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THE ROLE OF COUNTABLE PARACOMPACTNESS

FOR CONTINUOUS SELECTIONS AVOIDING

EXTREME POINTS

By

Takamitsu Yamauchi

Abstract. The role of countable paracompactness to obtain a (set-

valued) selection avoiding extreme points is investigated. In par-

ticular, we prove the following: Let X be a topological space, Y a

normed space and j a lower semicontinuous compact- and convex-

valued mapping of X to Y . If one of the following condition is valid,

then j admits a lower semicontinuous set-valued selection f such that

fðxÞ is compact and convex, and each point of fðxÞ is not an

extreme point of jðxÞ for each x A X ; (1) the infimum of the set of all

diameters of jðxÞ with x A X is positive, (2) X is countably para-

compact and the cardinality of jðxÞ is more than one for each x A X .

We also give characterizations of some topological spaces in terms of

(set-valued) selections avoiding extreme points.

1. Introduction

Throughout this paper, spaces are assumed to be T1-spaces and l stands

for an infinite cardinal number. Let X and Y be spaces and 2Y the set of all

non-empty subsets of Y . For a mapping j : X ! 2Y , a mapping f : X ! Y

is called a selection of j if f ðxÞ A jðxÞ for each x A X . Since E. Michael’s paper

[14], various continuous selection theorems have been obtained (see [20], [21]).

Theorem 1.1 below due to E. Michael [14] and M. M. Čoban and V. Valov [2] is

fundamental in our study. Before stating Theorem 1.1, let us recall terminology.

Let CcðYÞ denote the set of all compact convex subsets of a normed space Y , and
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the set CcðY ÞU fYg is denoted as C 0
cðYÞ. A mapping j : X ! 2Y is called lower

semicontinuous (l.s.c. for short) if the set j�1½V � ¼ fx A X j jðxÞVV 0qg is open

in X for every open subset V of Y . Let Card A denote the cardinality of a set A.

A T1-space X is called l-collectionwise normal if for every discrete collection

fFa j a A Ag of closed subsets of X with Card Aa l, there exists a disjoint

collection fUa j a A Ag of open subsets of X such that Fa HUa for each a A A.

The weight of a space Y is denoted by wðY Þ.

Theorem 1.1 ([14, Theorem 3.2 0], [2, Theorem 1], see also [18, Theorem 4.2]).

A T1-space X is l-collectionwise normal if and only if for every Banach space Y

with wðYÞa l, every l.s.c. mapping j : X ! C 0
cðYÞ admits a continuous selection.

Theorem 1.1 is an extension of Katětov-Tong’s insertion theorem for normal

spaces ([9], [10], [25]). On the other hand, V. Gutev, H. Ohta and K. Yamazaki

[5] extended Dowker-Katětov’s insertion theorem for countably paracompact

normal spaces ([3], [9]) to a theorem on continuous selections avoiding extreme

points. For a closed convex subset K of a normed space Y , a point y A K is

called an extreme point if every open line segment containing y is not contained

in K . For a closed convex subset K of Y , the weak convex interior wciðKÞ of K

([5]) is the set of all non-extreme points of K , that is,

wciðKÞ ¼ fy A K j y ¼ dy1 þ ð1� dÞy2 for some y1; y2 A Knfyg and 0 < d < 1g:

A space X is countably paracompact if every countable open cover is refined by

a locally finite open cover of X . V. Gutev, H. Ohta and K. Yamazaki [5]

established the following theorem for generalized c0ðlÞ-space Y , and the author

[26] extended their theorem to a Banach space Y of weighta l.

Theorem 1.2 ([5, Theorems 4.5], [26, Theorem 2]). A T1-space X is coun-

tably paracompact and l-collectionwise normal if and only if for every Banach

space Y with wðY Þa l, every l.s.c. mapping j : X ! C 0
cðYÞ with Card jðxÞ > 1

for each x A X admits a continuous selection f : X ! Y such that f ðxÞ A wciðjðxÞÞ
for each x A X .

Although the existence itself of a continuous selection is guaranteed by

Theorem 1.1, the assumption in Theorem 1.2 that X is countably paracompact

can not be dropped. Suggested by Theorem 1.2, we are concerned with the role of

countable paracompactness to obtain a continuous selections avoiding extreme

points. Our study has two directions.
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The first one is to show that if the diameters of the values of an l.s.c.

mapping j : X ! C 0
cðY Þ is uniformly large, then the countable paracompactness

of X is not necessary. For a subset A of a metric space ðY ; dÞ, let diam A ¼
supfdðy1; y2Þ j y1; y2 A Ag. If Y is a normed space, a metric on Y is assumed to

be induced by the norm of Y .

