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THE ROLE OF COUNTABLE PARACOMPACTNESS
FOR CONTINUOUS SELECTIONS AVOIDING
EXTREME POINTS

By

Takamitsu YAMAUCHI

Abstract. The role of countable paracompactness to obtain a (set-
valued) selection avoiding extreme points is investigated. In par-
ticular, we prove the following: Let X be a topological space, Y a
normed space and ¢ a lower semicontinuous compact- and convex-
valued mapping of X to Y. If one of the following condition is valid,
then ¢ admits a lower semicontinuous set-valued selection ¢ such that
#(x) is compact and convex, and each point of ¢(x) is not an
extreme point of ¢(x) for each x € X; (1) the infimum of the set of all
diameters of ¢(x) with x € X is positive, (2) X is countably para-
compact and the cardinality of ¢(x) is more than one for each x € X.
We also give characterizations of some topological spaces in terms of
(set-valued) selections avoiding extreme points.

1. Introduction

Throughout this paper, spaces are assumed to be 7)-spaces and A stands
for an infinite cardinal number. Let X and Y be spaces and 2V the set of all
non-empty subsets of Y. For a mapping ¢: X — 2%, a mapping f: X — Y
is called a selection of ¢ if f(x) € ¢(x) for each x € X. Since E. Michael’s paper
[14], various continuous selection theorems have been obtained (see [20], [21]).
Theorem 1.1 below due to E. Michael [14] and M. M. Coban and V. Valov [2] is
fundamental in our study. Before stating Theorem 1.1, let us recall terminology.
Let .(Y) denote the set of all compact convex subsets of a normed space Y, and
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the set 4.(Y)U{Y} is denoted as €/(Y). A mapping ¢ : X — 27Y is called lower
semicontinuous (Ls.c. for short) if the set ¢~ ![V] = {xe X |p(x)NV # &} is open
in X for every open subset V' of Y. Let Card A denote the cardinality of a set A4.
A Ti-space X is called A-collectionwise normal if for every discrete collection
{F,|n€ A} of closed subsets of X with Card 4 < A, there exists a disjoint
collection {U,|a € A} of open subsets of X such that F, = U, for each o€ A.
The weight of a space Y is denoted by w(Y).

THEOREM 1.1 ([14, Theorem 3.2'], |2, Theorem 1], see also [18, Theorem 4.2]).
A Ti-space X is A-collectionwise normal if and only if for every Banach space Y
with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) admits a continuous selection.

Theorem 1.1 is an extension of Katétov-Tong’s insertion theorem for normal
spaces ([9], [10], [25]). On the other hand, V. Gutev, H. Ohta and K. Yamazaki
[5] extended Dowker-Katétov’s insertion theorem for countably paracompact
normal spaces ([3], [9]) to a theorem on continuous selections avoiding extreme
points. For a closed convex subset K of a normed space Y, a point ye K is
called an extreme point if every open line segment containing y is not contained
in K. For a closed convex subset K of Y, the weak convex interior wci(K) of K
([5]) is the set of all non-extreme points of K, that is,

wci(K) ={yeK|y=0y1+ (1 —9)y, for some y;,y, € K\{y} and 0 <d < 1}.

A space X is countably paracompact if every countable open cover is refined by
a locally finite open cover of X. V. Gutev, H. Ohta and K. Yamazaki [5]
established the following theorem for generalized ¢((1)-space Y, and the author
[26] extended their theorem to a Banach space Y of weight < /.

THEOREM 1.2 ([5, Theorems 4.5], [26, Theorem 2]). A T-space X is coun-
tably paracompact and A-collectionwise normal if and only if for every Banach
space Y with w(Y) < 4, every Ls.c. mapping ¢ : X — €.(Y) with Card p(x) > 1

for each x € X admits a continuous selection f : X — Y such that f(x) € wci(p(x))
for each x e X.

