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QUANTIFIER ELIMINATION OF THE PRODUCTS OF

ORDERED ABELIAN GROUPS

By

Hiroshi Tanaka and Hirokazu Yokoyama

Abstract. In this paper, we study the theories of lexicographic

products of ordered abelian groups.

1. Introduction

Komori [2] and Weispfenning [6] showed that the lexicographic product of Z

and Q admits quantifier elimination in a language expanding Log ¼ f0;þ;�; <g,

where Z ðQÞ is the ordered abelian group of integers (of rational numbers).

Moreover they recursively axiomatized ThðZ�QÞ. Extending these, Suzuki [4]

showed that for the lexicographic product G of an ordered abelian group H and

an ordered divisible abelian group K , if H admits quantifier elimination in a

language L expanding Log, then G admits quantifier elimination in LU fIg, where

we interpret I as f0g � K . Moreover if H is recursively axiomatizable, then so is

G. In this paper, we give a simple proof for Suzuki’s results. In addition we show

the converse of Suzuki’s results.

2. Main Results

Let L be a language. By an unnested atomic L-formula we mean an atomic

formula of one of the following forms: x ¼ y, c ¼ y, FðxÞ ¼ y or RðxÞ, where x,

y and n-tuple x are free variables, c is some constant symbol in L, F is some

function symbol in L and R is some relation symbol in L.

Let Log be the language f0;þ;�; <g of ordered groups. Let L be the

language Log ULr ULc, where Lr and Lc are sets of relation and constant symbols,

respectively. Let H be an L-structure whose reduct to the language Log is an
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ordered abelian group. Let K be an ordered abelian group and an Log-structure.

Let I be a new unary relation symbol. We now give the lexicographic product

G :¼ H � K as an LU fIg-structure by the following interpretation:

(1) 0G :¼ ð0H ; 0KÞ;
(2) cG :¼ ðcH ; 0KÞ for each c A Lc;

(3) þ and � are defined coordinatewise;

(4) < is the lexicographic order of H and K ;

(5) For each n-ary relation symbol R A Lr,

RG :¼ fðg1; . . . ; gnÞ A Gn j ðh1; . . . ; hnÞ A RHg;

where hi is the first coordinate of gi

(6) I G :¼ f0g � K .

We call this interpretation the product interpretation of H and K .

Let s, t and u be terms. Then, the formula s < t5t < u is written as

s < t < u.

Lemma 1. Let G ¼ H � K be the above structure and g ¼ ðg1; . . . ; gnÞ a tuple

of elements from G. For each ia n, let gi ¼ ðhi; kiÞ with hi A H and ki A K. Let

h ¼ ðh1; . . . ; hnÞ. Let jðxÞ be a quantifier-free L-formula. Then there exists a

quantifier-free LU fIg-formula j�ðxÞ such that H � jðhÞ if and only if G � j�ðgÞ.

Proof. Let jðxÞ be a quantifier-free L-formula. Then the formula jðxÞ is

a Boolean combination of the forms tðxÞ ¼ 0, 0 < tðxÞ and Rðt1ðxÞ; . . . ; tmðxÞÞ,
where t; t1; . . . ; tm are terms and R is an m-ary relation symbol. Let j�ðxÞ be the

formula obtained from jðxÞ by replacing tðxÞ ¼ 0 and 0 < tðxÞ with IðtðxÞÞ and

0 < tðxÞ5sIðtðxÞÞ, respectively. Then H � jðhÞ if and only if G � j�ðgÞ. r

We give the new structures to show recursive axiomatizability in Theorem 3.

For any model G � of ThðGÞ, we consider the structures H �, K � such that

K � :¼ fg A G � j g � IðxÞg and H � :¼ fg=@j g A G �g, where an equivalent relation

@ on G � by a@ b , a� b A K �. Then H � is an ordered abelian group as an L-

structure, K � is an ordered abelian group as an Log-structure. Then we notice that

H1H � and K 1K �. Moreover we obtain that G� 1LUfIg H
� � K � by the next

lemma.