Theorem 1.3. A T1-space X is l-collectionwise normal if and only if for

every Banach space Y with wðY Þa l, every l.s.c. mapping j : X ! C 0
cðYÞ with

inffdiam jðxÞ j x A Xg > 0 admits a continuous selection f : X ! Y such that

f ðxÞ A wciðjðxÞÞ for each x A X .

For a mapping j : X ! 2Y , a mapping f : X ! 2Y is called a set-valued

selection if fðxÞH jðxÞ for each x A X . For compact- and convex-valued l.s.c.

mappings, we prove the following.

Proposition 1.4. Let X be a topological space, Y a normed space and

j : X ! CcðY Þ an l.s.c. mapping such that inffdiam jðxÞ j x A Xg > 0. Then j

admits an l.s.c. set-valued selection f : X ! CcðYÞ such that fðxÞHwciðjðxÞÞ for

each x A X .

The second direction is to show that the countable metacompactness (rather

than countable paracompactness) of X is necessary in order that every l.s.c.

mapping j : X ! CcðRÞ with Card jðxÞ > 1 for each x A X may admit an l.s.c.

compact- and convex-valued set-valued selection avoiding extreme points, where

R is the space of all real numbers with the usual topology. A topological space X

is called countably metacompact if every countable open cover of X is refined

by a point-finite open cover of X . Note that every countably paracompact space

is countably metacompact, and every countably metacompact normal space is

countably paracompact (see [7]).

Theorem 1.5. A topological space X is countably metacompact if and only if

for every normed space Y , every l.s.c. mapping j : X ! CcðYÞ with Card jðxÞ > 1

for each x A X admits an l.s.c. set-valued selection f : X ! CcðYÞ such that

fðxÞHwciðjðxÞÞ for each x A X. In this statement, ‘‘every normed space Y ’’ can

be replaced with ‘‘Y ¼ R’’.

The statement in the abstract follows from Proposition 1.4 and Theorem 1.5.

In the realm of normal spaces, an l.s.c. mapping j : X ! CcðY Þ in Theorem 1.5
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can be replaced with an l.s.c. mapping j : X ! C 0
cðYÞ if the domain space X is

assumed to be almost expandable. A space X is almost l-expandable ([11], [24]) if

for every locally finite collection fFa j a A Ag of closed subsets of X with

Card Aa l, there exists a point-finite collection fUa j a A Ag of open subsets of X

such that Fa HUa for each a A A. Every almost l-expandable space is countably

metacompact ([11, Theorem 2.6]). We prove the following.

Theorem 1.6. A normal space X is almost l-expandable if and only if for

every Banach space Y with wðYÞa l, every l.s.c. mapping j : X ! C 0
cðYÞ with

Card jðxÞ > 1 for each x A X admits an l.s.c. set-valued selection f : X ! CcðYÞ
such that fðxÞHwciðjðxÞÞ for each x A X .

Some preliminary results are shown in section 2. In section 3, some results

on l.s.c. set-valued selections are obtained. In particular, Proposition 1.4 and

Theorems 1.5 and 1.6 are proved. In section 4, we prove Theorem 1.3 and some

results on continuous selections avoiding extreme points.

2. Preliminaries

Let N denote the set of all positive integers. The closure of a subset S of a

topological space is denoted by Cl S. A subset A of a topological space X is

called a cozero-set if there is a continuous function f : X ! R such that A ¼
fx A X j f ðxÞ0 0g. Let ðY ; dÞ be a metric space. For A;B A 2Y , let distðA;BÞ ¼
inffdðy1; y2Þ j y1 A A; y2 A Bg. For y A Y , AHY and e > 0, let Bðy; eÞ ¼ fz A Y j
dðy; zÞ < eg and BðA; eÞ ¼ 6

y AA Bðy; eÞ. For a collection V of subsets of Y , put

mesh V ¼ supfdiam V jV A Vg. By FðYÞ (respectively, CðY Þ) we denote the set

of all non-empty closed (respectively, compact) subsets of Y , and put C 0ðY Þ ¼
CðYÞU fYg. Let FcðY Þ denote the set of all non-empty closed convex subsets of

a normed space Y . We denote by conv A the convex hull of a subset A of a

normed space Y . For other undefined terminology, we refer to [4].

Let us recall that a key to obtain a continuous selection avoiding extreme

points is to construct two continuous selections with di¤erent values locally (see

the proof of ð1Þ ) ð2Þ of [5, Theorem 4.5]).