Although the existence itself of a continuous selection is guaranteed by
Theorem 1.1, the assumption in Theorem 1.2 that X is countably paracompact
can not be dropped. Suggested by Theorem 1.2, we are concerned with the role of
countable paracompactness to obtain a continuous selections avoiding extreme
points. Our study has two directions.
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The first one is to show that if the diameters of the values of an Ls.c.
mapping ¢ : X — %/(Y) is uniformly large, then the countable paracompactness
of X is not necessary. For a subset A4 of a metric space (Y,d), let diam 4 =
sup{d(y1,y2) | »1, 2 € A}. If Y is a normed space, a metric on Y is assumed to
be induced by the norm of Y.

THEOREM 1.3. A Ti-space X is A-collectionwise normal if and only if for
every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with
inf{diam ¢(x) |x € X} > 0 admits a continuous selection f:X — Y such that
f(x) e wei(p(x)) for each xe X.

For a mapping ¢: X — 2%, a mapping ¢: X — 27 is called a set-valued
selection if ¢(x) < ¢(x) for each x € X. For compact- and convex-valued l.s.c.
mappings, we prove the following.

ProposITION 1.4. Let X be a topological space, Y a normed space and
p: X > %.(Y) an lLs.c. mapping such that inf{diam ¢(x)|xe X} > 0. Then ¢
admits an Ls.c. set-valued selection ¢ : X — 6.(Y) such that ¢(x) = wci(p(x)) for
each x e X.

The second direction is to show that the countable metacompactness (rather
than countable paracompactness) of X is necessary in order that every Ls.c.
mapping ¢ : X — %.(R) with Card ¢(x) > 1 for each x € X may admit an ls.c.
compact- and convex-valued set-valued selection avoiding extreme points, where
R is the space of all real numbers with the usual topology. A topological space X
is called countably metacompact if every countable open cover of X 1is refined
by a point-finite open cover of X. Note that every countably paracompact space
is countably metacompact, and every countably metacompact normal space is
countably paracompact (see [7]).

THEOREM 1.5. A topological space X is countably metacompact if and only if
for every normed space Y, every l.s.c. mapping ¢ : X — €.(Y) with Card ¢(x) > 1
for each xe€ X admits an Ls.c. set-valued selection ¢: X — €.(Y) such that
#(x) = wei(p(x)) for each x € X. In this statement, “every normed space Y can
be replaced with “Y = R”.

The statement in the abstract follows from Proposition 1.4 and Theorem 1.5.
In the realm of normal spaces, an l.s.c. mapping ¢ : X — %.(Y) in Theorem 1.5
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can be replaced with an l.s.c. mapping ¢ : X — €/(Y) if the domain space X is
assumed to be almost expandable. A space X is almost A-expandable ([11], [24]) if
for every locally finite collection {F,|xe A} of closed subsets of X with
Card 4 < 4, there exists a point-finite collection {U, |« € A} of open subsets of X
such that F, < U, for each o € A. Every almost /-expandable space is countably
metacompact ([11, Theorem 2.6]). We prove the following.

THEOREM 1.6. A normal space X is almost A-expandable if and only if for
every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with
Card p(x) > 1 for each x € X admits an Ls.c. set-valued selection ¢ : X — 6.(Y)
such that ¢(x) < wei(p(x)) for each xe X.

Some preliminary results are shown in section 2. In section 3, some results
on ls.c. set-valued selections are obtained. In particular, Proposition 1.4 and
Theorems 1.5 and 1.6 are proved. In section 4, we prove Theorem 1.3 and some
results on continuous selections avoiding extreme points.

2. Preliminaries

Let N denote the set of all positive integers. The closure of a subset S of a
topological space is denoted by ClS. A subset 4 of a topological space X is
called a cozero-set if there is a continuous function f : X — R such that 4 =
{xe X|f(x) #0}. Let (Y,d) be a metric space. For 4,Be 2, let dist(4, B) =
inf{d(y1,y2)|y1€A4,y2€B}. For ye Y, Ac Y and ¢ > 0, let B(y,e) ={z€e Y|
d(y,z) < e} and B(4,¢) = UyeA B(y,¢). For a collection ¥~ of subsets of Y, put
mesh 7~ = sup{diam V' |V € ¥'}. By Z (Y) (respectively, ¢(Y)) we denote the set
of all non-empty closed (respectively, compact) subsets of Y, and put ¢'(Y) =
€(Y)U{Y}. Let Z.(Y) denote the set of all non-empty closed convex subsets of
a normed space Y. We denote by conv 4 the convex hull of a subset 4 of a
normed space Y. For other undefined terminology, we refer to [4].