Lemma 2. Suppose that H, K , H �, K � are the above structures. Then we

obtain that H � K1H � � K � in the language LU fIg, where H � � K � is the

product interpretation of H � and K �.
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Proof. It su‰ces to show that H � K1H � � K � for any finite language of

LU fIg. We fix L 0 as a finite language of LU fIg and may assume that L 0 contains

Log and fIg. According to [1, Corollary 3.3.3], we have to prove the followings:

for each n < o; H � KAn H
� � K �:

When A, B are the same structures with a finite language, AAn B means that for

any n-tuple ðc1; . . . ; cnÞ in AUB, there exists partial isomorphism f from A to

B such that we find some n-tuple ðd1; . . . ; dnÞ in AUB satisfying the following

conditions: for each ia n if ci A A (B, respectively) then let ai ¼ ci and bi ¼ di ¼
f ðciÞ A B (let bi ¼ ci and ai ¼ di ¼ f �1ðciÞ A A, respectively) and A � jða1; . . . ; anÞ
, B � jðb1; . . . ; bnÞ for any unnested atomic formula jðx1; . . . ; xnÞ.

The unnested atomic L-formulas are of the formulas of the forms x ¼ y,

y ¼ c, y ¼ 0, x0 þ x1 ¼ y, �x ¼ y, RðxÞ, x0 < x1, IðxÞ, where x, y, x0, x1 and

n-tuple x are free variables.

For n < o, let ðc1; . . . ; cnÞ be any n-tuple from ðH � KÞU ðH � � K �Þ.
When we see it coordinatewisely, we have partial isomorphisms f : H ! H �

and g : K ! K � satisfying the above condition. We will obtain some n-tuple

ðd1; . . . ; dnÞ as follows: for ia n if ci is in H � K then we split it into ci ¼ ðhi; kiÞ
and let ai ¼ ci and bi ¼ di ¼ ðh�

i ; k
�
i Þ ¼ ð f ðhiÞ; gðkiÞÞ A H � � K �. If ci is in

H � � K � then we let bi ¼ ci and ai ¼ di ¼ ðhi; kiÞ ¼ ð f �1ðh�
i Þ; g�1ðk �

i ÞÞ A H � K

similarly. Then we have that H � K � jða1; . . . ; anÞ , H � � K � � jðb1; . . . ; bnÞ
for every unnested atomic L 0-formula jðx1; . . . ; xnÞ.

In the case of ‘‘x0 þ x1 ¼ y’’ we obtain that ai þ aj ¼ al , ðhi; kiÞþ
ðhj; kjÞ ¼ ðhl ; klÞ , ðhi þ hj ¼ hl and ki þ kj ¼ klÞ , ð f ðhiÞ þ f ðhjÞ ¼ f ðhlÞ and

gðkiÞ þ gðkjÞ ¼ gðklÞÞ , ðh�
i þ h�

j ¼ h�
l and k �

i þ k �
j ¼ k �

l Þ , ðh�
i ; k

�
i Þ þ ðh�

j ; k
�
j Þ ¼

ðh�
l ; k

�
l Þ , bi þ bj ¼ bl .

Moreover we can also argue the other cases similarly. Therefore it holds that

H � KAn H
� � K �. r

We now give a simple proof for Suzuki’s results [4].

Theorem 3. Let G ¼ H � K be the above structure. If the ordered abelian

group H admits quantifier elimination in L and the ordered abelian group K is

divisible, then the ordered abelian group G admits quantifier elimination in LU fIg.
Moreover, if H is recursively axiomatizable, then so is G.