Lemma 2.1 ([5]). Let X be a topological space, Y a normed space and

j : X ! FcðY Þ a mapping. Suppose that there exist a locally finite cozero-set cover

U of X and a collection f fU jU A Ug of continuous mappings fU : U ! Y, U A U,

such that fUðxÞ A wciðjðxÞÞ for each x A U. Then j admits a continuous selection

f : X ! Y such that f ðxÞ A wciðjðxÞÞ for each x A X .

280 Takamitsu Yamauchi



In the above, to obtain continuous mappings fU : U ! Y , U A U, such

that fUðxÞ A wciðjðxÞÞ for each x A U , it su‰ces to find continuous selections

f 1
U ; f

2
U : U ! Y of jjU such that f 1UðxÞ0 f 2U ðxÞ for each x A U .

The following lemma is useful to obtain an l.s.c. set-valued selections

avoiding extreme points.

Lemma 2.2. Let X be a topological space, Y a normed space and j : X !
FcðY Þ a mapping. Suppose that there exist a point-finite open cover U of X and

a collection ffU jU A Ug of l.s.c. mappings fU : U ! CcðYÞ, U A U, such that

fUðxÞHwciðjðxÞÞ for each x A U. Then j admits an l.s.c. set-valued selection

f : X ! CcðY Þ such that fðxÞHwciðjðxÞÞ for each x A X .

In the above, to obtain l.s.c. mappings fU : U ! CcðY Þ, U A U, such that

fUðxÞHwciðjðxÞÞ for each x A U , it su‰ces to find l.s.c. set-valued selections

f1
U ; f

2
U : U ! CcðY Þ of jjU such that f1

UðxÞV f2
UðxÞ ¼ q for each x A U .

Proof. Assume that f1
U ; f

2
U : U ! CcðYÞ are l.s.c. set-valued selections of

jjU such that f1
UðxÞV f2

UðxÞ ¼ q for each x A U . Define a mapping fU : U ! 2Y

by fUðxÞ ¼ fðy1 þ y2Þ=2 j y1 A f1
UðxÞ; y2 A f2

U ðxÞg for x A U . Then fU is l.s.c.

(cf. [6, Proposition 2.59]) and fUðxÞHwciðjðxÞÞ for each x A U . Since f1
UðxÞ;

f2
UðxÞ A CcðYÞ, we have fUðxÞ A CcðYÞ for each x A X . Define a mapping

f : X ! 2Y by fðxÞ ¼ conv6ffUðxÞ jU A U with x A Ug for each x A U . Then

fðxÞHwciðjðxÞÞ for each x A X . By using [14, Proposition 2.1], it is easy to see

that f is l.s.c. Since U is point-finite, each fðxÞ is compact (cf. [12, Lemma

2.10.14]). r

A space X is called almost discretely l-expandable ([24]) if for every discrete

collection fFa j a A Ag of closed subsets of X with Card Aa l, there exists a

point-finite collection fUa j a A Ag of open subsets of X such that Fa HUa for

each a A A. Note that a space is almost l-expandable if and only if it is countably

metacompact and almost discretely l-expandable ([24, Theorem 2.8]). J. C. Smith

[23, Theorem 2.7] proved that a space X is almost discretely l-expandable if and

only if for every closed subset F of X and for every open cover V of F of finite

order, there exists a point-finite open cover U of X such that fU VF jU A Ug
refines V. In this statement, ‘‘open cover V of F of finite order’’ can be replaced

by ‘‘point-finite open cover V of F ’’ for a normal space X . This is probably

known, but for the sake of completeness we give a proof.
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Proposition 2.3. A normal space X is almost discretely l-expandable if and

only if for every closed subset F of X and for every point-finite open cover V of

F with Card Va l, there exists a point-finite open cover U of X such that

fU VF jU A Ug refines V.

Proof. It su‰ces to show the ‘‘only if ’’ part. Let X be an almost discretely

l-expandable space, F a closed subset of X and V a point-finite open cover of

F with Card Va l. For each i A N, put Fi ¼ fx A X jCardfV A V j x A Vga ig.
By an argument similar to [4, Theorem 5.3.3], we can take a sequence

fWi j i A Ng of open subsets of X and a point-finite collections Ui, i A N, of

open subsets of X such that Fi H6 i

j¼1
Wj, Fin6 i�1

j¼1
Wj HWi HCl Wi H6Ui

and fU VF jU A Uig refines V for each i A N. Put W ¼ 6
i AN Wi. Then the

collection U ¼ fU V ðWn6 i�1

j¼1
Cl WjÞ jU A Ui; i A NgU fXnFg is the required

one. r

A space X is called l-metacompact if every open cover U of X with

Card Ua l is refined by a point-finite open cover of X . M. M. Čoban [1,

Theorem 6.1] characterized l-metacompact spaces in terms of l.s.c. set-valued

selections. By an argument similar to [1, Theorem 6.1] (see also [18], [20, A § 4])

with Proposition 2.3, we have the following.