Let us recall that a key to obtain a continuous selection avoiding extreme
points is to construct two continuous selections with different values locally (see
the proof of (1) = (2) of [5, Theorem 4.5]).

Lemma 2.1 ([5]). Let X be a topological space, Y a normed space and
¢: X — F.(Y) a mapping. Suppose that there exist a locally finite cozero-set cover
U of X and a collection {fy|U € U} of continuous mappings fy : U — Y, U e U,
such that fy(x) € wei(p(x)) for each x € U. Then ¢ admits a continuous selection
f:X = Y such that f(x) e wci(p(x)) for each x € X.
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In the above, to obtain continuous mappings fy:U — Y, UeU, such
that fy(x) e wei(p(x)) for each xe U, it suffices to find continuous selections
S5 f2 U= Y of |y such that f}(x) # f4(x) for each xe U.

The following lemma is useful to obtain an Ls.c. set-valued selections
avoiding extreme points.

LeEMMA 2.2. Let X be a topological space, Y a normed space and ¢ : X —
ZF.(Y) a mapping. Suppose that there exist a point-finite open cover U of X and
a collection {¢, |U e U} of Ls.c. mappings ¢y : U — 6.(Y), Ue U, such that
oy (x) = wei(p(x)) for each xe U. Then ¢ admits an ls.c. set-valued selection
¢: X — 6.(Y) such that ¢(x) < wci(p(x)) for each x € X.

In the above, to obtain ls.c. mappings ¢y : U — 6.(Y), UeU, such that
¢y (x) < wei(p(x)) for each x e U, it suffices to find ls.c. set-valued selections
b, 97 - U — 6.(Y) of |y such that ¢y,(x) N3 (x) = & for each x e U.

PROOF. Assume that ¢, 4% : U — %.(Y) are Ls.c. set-valued selections of
9|y such that ¢y, (x) N @3 (x) = & for each x e U. Define a mapping ¢, : U — 27
by dy(x) = {(y1 + »2)/2| y1 € dy(x), y2 € p3(x)} for xe U. Then ¢, is Ls.c.
(cf. [6, Proposition 2.59]) and ¢, (x) < wei(p(x)) for each x e U. Since ¢y, (x),
¢7,(x) e 6.(Y), we have ¢,(x)e%.(Y) for each xe X. Define a mapping
¢: X — 27 by ¢(x) =conv|J{¢,(x)|Ue ¥ with xe U} for each x e U. Then
#(x) < wei(p(x)) for each x € X. By using [14, Proposition 2.1], it is easy to see
that ¢ is Ls.c. Since % is point-finite, each ¢(x) is compact (cf. [12, Lemma
2.10.14]). O

A space X is called almost discretely A-expandable ([24]) if for every discrete
collection {F,|ax e A} of closed subsets of X with Card 4 </, there exists a
point-finite collection {U,|o € A} of open subsets of X such that F, = U, for
each o € 4. Note that a space is almost A-expandable if and only if it is countably
metacompact and almost discretely A-expandable ([24, Theorem 2.8]). J. C. Smith
[23, Theorem 2.7] proved that a space X is almost discretely A-expandable if and
only if for every closed subset F of X and for every open cover ¥~ of F of finite
order, there exists a point-finite open cover  of X such that {UNF|U € U}
refines 7”. In this statement, “open cover ¥~ of F of finite order” can be replaced
by “point-finite open cover ¥~ of F” for a normal space X. This is probably
known, but for the sake of completeness we give a proof.
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PROPOSITION 2.3. A4 normal space X is almost discretely J-expandable if and
only if for every closed subset F of X and for every point-finite open cover ¥~ of
F with Card v" < A, there exists a point-finite open cover U of X such that
{UNF|U€eWU} refines V.