Proof. Let bxjðx; yÞ be an LU fIg-formula, where jðx; yÞ is a quantifier-

free LU fIg-formula. We may assume that the formula j is of the form

j15� � �5jj , where each ji is an atomic formula or the negation of an atomic
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formula. Since jðx; yÞ is a quantifier-free LU fIg-formula, the formula jðx; yÞ is

a Boolean combination of the forms mx ¼ tðyÞ, tðyÞ < mx, mx < tðyÞ, Iðsðx; yÞÞ
and Rðs1ðx; yÞ; . . . ; slðx; yÞÞ, where l, m are positive integers, t; s; s1; . . . ; sl are

terms and R is an l-ary relation symbol. Now the formulas t ¼ s and t < s are

equivalent to nt ¼ ns and nt < ns for each positive integer n, respectively. Hence,

we may assume that the formula jðx; yÞ is equivalent to either tðyÞ < mx <

uðyÞ5cðx; yÞ or mx ¼ sðyÞ5cðx; yÞ, where the formula cðx; yÞ is a finite

conjunction of formulas of the forms I , Rðs1; . . . ; slÞ or negation of these.

Let the formula jðx; yÞ be tðyÞ < mx < uðyÞ5cðx; yÞ. Let g ¼ ðg1; . . . ; gnÞ
be a tuple of elements from the ordered abelian group G. For each ia n, let

gi ¼ ðhi; kiÞ with hi A H and ki A K . Let h ¼ ðh1; . . . ; hnÞ and k ¼ ðk1; . . . ; knÞ. Let

c1ðx; yÞ be the formula obtained from cðx; yÞ by replacing Iðtðx; yÞÞ with

tðx; yÞ ¼ 0. Let t2ðyÞ ðu2ðyÞÞ be the term obtained from tðyÞ ðuðyÞÞ by replacing

each c A Lc with 0. Then G � bxðtðgÞ < mx < uðgÞ5cðx; gÞÞ if and only if

(1) H � bxðtðhÞ < mx < uðhÞ5c1ðx; hÞÞ,
(2) H � bxðtðhÞ ¼ mx < uðhÞ5c1ðx; hÞÞ and K � bxðt2ðkÞ < mxÞ,
(3) H � bxðtðhÞ < mx ¼ uðhÞ5c1ðx; hÞÞ and K � bxðmx < u2ðkÞÞ, or

(4) H � bxðtðhÞ ¼ mx ¼ uðhÞ5c1ðx; hÞÞ and K � bxðt2ðkÞ < mx < u2ðkÞÞ.
Since the ordered abelian group H admits quantifier elimination in L and the

ordered abelian group K is divisible, there exist quantifier-free L-formulas y1ðyÞ,
y2ðyÞ, y3ðyÞ and y4ðyÞ such that G � bxðtðgÞ < mx < uðgÞ5cðx; gÞÞ if and only if

(1) H � y1ðhÞ,
(2) H � y2ðhÞ,
(3) H � y3ðhÞ, or

(4) H � y4ðhÞ5tðhÞ ¼ uðhÞ and K � t2ðkÞ < u2ðkÞ.
By Lemma 1, there exist quantifier-free LU fIg-formulas y�

1 ðyÞ, y
�
2 ðyÞ, y

�
3 ðyÞ and

y�
4 ðyÞ such that G � bxðtðgÞ < mx < uðgÞ5cðx; gÞÞ if and only if

(1) G � y�
1 ðgÞ,

(2) G � y�
2 ðgÞ,

(3) G � y�
3 ðgÞ, or

(4) G � y�
4 ðgÞ5tðgÞ < uðgÞ5IðuðgÞ � tðgÞÞ.

Hence, the formula bxðtðyÞ < mx < uðyÞ5cðx; yÞÞ is equivalent to a quantifier-

free LU fIg-formula.

Similarly, the formula bxðmx ¼ sðyÞ5cðx; yÞÞ is equivalent to a quantifier-

free LU fIg-formula. It follows that the ordered abelian group G admits quantifier

elimination in LU fIg.

Last we show that in the theorem, if H is recursively axiomatizable, so is G.

By lemma 2, for any model G � of ThðGÞ there exist H � � ThðHÞ and
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K � � ThðKÞ such that G � is elementarily equivalent to H � � K �. Thus we have

G is recursively axiomatizable since H is recursively axiomatizable. r

Finally we show the converse of Suzuki’s results.