Proposition 2.4. A normal space X is almost discretely l-expandable if and

only if for every completely metrizable space Y with wðYÞa l, every l.s.c. mapping

j : X ! C 0ðYÞ admits an l.s.c. set-valued selection f : X ! CðYÞ.

Lemma 2.5. Let X be an almost discretely l-expandable normal space (re-

spectively, a l-metacompact regular space), ðY ; dÞ a complete metric space with

wðY Þa l and j : X ! C 0ðYÞ (respectively, j : X ! FðYÞÞ an l.s.c. mapping

such that inffdiam jðxÞ j x A Xg > 0. Then j admits an l.s.c. set-valued selection

f : X ! CðY Þ such that inffdiam fðxÞ j x A Xg > 0.

Proof. Let c ¼ inffdiam jðxÞ j x A Xg. Take a locally finite open cover

V of Y such that mesh V < c=4. Put W ¼ fj�1½V 1�V j�1½V 2� jV 1;V 2 A V;

distðV 1;V 2Þ > c=4g. Then W is an open cover of X with Card Wa l, and there

exists a point-finite open cover U of X such that fCl U jU A Ug refines W. (If

X is almost discretely l-expandable and normal, fix non-empty V 1
0 ;V

2
0 A V

such that distðV 1
0 ;V

2
0 Þ > c=4. Then F ¼ Xnðj�1½V 1

0 �V j�1½V 2
0 �Þ is closed in X ,

jðxÞ is compact for each x A F , and W is point-finite at each point of F . Thus
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the existence of such a cover U follows from Proposition 2.3 and [4, Theorem

1.5.18].) For each U A U, take V 1
U ;V

2
U A V such that Cl U H j�1½V 1

U �V j�1½V 2
U �

and distðV 1
U ;V

2
UÞ > c=4. For i ¼ 1; 2, define a mapping j i

U : Cl U ! C 0ðCl V i
UÞ

(respectively, j i
U : Cl U ! FðCl V i

UÞ) by j i
UðxÞ ¼ ClðjðxÞVV i

UÞ for each x A

Cl U . By Proposition 2.4 (respectively, [1, Theorem 6.1]), there exists an l.s.c.

set-valued selection f i
U : Cl U ! CðCl V i

UÞ of j i
U . Then distðf1

UðxÞ; f
2
UðxÞÞ > c=4

for each x A Cl U and U A U. Define f : X ! 2Y by fðxÞ ¼ 6ff i
UðxÞ j x A U ;

i ¼ 1; 2g. Then f is the required mapping. r

3. Lower Semicontinuous Set-valued Selections Avoiding Extreme Points

First, we show the following proposition including Proposition 1.4.

Proposition 3.1. Let X be a topological space (respectively, an almost

discretely l-expandable normal space, a l-metacompact regular space), Y a normed

space (respectively, a Banach space with wðYÞa l, a Banach space with wðYÞa lÞ
and j : X ! CcðYÞ (respectively, j : X ! C 0

cðYÞ, j : X ! FcðYÞÞ an l.s.c. map-

ping such that inffdiam jðxÞ j x A Xg > 0. Then j admits an l.s.c. set-valued

selection f : X ! CcðYÞ such that fðxÞHwciðjðxÞÞ for each x A X .

Proof. Note that if a mapping f : X ! CðY Þ is l.s.c., then the mapping

y : X ! 2Y defined by yðxÞ ¼ Clðconv fðxÞÞ is l.s.c. ([14, Propositions 2.3 and

2.6]) and compact- and convex-valued (cf. [12, Theorem 2.8.15]). Also note that

for each closed convex subsets C and D of Y with CHD, we have wciðCÞH
wciðDÞ. Thus, by Lemma 2.5, we may assume that j is compact- and convex-

valued in each case. Let c ¼ inffdiam jðxÞ j x A Xg. Take a locally finite cover V

of Y consisting of non-empty open subsets of Y such that mesh V < c=4. Since

each jðxÞ is compact, the collection U ¼ fj�1½V 1�V j�1½V 2� jV 1;V 2 A V with

distðconv V 1; conv V 2Þ > c=4g is a point-finite open cover of X . For each U A U,