Proor. It suffices to show the “only if”” part. Let X be an almost discretely
A-expandable space, F a closed subset of X and ¥~ a point-finite open cover of
F with Card " < A. For each ie N, put F; = {xe X |Card{V e ¥ |xe V} <i}.
By an argument similar to [4, Theorem 5.3.3], we can take a sequence
{W;|ie N} of open subsets of X and a point-finite collections %;, ie N, of
open subsets of X such that F; < U;:1 Wi, F,\U]’;l1 W,cW;cClW; c U%i
and {UNF|U e} refines ¥~ for each ieN. Put W =], Wi Then the
collection % ={UnN (W\U;;]l ClW,)|Ue;,ie N} U{X\F} is the required
one. [l

A space X is called A-metacompact if every open cover % of X with
Card % < J is refined by a point-finite open cover of X. M. M. Coban 1,
Theorem 6.1] characterized J-metacompact spaces in terms of l.s.c. set-valued
selections. By an argument similar to [1, Theorem 6.1] (see also [18], [20, A §4])
with Proposition 2.3, we have the following.

PrOPOSITION 2.4. A normal space X is almost discretely J-expandable if and
only if for every completely metrizable space Y with w(Y) < A, every Ls.c. mapping
¢0: X — €' (Y) admits an Ls.c. set-valued selection ¢ X — €(Y).

LemMmA 2.5. Let X be an almost discretely J-expandable normal space (re-
spectively, a A-metacompact regular space), (Y,d) a complete metric space with
w(Y)< A and ¢: X — G'(Y) (respectively, ¢: X — Z(Y)) an Ls.c. mapping
such that inf{diam ¢(x)|x e X} > 0. Then ¢ admits an lLs.c. set-valued selection
¢: X — E(Y) such that inf{diam ¢(x)|xe X} > 0.

Proofr. Let ¢ =inf{diam ¢(x)|x e X}. Take a locally finite open cover
¥” of Y such that mesh ¥" < c/4. Put # = {p ' [V N (V2] |V, VeV,
dist(V'!, V?) > ¢/4}. Then %" is an open cover of X with Card %" < A, and there
exists a point-finite open cover # of X such that {Cl U|U € %} refines #". (If
X is almost discretely A-expandable and normal, fix non-empty VOI7 VO2 eV
such that dist(V,, VZ) > ¢/4. Then F = X\(p~![Vi]Ne ' [VZ]) is closed in X,
@(x) is compact for each x € F, and #" is point-finite at each point of F. Thus
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the existence of such a cover % follows from Proposition 2.3 and [4, Theorem
1.5.18].) For each U e %, take V},, V} € ¥ such that Cl U < ¢ ' [V} ] N g1 [V}]
and dist(V},, V%) > ¢/4. For i = 1,2, define a mapping ¢l : Cl U — %'(Cl V}))
(respectively, ¢, : ClLU — Z (Cl V}})) by ¢l (x) = Cl(p(x)NV},) for each xe
Cl U. By Proposition 2.4 (respectively, [1, Theorem 6.1]), there exists an Ls.c.
set-valued selection ¢!, : Cl U — %(Cl V) of ¢i,. Then dist(¢y,(x), 7(x)) > c/4
for each xe ClU and U e%. Define ¢: X —2Y by ¢(x) = [ J{¢}(x)|x e U,
i=1,2}. Then ¢ is the required mapping. O

3. Lower Semicontinuous Set-valued Selections Avoiding Extreme Points

First, we show the following proposition including Proposition 1.4.