Theorem 4. Let G ¼ H � K be the above structure. If the ordered abelian

group G admits quantifier elimination in LU fIg, then the ordered abelian group H

admits quantifier elimination in L and the ordered abelian group K is divisible.

Moreover if G is recursively axiomatizable, then so is H.

Proof. First, we show that the ordered abelian group H admits quantifier

elimination in L. Let bxjðx; yÞ be an L-formula, where jðx; yÞ is a quantifier-

free L-formula. Since jðx; yÞ is a quantifier-free L-formula, the formula jðx; yÞ
is a Boolean combination of the forms mx ¼ tðyÞ, tðyÞ < mx, mx < tðyÞ and

Rðs1ðx; yÞ; . . . ; slðx; yÞÞ, where l, m are positive integers, t; s; s1; . . . ; sl are terms

and R is an l-ary relation symbol.

Let j�ðx; yÞ be the formula obtained from jðx; yÞ by replacing mx ¼ tðyÞ,
tðyÞ < mx and mx < tðyÞ with IðtðyÞ �mxÞ, tðyÞ < mx5sIðtðyÞ �mxÞ and

mx < tðyÞ5sIðtðyÞ �mxÞ, respectively. Let h ¼ ðh1; . . . ; hnÞ be a tuple of ele-

ments from the ordered abelian group H. Then, we have

H � bxjðx; hÞ , G � bxj�ðx; ðh; 0ÞÞ;

where ðh; 0Þ :¼ ððh1; 0Þ; . . . ; ðhn; 0ÞÞ. Since the ordered abelian group G admits

quantifier elimination in LU fIg, there exists a quantifier-free LU fIg-formula

cðyÞ such that

G � bxj�ðx; ðh; 0ÞÞ , G � cððh; 0ÞÞ:

Let c 0ðyÞ be the formula obtained from cðyÞ by replacing IðtðyÞÞ with tðyÞ ¼ 0.

Then we have

G � cððh; 0ÞÞ , H � c 0ðhÞ:

It follows that the ordered abelian group H admits quantifier elimination in L.

Next, we show that the ordered abelian group K is divisible. Let a A K . Let n

be a positive integer. Since the ordered abelian group G admits quantifier elimi-

nation in LU fIg, there exists a quantifier-free LU fIg-formula ynðxÞ such that

G � byðð0; aÞ ¼ ny5IðyÞÞ $ ynðð0; aÞÞ:

We have G � ynðð0; 0ÞÞ. Suppose that a > 0. Then we have G � ynðð0; naÞÞ. Now

the formula ynðxÞ is a Boolean combination of the forms mx ¼ t, t < mx, mx < t,

Iðmx þ tÞ and Rðm1xþ s1; . . . ;mlxþ slÞ, where l;m;m1; . . . ;ml are positive inte-
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gers, t; s1; . . . ; sl are terms which do not contain a free variable and R is an l-ary

relation symbol. Notice that tK ¼ 0; sK1 ¼ 0; . . . ; sKl ¼ 0.

In the case that G � mð0; naÞ ¼ t, we have a ¼ 0, a contradiction.

In the case that G � t < mð0; naÞ, we have tH a 0. Hence G � t < mð0; aÞ.
In the case that G � mð0; naÞ < t, we have G � mð0; aÞ < t by a > 0.

In the case that G � Iðmð0; naÞ þ tÞ, we have tH ¼ 0. Hence G �
Iðmð0; aÞ þ tÞ.

In the case that G � Rðm1ð0; naÞ þ s1; . . . ;mlð0; naÞ þ slÞ, since RG depends

only on RH , G � Rðm1ð0; aÞ þ s1; . . . ;mlð0; aÞ þ slÞ.
Hence, if a > 0, then G � ynðð0; aÞÞ. Similarly, if a < 0, then G � ynðð0; aÞÞ.

It follows that the ordered abelian group K is divisible.

Last we show that if G is recursively axiomatizable, then so is H. However

we can show it like the proof of Theorem 4. r
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