there are V 1
U ;V

2
U A V such that distðconv V 1

U ; conv V 2
U Þ > c=4 and U ¼ j�1½V 1

U �V
j�1½V 2

U �. For i ¼ 1; 2, define a mapping f i
U : U ! 2Y by f i

UðxÞ ¼ ClðjðxÞV
conv V i

UÞ for each x A U . Then f1
U and f2

U are set-valued selections of j such that

f1
UðxÞ; f

2
UðxÞ A CcðY Þ and f1

U ðxÞV f2
UðxÞ ¼ q for each x A X . By [14, Proposi-

tions 2.3 and 2.4], f1
U and f2

U are l.s.c. Thus the conclusion follows from Lemma

2.2. r

Let us prove Theorems 1.5 and 1.6.
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Lemma 3.2. Let X be a countably metacompact space (respectively, an almost

l-expandable normal space, a l-metacompact regular space), Y a normed space

(respectively, a Banach space with wðYÞa l, a Banach space with wðYÞa l) and

j : X ! CcðY Þ (respectively, j : X ! C 0
cðY Þ, j : X ! FcðY ÞÞ an l.s.c. mapping

such that Card jðxÞ > 1 for each x A X. Then there exists an l.s.c. mapping

f : X ! CcðY Þ such that fðxÞHwciðjðxÞÞ for each x A X .

Proof. For each i A N, put Ui ¼ fx A X j diam jðxÞ > 1=2 ig. Then

fUi j i A Ng is an open cover of X . Since X is countably metacompact (re-

spectively, almost l-expandable and normal, l-metacompact and regular), there

is a point-finite open cover fVi j i A Ng of X such that Vi HUi (respectively,

Cl Vi HUi, Cl Vi HUi) for each i A N. By Proposition 3.1, for each i A N there

exists an l.s.c. mapping fi : Vi ! CcðYÞ such that fiðxÞHwciðjðxÞÞ for each

x A Vi. Thus the conclusion follows from Lemma 2.2. r

For a set A, let l1ðAÞ be the Banach space of all functions s : A ! R such

that
P

a AA jsðaÞj < y, where the linear operations are defined pointwise and

ksk ¼
P

a AA jsðaÞj for each s A l1ðAÞ. We have the following characterizations in

terms of l.s.c. set-valued selections avoiding extreme points.

Theorem 3.3. (1) (Theorem 1.5) A topological space X is countably meta-

compact if and only if for every normed space Y , every l.s.c. mapping

j : X ! CcðY Þ with Card jðxÞ > 1 for each x A X admits an l.s.c. set-valued

selection f : X ! CcðYÞ such that fðxÞHwciðjðxÞÞ for each x A X. In this

statement, ‘‘every normed space Y ’’ can be replaced with ‘‘Y ¼ R’’.

(2) A normal space X is almost discretely l-expandable if and only if for

every Banach space Y with wðY Þa l, every l.s.c. mapping j : X ! C 0
cðYÞ with

inffdiam jðxÞ j x A Xg > 0 admits an l.s.c. set-valued selection f : X ! CcðYÞ such

that fðxÞHwciðjðxÞÞ for each x A X .

(3) (Theorem 1.6) A normal space X is almost l-expandable if and only if for

every Banach space Y with wðYÞa l, every l.s.c. mapping j : X ! C 0
cðYÞ with

Card jðxÞ > 1 for each x A X admits an l.s.c. set-valued selection f : X ! CcðYÞ
such that fðxÞHwciðjðxÞÞ for each x A X .

(4) A regular space X is l-metacompact if and only if for every Banach

space Y with wðY Þa l, every l.s.c. mapping j : X ! FcðYÞ with Card jðxÞ > 1

for each x A X admits an l.s.c. set-valued selection f : X ! CcðY Þ such that

fðxÞHwciðjðxÞÞ for each x A X .
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Proof. The ‘‘only if ’’ part of (2) follows from Proposition 3.1. The ‘‘only

if ’’ parts of (1), (3) and (4) follow from Lemma 3.2.

To show the ‘‘if ’’ part of (1), we will apply [7, Corollary]. Let fUi j i A Ng be

an open cover of X such that Ui HUiþ1 for each i A N. For each x A X , let

iðxÞ ¼ minfi A N j x A Uig. Define an l.s.c. mapping j : X ! CcðRÞ by jðxÞ ¼
½0; 1=iðxÞ� for each x A X . By the assumption, there exits an l.s.c. mapping

f : X ! CcðRÞ such that fðxÞHwciðjðxÞÞ ¼ ð0; 1=iðxÞÞ for each x A X . Put

Fi ¼ Xnf�1½ð0; 1=iÞ� for each i A N. Then fFi j i A Ng is a closed cover of X such

that Fi HUi for each i A N. Thus X countably metacompact due to [7, Corollary].