ProprosSITION 3.1. Let X be a topological space (respectively, an almost
discretely J-expandable normal space, a A-metacompact regular space), Y a normed
space (respectively, a Banach space with w(Y) < A, a Banach space with w(Y) < 1)
and ¢ : X — €.(Y) (respectively, 9 : X — €.(Y), ¢ : X — F.(Y)) an Ls.c. map-
ping such that inf{diam ¢(x)|xe X} > 0. Then ¢ admits an ls.c. set-valued
selection ¢ : X — 6.(Y) such that ¢(x) = wci(p(x)) for each x e X.

Proor. Note that if a mapping ¢: X — €(Y) is ls.c., then the mapping
0:X —2Y defined by 0(x) = Cl(conv ¢(x)) is Ls.c. ([14, Propositions 2.3 and
2.6]) and compact- and convex-valued (cf. [12, Theorem 2.8.15]). Also note that
for each closed convex subsets C and D of Y with C = D, we have wci(C) <
wci(D). Thus, by Lemma 2.5, we may assume that ¢ is compact- and convex-
valued in each case. Let ¢ = inf{diam ¢(x) | x € X'}. Take a locally finite cover ¥~
of Y consisting of non-empty open subsets of ¥ such that mesh ¥~ < ¢/4. Since
each ¢(x) is compact, the collection % = {p ' [V!|Np ' [V?]| V!, V? e v with
dist(conv V! conv V2) > ¢/4} is a point-finite open cover of X. For each U € %,
there are V', VZ € ¥ such that dist(conv V},,conv V) > ¢/4 and U = ¢~ '[V}]N
¢ '[VZ]. For i=1,2, define a mapping ¢, : U—2Y by ¢ (x)=Cl(p(x)N
conv V},) for each x € U. Then ¢;, and ¢;, are set-valued selections of ¢ such that
du(x), 9% (x) € 6.(Y) and ¢}, (x) N g2 (x) = & for each x e X. By [14, Proposi-
tions 2.3 and 2.4], ¢}, and ¢7, are Ls.c. Thus the conclusion follows from Lemma
2.2. O

Let us prove Theorems 1.5 and 1.6.



284 Takamitsu YAMAUCHI

LemMA 3.2.  Let X be a countably metacompact space (respectively, an almost
A-expandable normal space, a A-metacompact regular space), Y a normed space
(respectively, a Banach space with w(Y) < A, a Banach space with w(Y) < 1) and
9: X — 6.(Y) (respectively, ¢9: X — €.(Y), ¢ : X — Z(Y)) an lLs.c. mapping
such that Card ¢(x) > 1 for each xe€ X. Then there exists an ls.c. mapping
¢: X — C.(Y) such that ¢(x) = wci(p(x)) for each x € X.

Proor. For each ieN, put U;={xeX|diamg(x)>1/2}. Then
{U;|ie N} is an open cover of X. Since X is countably metacompact (re-
spectively, almost A-expandable and normal, J-metacompact and regular), there
is a point-finite open cover {V;|ie N} of X such that V; = U; (respectively,
ClV,c U, ClV;c U for each i e N. By Proposition 3.1, for each i € N there
exists an ls.c. mapping ¢;: V; — €.(Y) such that ¢,(x) = wci(p(x)) for each
x € V;. Thus the conclusion follows from Lemma 2.2. O

For a set A4, let /;(4) be the Banach space of all functions s: 4 — R such
that 3, _,|s(2)] < co, where the linear operations are defined pointwise and
sl =>",c4|s(2)| for each se/;(A4). We have the following characterizations in
terms of l.s.c. set-valued selections avoiding extreme points.

THEOREM 3.3. (1) (Theorem 1.5) A topological space X is countably meta-
compact if and only if for every normed space Y, every Ls.c. mapping
p: X = G.(Y) with Card p(x) > 1 for each x€ X admits an ls.c. set-valued
selection ¢: X — €.(Y) such that $(x) < wci(p(x)) for each xe X. In this
statement, ‘“‘every normed space Y can be replaced with “Y = R”.

(2) A normal space X is almost discretely A-expandable if and only if for
every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with
inf{diam ¢(x) | x € X} > 0 admits an Ls.c. set-valued selection ¢ : X — %.(Y) such
that ¢(x) = wei(p(x)) for each x e X.

