsg, s€C and k; =2 (1 <i<r), we have

Er({ ko krs)

B T+ b,(,k) +5)

0<j) <2k;-2
0<j,<2k—2

X CMT(Oak(jl,kl)a cee ,k(j,.,kr);ler,(j,k) +S)7
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where

o TT o n oYk =gy U< k= 1),
ar(],k) = Ea(]lakl)) a(],,k,) = { (—l)kﬁl (]1 > Ji — 1)’

b(,k) = [{ie{l,....r}|ji=ki— 1},

and
({17 (Ui <ki—1),
k(jivki) — ({1}]}71@-727 {1}2k1727j,-) (]z >k — 1).

ki—1

ProOF. By Lemma 5 and the formula (9), for R(s) > 1, we have

C()Enr ({1} K, ki s)

3ots+171 r
:J Tl =) dr

0 el — 1 i1
0 ts+/—l r
= J e,_IHf(l;]hki) dt
0<j; <2k —270 i=1
05_/,.g:2k,.—2
= Z a,(],k)F(l+b,(j,k) +S)
0<j1 <2k -2
osjrs:2k,72

X Z_./MT(()’k(jlakl)a cee 7k(jr7kr);l+br(j7k> +S)

By the analytic continuation, we obtain the stated theorem. O

By putting s =m + 1 in Theorem 8 and using Theorem 3, we can obtain the
following relations among GMT-type MZVs with n,.; = 1.

THEOREM 9. For meN and k; > 2 (1 <i <r), we have
gMT(klv"wkra{l}m;l)

= Y (B.%) + m)la, (. K) (0K k), K k) By (k) +m 1),
0<j1 <2k -2

0<j, <22
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ExaMPLE 2. In the case k; =2,...,k, = 2, Theorem 9 gives relations among
MT-type MZVs. For example, if k; =2, r=1 then we obtain

CMT(zy{l}m§ 1)
=ml{(2)Cnr(0;m + 1) — (m+ 1)1pr(0,1;m 4 2) — mlCy7r(0,2;m + 1).

If there exists 7 satisfying k; > 3 then Theorem 9 gives relations among GMT-
type MZVs with n,.; =1, not MT-type MZVs. For example, if k; =3, r=1
then we obtain

Cur (341375 1)
= ml{(3)pr(0;m + 1) = mll(2){ar(0,1;m + 1)
+ (m A+ D)0, (1, 1)5m + 2) + mlC (0, (2, 1);m + 1)
+ m!lyr(0,(1,2);m+ 1).

5.2. An analog of the Arakawa-Kaneko zeta function of Miyagawa-type.
We generalize Theorem 6 by using Lemma 5.

THEOREM 10. With the assumption of Theorem 8, for | € Zsy, k= (ky,...,
kn) € ZL,, kyy1 € Lo and s e C, we have

(_l)kn. lfMT(({l}lak; kn+1);s)
- ¥ 3 <z+bn<j,k>>!an<i,k>(

S+ Chpyy 1 — 1)
0<j1 <2k;-2 c1+“~+Ckn+1+1:/+bu(].«,k>

Ckn+l +1
0<n <2k,—-2

X CMT(O k(]lakl) (]i’hk );Cl + 17 .. ‘7(;/(,,“ + 17Ck,,+1+1 +S)

n+l

_Z D ({1 ke DE{ Y7 ),
Proor. Let g =k, + 1. For R(s) > 1, let

o o n d dt;
_ I . _ d
J:J J [; 1(I1+"'+tq) <HL1/€1(1—€ (h+ +tq))> Hm
i—

0 0 Pl
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We calculate J in two different ways. By using Corollary 1, we have

0 0
J= J() o 'L Z};il(gMqu}lakla Y 1) - Li{l}l,kh,,,,kn;l(l - 67(12#“”4)))

1 1

X ...
ettty — 1  pld — |

= r<S>CMT({1}1’k1, ook 1)&({1}q—2’s)

_ JO .. .JO tsfl Li{l}"kl,wk“;l(l o ef(tz+...+t1,))

dty - di,

1 1
X “ ..
ety — 1 el —

dty - - dt,

q—1
Z l 1gMT {1} ki, kyi ) ({l}q—l i )
i=1

+(=D" 'T ()fMT(({l} —1);9).

On the other hand, by using Lemma 5, we have

o0 o0 ' /
J = Z J J l;_(tl—i----—l-lq)
0<j, <2k;—290 0

0<jp <2k, -2

- . ! dt;
x (Hf(tl +"'+lq§ﬁaki)> Hﬁ

=

o0 o0 l b 'k
J J 13*1([14_.... tq)+"(]’ )
0<j1 <2k;-2 0 0

0<jp <2kn—2

(Hf Hh+---+ tq}]l7kl)> ﬁ dt;
o elit+y _ 1

i=1 ll+ +t) G.)

(l—'—bl’l(j?k))' 30 * s—1 ¢ g

0< /1 <2k1=2 ¢rt-tcg=l+bai k) 0 0

0<jp < 2kn—2
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Sty +- o+t jinki) | 1~ dt;
(H 1 ‘1) ](J,k) > gef;-k----rtq 1
(I+ bu(j,k 4
B Z Z !¢ <H c,+l>

0<ji <2k1=2 ey+-+cg=I+bu(j. k)

Oéjn§:2k,,72
X F(Cq + S)CMT(Oak(jl;kl)v e ,k(jn;kn); )+ la sy Cg—1 + la Cq + S)

. v EEAER) G+

0<ji <2k1=2 ¢+ tcgml+by (i k) c4!
OSj,,SEZkrz
X Cur(0,K(j1, k1), KRGy kn)ser + 1,00 o1 + 1, ¢4+ 5).
By the analytic continuation, we obtain the stated theorem. 0

By putting s = m + 1 in Theorem 10 and using Theorem 5, we can obtain the
following relations among GMT-type MZVs.

THEOREM 11. For m e N,ky1,l € Zso and k; > 2 (1 <i <n), we have

EILEI S—

|
al+"'+akn+1+l =m aknﬂ +1-

X O ({0 % dey ks (@ + 1, +1,2)7))
. . m+ ¢,
> >+ b,,o,k»!anu,m( o)
0<ji <21 =2 er+ter,, , 1=l+ba (i K) Fa 1
0<j szzk,,—z
X CMT(O k(]hkl) (]nak );Cl + 17 ceey Cloy + lackn+1+l +m+ 1)

rz+l

—Z Y T ({0 ke, ks DEE Y 4 1),

ExamMpLE 3. In the case k,.; = 0, Theorem 11 coincides with Theorem 9. If
ki =2,...,k, =2 then Theorem 11 gives relations among Miyagawa-type MZVs.
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For example, if m=1, /=0, kj =2, ky =1, n=1 then we obtain
—Cnr(2:1,2) = Cyr(1,2;2)
={(2)lmr(0;1,2) — {yr(0,132,2) — 2837(0, 15 1, 3)
= Cur(0,251,2) = Gy (2 1)E(2).

If there exists i satisfying k; > 3 then Theorem 11 gives relations among GMT-
type MZVs, not Miyagawa-type MZVs or GMT-type MZVs with n,.,; = 1. For
example, if m=1, [ =0, ky =3, k=1, n=1 then we obtain

—Cnr(3:1,2) = Cur(1,3;2)
= {(3)Cnr(051,2) = £(2)Carr (0, 1 1,2) + Carr (0, (1, 1) 2,2)
+ 2CMT(07 (17 1)7 17 3) + CMT(O7 (27 l)a 172) + CMT(O7 (172)7 172)

= Cur(3;1)E(2).
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