To show the ‘‘if ’’ part of (2), let fFa j a A Ag be a discrete collection of closed

subsets of X such that Card Aa l. Let fea j a A Ag be the set of standard unit

vectors in l1ðAÞ, that is, ea is the point of l1ðAÞ defined by eaðbÞ ¼ 1 if a ¼ b and

eaðbÞ ¼ 0 otherwise. Put Ca ¼ convfea; 2eag for each a A A, and define a mapping

j : X ! 2 l1ðAÞ by jðxÞ ¼ Ca if x A Fa and a A A, and jðxÞ ¼ l1ðAÞ otherwise. Then
j is l.s.c., jðxÞ A C 0

cðl1ðAÞÞ for each x A X and inffdiam jðxÞ j x A Xg > 0. By the

assumption, there is an l.s.c. set-valued selection f : X ! Ccðl1ðAÞÞ of j. Note

that fBðCa; 1=4Þ j a A Ag is a discrete collection of open subsets of l1ðAÞ. Thus

ff�1½BðCa; 1=4Þ� j a A Ag is a point-finite collection of open subsets of X such

that Fa H f�1ðBðCa; 1=4ÞÞ for each a A A. Therefore X is almost discretely l-

expandable.

The ‘‘if ’’ part of (3) follows from those of (1) and (2) since a space X is

almost l-expandable if and only if it is countably metacompact and almost

discretely l-expandable ([24, Theorem 2.8]).

Finally, let us show the ‘‘if ’’ part of (4). Let U be an open cover of X with

Card Ua l. Put A ¼ U� f0; 1g. Following [14, Theorem 3.2 00], define an l.s.c.

mapping j : X ! Fcðl1ðAÞÞ by jðxÞ ¼ fy A l1ðAÞ j kyk ¼ 1; yðaÞb 0 for every

a A A; and yððU ; iÞÞ ¼ 0 for every U A U with x B U and i A f0; 1gg for each

x A X . Then Card jðxÞ > 1 for each x A X . By the assumption, there exists an

l.s.c. set-valued selection f : X ! Ccðl1ðAÞÞ of j. Put Y ¼ l1ðAÞnf0g, where 0

is the origin of l1ðAÞ. By the definition of j, fðxÞHY for each x A X . For

each a A A, put Va ¼ fy A l1ðAÞ j yðaÞ0 0g. Since V ¼ fVa j a A Ag is an open

cover of the metric space Y , there exists a locally finite open cover W of Y which

refines V. Then ff�1½W � jW A Wg is a point-finite open cover of X which refines

U. r

The author does not know whether the assumption in (3) and (4) of Theorem

3.3 that X is normal can be dropped. In our proof, the normality of X was

essentially used in Propositions 2.3 and 2.4.
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4. Continuous Selections Avoiding Extreme Points

A T1-space X is l-PF-normal if every point-finite open cover U of X with

Card Ua l is normal. l-PF-normal spaces are first investigated by E. Michael

[13], and the name ‘‘PF-normal’’ is due to J. C. Smith [22]. Note that every

l-collectionwise normal space is l-PF-normal ([13, Theorem 2]) and o-PF-

normality coincides with the normality ([15, Corollary of Theorem 5]), where o is

the first infinite cardinal number. T. Kandô [8] and S. Nedev [18] proved the

following selection theorem for l-PF-normal spaces. Note that in the realm of

normal spaces, pointwise-paracompactness in [8] coincides with PF-normality,

and l-pointwise-@0-paracompactness in [18] is the same as l-PF-normality.

Theorem 4.1 ([8, Theorem IV], [18, Theorem 4.1]). A T1-space X is l-PF-

normal if and only if for every Banach space Y with wðY Þa l, every l.s.c. mapping

j : X ! CcðY Þ admits a continuous selection.

Remark 4.2. The ‘‘if ’’ part of Theorem 4.1 is valid even if the l.s.c.

mapping ‘‘j : X ! CcðY Þ’’ is replaced by ‘‘j : X ! CcðYÞ with inffdiam jðxÞ j
x A Xg > 0’’. Indeed, for a point-finite open cover U of X with Card Ua l,

put A ¼ U� f0; 1g. Following [14, Theorem 3.2 00], define an l.s.c. mapping

j : X ! Fcðl1ðAÞÞ by jðxÞ ¼ fy A l1ðAÞ j kyk ¼ 1; yðaÞb 0 for every a A A; and

yððU ; iÞÞ ¼ 0 for every U A U with x B U and i A f0; 1gg for each x A X . Then

inffdiam jðxÞ j x A Xgb 1 and, since U is point-finite, jðxÞ is compact for each

x A X . By an argument analogous to the proof of [14, Theorem 3.2 00], it is

shown that there is a partition of unity subordinated by U. Thus U is normal due

to [16, Theorem 2.1].