(3) (Theorem 1.6) A normal space X is almost A-expandable if and only if for
every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with
Card ¢(x) > 1 for each x € X admits an Ls.c. set-valued selection ¢ : X — 6.(Y)
such that ¢(x) = wei(p(x)) for each xe X.

(4) A regular space X is A-metacompact if and only if for every Banach
space Y with w(Y) < A, every Ls.c. mapping ¢ : X — F.(Y) with Card ¢(x) > 1
for each xe X admits an Ls.c. set-valued selection ¢ : X — 6.(Y) such that
#(x) < wei(p(x)) for each x e X.



Continuous selections avoiding extreme points 285

Proor. The “only if” part of (2) follows from Proposition 3.1. The “only
if” parts of (1), (3) and (4) follow from Lemma 3.2.

To show the “if” part of (1), we will apply [7, Corollary]. Let {U;|i € N} be
an open cover of X such that U; < Uy for each ie N. For each xe X, let
i(x) =min{i e N|x € U;}. Define an ls.c. mapping ¢: X — %.(R) by ¢(x) =
[0,1/i(x)] for each xe X. By the assumption, there exits an ls.c. mapping
¢: X — €.(R) such that ¢(x) = wci(p(x)) = (0,1/i(x)) for each xe X. Put
F; = X\¢ '[(0,1/1)] for each i e N. Then {F;|ie N} is a closed cover of X such
that F; = U; for each i e N. Thus X countably metacompact due to [7, Corollary].

To show the “if” part of (2), let {F, | € A} be a discrete collection of closed
subsets of X such that Card 4 < A. Let {e,|ax € A} be the set of standard unit
vectors in /;(A4), that is, e, is the point of /;(A4) defined by ¢,(f) =1 if o = f and
ex(p) = 0 otherwise. Put C, = conv{e,,2¢,} for each o € 4, and define a mapping
@: X — 20 by p(x) = C, if xe F, and o € 4, and ¢(x) = /;(A) otherwise. Then
¢ is Ls.c., p(x) € €,(li(A4)) for each x € X and inf{diam ¢(x)|x e X} > 0. By the
assumption, there is an ls.c. set-valued selection ¢ : X — %.(/;(A4)) of ¢. Note
that {B(C,,1/4)|a € A} is a discrete collection of open subsets of /;(A4). Thus
{¢'[B(C,,1/4)]|a€ A} is a point-finite collection of open subsets of X such
that F, = ¢~'(B(C,,1/4)) for each o€ A. Therefore X is almost discretely /-
expandable.

The “if” part of (3) follows from those of (1) and (2) since a space X is
almost Z-expandable if and only if it is countably metacompact and almost
discretely A-expandable (|24, Theorem 2.8]).

Finally, let us show the “if”” part of (4). Let % be an open cover of X with
Card % < . Put 4 =% x {0,1}. Following [14, Theorem 3.2”], define an ls.c.
mapping ¢ : X — F(1i(4)) by o(x)={yeh(A4)||[y] =1 () >0 for every
ae A, and y((U,i)) =0 for every U e with x¢ U and ie {0,1}} for each
x € X. Then Card ¢(x) > 1 for each x € X. By the assumption, there exists an
Ls.c. set-valued selection ¢: X — %.([;1(4)) of ¢. Put Y =1(4)\{0}, where 0
is the origin of /;(4). By the definition of ¢, ¢(x) = Y for each xe X. For
each oe 4, put V,={yeli(4)|y(x) #0}. Since v  ={V,|aue A} is an open
cover of the metric space Y, there exists a locally finite open cover #~ of Y which
refines 7. Then {¢~'[W]| W € #'} is a point-finite open cover of X which refines
€. |

The author does not know whether the assumption in (3) and (4) of Theorem
3.3 that X is normal can be dropped. In our proof, the normality of X was
essentially used in Propositions 2.3 and 2.4.
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4. Continuous Selections Avoiding Extreme Points

A Ti-space X is A-PF-normal if every point-finite open cover # of X with
Card % < /4 is normal. A-PF-normal spaces are first investigated by E. Michael
[13], and the name “PF-normal” is due to J. C. Smith [22]. Note that every
J-collectionwise normal space is A-PF-normal ([13, Theorem 2]|) and «-PF-
normality coincides with the normality ([15, Corollary of Theorem 5]), where w is
the first infinite cardinal number. T. Kando [8] and S. Nedev [18] proved the
following selection theorem for A-PF-normal spaces. Note that in the realm of
normal spaces, pointwise-paracompactness in [8] coincides with PF-normality,
and A-pointwise-Ro-paracompactness in [18] is the same as A-PF-normality.

THEOREM 4.1 ([8, Theorem IV], [18, Theorem 4.1]). A4 T\-space X is A-PF-
normal if and only if for every Banach space Y with w(Y) < A, every ls.c. mapping
¢0: X — 6.(Y) admits a continuous selection.

REmMARK 4.2. The “if” part of Theorem 4.1 is valid even if the ls.c.
mapping “p: X — %.(Y)” is replaced by “p: X — %.(Y) with inf{diam ¢(x) |
xe X} > 07. Indeed, for a point-finite open cover % of X with Card % < A,
put A =% x {0,1}. Following [14, Theorem 3.2”], define an l.s.c. mapping
0: X = Z(1(4)) by o(x) = {yeh(A) |l = 1, 9(2) = 0 for every ac A, and
y((U,i)) =0 for every U e ¥ with x¢ U and i€ {0,1}} for each x € X. Then
inf{diam ¢(x) |x € X} > 1 and, since Z is point-finite, ¢(x) is compact for each
xe X. By an argument analogous to the proof of [14, Theorem 3.2”], it is
shown that there is a partition of unity subordinated by %. Thus % is normal due
to [16, Theorem 2.1].

A space X is A-paracompact if every open cover % of X with Card % < A is
refined by a locally finite open cover of X. Applying Theorem 4.1 and results in
section 3, we have the following characterizations.

THEOREM 4.3. (1) A T\-space X is A-PF-normal if and only if for every
Banach space 'Y with w(Y) <1, every lLs.c. mapping ¢:X — €.(Y) with
inf{diam ¢(x) |x € X} > 0 admits a continuous selection f:X — Y such that
f(x) e wei(p(x)) for each xe X.

(2) A Ty-space X is countably paracompact and A-PF-normal if and only if
for every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with
Card ¢(x) > 1 for each x € X admits a continuous selection f : X — Y such that

J(x) € wei(p(x)).
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(3) (Theorem 1.3) A Ty-space X is A-collectionwise normal if and only if
Sfor every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with
inf{diam ¢(x) |x € X} > 0 admits a continuous selection f:X — Y such that
f(x) e wei(p(x)) for each x e X.

(4) ([5, Theorems 4.5], [26, Theorem 2|) A Tj-space X is countably para-
compact and A-collectionwise normal if and only if for every Banach space Y with
w(Y) < A, every Ls.c. mapping ¢ : X — €.(Y) with Card ¢(x) > 1 for each x € X
admits a continuous selection f :X — Y such that f(x)e wci(p(x)) for each
xeX.

(5) ([26, Theorem 8]) A Ti-space X is A-paracompact and normal if and only
if for every Banach space Y with w(Y) < A, every ls.c. mapping ¢ : X — Z.(Y)
with Card ¢(x) > 1 for each x € X admits a continuous selection f: X — Y such
that f(x) e wei(p(x)) for each x e X.