A space X is l-paracompact if every open cover U of X with Card Ua l is

refined by a locally finite open cover of X . Applying Theorem 4.1 and results in

section 3, we have the following characterizations.

Theorem 4.3. (1) A T1-space X is l-PF-normal if and only if for every

Banach space Y with wðYÞa l, every l.s.c. mapping j : X ! CcðYÞ with

inffdiam jðxÞ j x A Xg > 0 admits a continuous selection f : X ! Y such that

f ðxÞ A wciðjðxÞÞ for each x A X .

(2) A T1-space X is countably paracompact and l-PF-normal if and only if

for every Banach space Y with wðY Þa l, every l.s.c. mapping j : X ! CcðY Þ with
Card jðxÞ > 1 for each x A X admits a continuous selection f : X ! Y such that

f ðxÞ A wciðjðxÞÞ.
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(3) (Theorem 1.3) A T1-space X is l-collectionwise normal if and only if

for every Banach space Y with wðYÞa l, every l.s.c. mapping j : X ! C 0
cðYÞ with

inffdiam jðxÞ j x A Xg > 0 admits a continuous selection f : X ! Y such that

f ðxÞ A wciðjðxÞÞ for each x A X .

(4) ([5, Theorems 4.5], [26, Theorem 2]) A T1-space X is countably para-

compact and l-collectionwise normal if and only if for every Banach space Y with

wðY Þa l, every l.s.c. mapping j : X ! C 0
cðYÞ with Card jðxÞ > 1 for each x A X

admits a continuous selection f : X ! Y such that f ðxÞ A wciðjðxÞÞ for each

x A X .

(5) ([26, Theorem 8]) A T1-space X is l-paracompact and normal if and only

if for every Banach space Y with wðYÞa l, every l.s.c. mapping j : X ! FcðYÞ
with Card jðxÞ > 1 for each x A X admits a continuous selection f : X ! Y such

that f ðxÞ A wciðjðxÞÞ for each x A X .

Proof. By virtue of [5, Theorem 3.1], we have the following two facts: A

space is l-collectionwise normal if and only if it is l-PF-normal and almost

discretely l-expandable; a space is countably paracompact and l-collectionwise

normal if and only if it is l-PF-normal and almost l-expandable. A space is l-

paracompact and normal if and only if it is l-PF-normal and l-metacompact.

Thus statement (1) (respectively, (2), (3), (4), (5)) follows from Proposition 3.1

(respectively, (1) of Theorem 3.3, (2) of Theorem 3.3, (3) of Theorem 3.3, (4) of

Theorem 3.3), Theorem 4.1 and Remark 4.2. r

In [5, Theorem 4.6] and [26, Corollaries 10 and 11], characterizations of

perfectly normal l-collectionwise normal spaces and ones of perfectly normal l-

paracompact spaces are obtained. Analogously, we have the following charac-

terizations of perfectly normal l-PF-normal spaces.

Theorem 4.4. A T1-space X is perfectly normal and l-PF-normal if and only

if for every Banach space Y with wðYÞa l, every l.s.c. mapping j : X ! CcðYÞ
admits a continuous selection f : X ! Y such that f ðxÞ A wciðjðxÞÞ whenever

Card jðxÞ > 1.

We need preparation to prove Theorem 4.4. l-PF-normality is not hereditary

with respect to closed subsets unlike normality and collectionwise normality (see

[5, p. 506]), but it is hereditary to open Fs-sets.

Proposition 4.5. Every open Fs-set of a l-PF-normal space is l-PF-normal.

287Continuous selections avoiding extreme points



Proof. Let G be an open Fs-set of a l-PF-normal space X . Using the

normality of X , take a sequence fVi j i A Ng of cozero-sets of X such that

G ¼ 6
i AN Cl Vi and Cl Vi HViþ1 for each i A N. Let U be a point-finite open

cover of G with Card Ua l. For each i A N, put Wi ¼ fU VViþ1 jU A UgU
fXnCl Vig. Then Wi is a point-finite open cover of X such that Card Wi a l, and

hence it is normal. By virtue of [16, Theorem 1.2], there is a locally finite cozero-

set cover W 0
i of X which refines Wi . Put Vi ¼ fW VVi jW A W 0

i g. Then Vi is

a locally finite collection of cozero-sets in X which refines U. Thus 6
i AN Vi is

normal by virtue of [17, Theorem 1.2]. r

The following lemma was essentially proved by V. Gutev, H. Ohta and K.

Yamazaki [5] (see the proof of ð1Þ ) ð2Þ of [5, Theorem 4.6]).