Proor. By virtue of [5, Theorem 3.1], we have the following two facts: A
space is A-collectionwise normal if and only if it is A-PF-normal and almost
discretely A-expandable; a space is countably paracompact and A-collectionwise
normal if and only if it is A-PF-normal and almost A-expandable. A space is /-
paracompact and normal if and only if it is A-PF-normal and A-metacompact.
Thus statement (1) (respectively, (2), (3), (4), (5)) follows from Proposition 3.1
(respectively, (1) of Theorem 3.3, (2) of Theorem 3.3, (3) of Theorem 3.3, (4) of
Theorem 3.3), Theorem 4.1 and Remark 4.2. O

In [5, Theorem 4.6] and [26, Corollaries 10 and 11], characterizations of
perfectly normal A-collectionwise normal spaces and ones of perfectly normal A-
paracompact spaces are obtained. Analogously, we have the following charac-
terizations of perfectly normal A-PF-normal spaces.

THEOREM 4.4. A Ti-space X is perfectly normal and A-PF-normal if and only
if for every Banach space Y with w(Y) < A, every Ls.c. mapping ¢ : X — %.(Y)
admits a continuous selection [ :X — Y such that f(x)e wci(p(x)) whenever
Card p(x) > 1.

We need preparation to prove Theorem 4.4. A-PF-normality is not hereditary
with respect to closed subsets unlike normality and collectionwise normality (see

[5, p. 506]), but it is hereditary to open F,-sets.

ProPOSITION 4.5.  Every open Fy-set of a A-PF-normal space is A-PF-normal.
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PrOOF. Let G be an open F,-set of a A-PF-normal space X. Using the
normality of X, take a sequence {V;|ie N} of cozero-sets of X such that
G= UieN ClV; and Cl V; < Vi, for each ie N. Let % be a point-finite open
cover of G with Card # < A. For each ieN, put #;={UNV, |Ue¥}U
{X\Cl V;}. Then #; is a point-finite open cover of X such that Card #; < A, and
hence it is normal. By virtue of [16, Theorem 1.2], there is a locally finite cozero-
set cover #; of X which refines #;. Put v; ={WNV;|Wew;}. Then 7; is

ieN AV’ is
normal by virtue of [17, Theorem 1.2]. ]

a locally finite collection of cozero-sets in X which refines #. Thus | )

The following lemma was essentially proved by V. Gutev, H. Ohta and K.
Yamazaki [5] (see the proof of (1) = (2) of [5, Theorem 4.6]).

Lemma 4.6 ([S]). Let X be a topological space, Y a normed space, ¢ : X —
F.(Y) a mapping and C a cozero-set of X such that C = {x € X | Card ¢(x) > 1}.
If ¢ admits a continuous selection and the restricted mapping ¢|.: C — F.(Y)
admits a continuous selection g : C — Y such that g(x) € wci(p(x)) for each x € C,
then there exists a continuous selection f: X — Y of ¢ such that f(x) € wci(p(x))
for each x e C.

PrOOF OF THEOREM 4.4. To show the “only if” part, let X be a perfectly
normal A-PF-normal space, and Y and ¢: X — %.(Y) as in the statement of
Theorem 4.4. Then the open subset C = {x e X |Card ¢(x) > 1} of X is an F,-
set, and hence C is countably paracompact and A-PF-normal by Proposition 4.5.
For the restricted mapping ¢|.: C — %.(Y), by (2) of Theorem 4.3, there is a
continuous selection g : C — Y such that g(x) € wci(p(x)) for each xe X. By
virtue of Theorem 4.1, ¢ admits a continuous selection. Since C is a cozero-set of
X, by Lemma 4.6, there exists a continuous selection f : X — Y of ¢ such that
f(x) e wei(p(x)) for each xe C. This f is the required selection.

To show the “if” part, let X be a T)-space satisfying the condition in
Theorem 4.4. By virtue of Theorem 4.1, X is A-PF-normal. By the same ar-
gument as in the proof of (4) = (1) of [5, Theorem 4.6], it is proved that X is
perfectly normal. [

REMARK 4.7. In [5], V. Gutev, H. Ohta and K. Yamazaki proved sandwich-
like properties for mappings into the Banach space Cy(Y) corresponding to (4)
and (5) of Theorem 4.3 (see also [19]). Similarly, we can prove sandwich-like
properties corresponding to (1)—(3) of Theorem 4.3 and Theorem 4.4.
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