Lemma 4.6 ([5]). Let X be a topological space, Y a normed space, j : X !
FcðYÞ a mapping and C a cozero-set of X such that CH fx A X jCard jðxÞ > 1g.
If j admits a continuous selection and the restricted mapping jjC : C ! FcðYÞ
admits a continuous selection g : C ! Y such that gðxÞ A wciðjðxÞÞ for each x A C,

then there exists a continuous selection f : X ! Y of j such that f ðxÞ A wciðjðxÞÞ
for each x A C.

Proof of Theorem 4.4. To show the ‘‘only if ’’ part, let X be a perfectly

normal l-PF-normal space, and Y and j : X ! CcðYÞ as in the statement of

Theorem 4.4. Then the open subset C ¼ fx A X jCard jðxÞ > 1g of X is an Fs-

set, and hence C is countably paracompact and l-PF-normal by Proposition 4.5.

For the restricted mapping jjC : C ! CcðY Þ, by (2) of Theorem 4.3, there is a

continuous selection g : C ! Y such that gðxÞ A wciðjðxÞÞ for each x A X . By

virtue of Theorem 4.1, j admits a continuous selection. Since C is a cozero-set of

X , by Lemma 4.6, there exists a continuous selection f : X ! Y of j such that

f ðxÞ A wciðjðxÞÞ for each x A C. This f is the required selection.

To show the ‘‘if ’’ part, let X be a T1-space satisfying the condition in

Theorem 4.4. By virtue of Theorem 4.1, X is l-PF-normal. By the same ar-

gument as in the proof of ð4Þ ) ð1Þ of [5, Theorem 4.6], it is proved that X is

perfectly normal. r

Remark 4.7. In [5], V. Gutev, H. Ohta and K. Yamazaki proved sandwich-

like properties for mappings into the Banach space C0ðY Þ corresponding to (4)

and (5) of Theorem 4.3 (see also [19]). Similarly, we can prove sandwich-like

properties corresponding to (1)–(3) of Theorem 4.3 and Theorem 4.4.
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[ 8 ] Kandô, T., Characterization of topological spaces by some continuous functions, J. Math. Soc.

Japan 6 (1954), 45–54.
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[10] Katětov, M., Correction to ‘‘On real-valued functions in topological spaces’’, Fund. Math. 40

(1953), 203–205.

[11] Krajewski, L. L., On expanding locally finite collections, Canad. J. Math. 23 (1971), 58–68.

[12] Megginson, R. E., An Introduction to Banach Space Theory, Graduate Texts in Mathematics,

vol. 183, Springer, New York, 1998.

[13] Michael, E., Point-finite and locally finite coverings, Canad. J. Math. 7 (1955), 275–279.

[14] Michael, E., Continuous selections. I, Ann. of Math. 63 (1956), 361–382.

[15] Morita, K., Star-finite coverings and the star-finite property, Math. Japonicae 1 (1948), 60–68.

[16] Morita, K., Paracompactness and product spaces, Fund. Math. 50 (1962), 223–236.

[17] Morita, K., Products of normal spaces with metric spaces, Math. Ann. 154 (1964), 365–382.

[18] Nedev, S., Selection and factorization theorems for set-valued mappings, Serdica 6 (1980),

291–317.

[19] Ohta, H., An insertion theorem characterizing paracompactness, Topology Proc. 30 (2006),

557–564.
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[21] Repovš, D. and Semenov, P., Continuous selections of multivalued mappings, in: Recent

progress in general topology, II, M. Hus̆ek and J. van Mill (eds.), North-Holland,

Amsterdam, 2002, 423–461.

[22] Smith, J. C., Properties of expandable spaces, in: General topology and its relations to modern

analysis and algebra, III (Proc. Third Prague Topological Sympos., 1971), Academia,

Prague, 1972, 405–410.

[23] Smith, J. C., A remark on embeddings and discretely expandable spaces, in: Topics in topology

(Proc. Colloq., Keszthely, 1972), North-Holland, Amsterdam, 1974, 575–583.

[24] Smith, J. C. and Krajewski, L. L., Expandability and collectionwise normality, Trans. Amer.

Math. Soc. 160 (1971), 437–451.

289Continuous selections avoiding extreme points



[25] Tong, H., Some characterizations of normal and perfectly normal spaces, Duke Math. J. 19

(1952), 289–292.

[26] Yamauchi, T., Continuous selections avoiding extreme points, Topology Appl. 155 (2008),

916–922.

Department of Mathematics

Shimane University

Matsue, 690-8504, Japan

Current address:

Department of General Education

Kure College of Technology

Kure, 737-8506, Japan

E-mail address: yamauchi@kure-nct.ac.jp

290 Takamitsu Yamauchi


