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GEVREY WELL POSEDNESS FOR A SECOND ORDER
WEAKLY HYPERBOLIC EQUATION WITH NON
REGULAR IN TIME COEFFICIENTS

By

Alessia ASCANELLI

Abstract. We consider a second order weakly hyperbolic equation
with coefficients depending both on time and space. We assume the
coefficients of the equation to have some kind of Hoélder behavior
with respect to time, and we add for the coefficients of the lower
order terms an appropriate Levi condition. We prove Gevrey well
posedness of the Cauchy problem for this equation for a small
enough Gevrey index.

1. Introduction

It is well known that the Cauchy problem for a strictly hyperbolic equation
with regular (Lipschitz continuous) coefficients with respect to time is C* well
posed. But if the equation is weakly hyperbolic or if the coefficients are less than
Lipschitz continuous, then C* well posedness may fail to be true, as shown by
counterexamples in [4], [6], [9]. Anyway, it is always possible to find well
posedness in Gevrey classes.

In this paper we are going to study a weakly hyperbolic equation of the
second order with coefficients in ¢, x, not regular in time, and we are going to
find results of well posedness in Gevrey classes G’. We remind that G°(R") =
U 420 G7(R"), where for 0> 1, 4> 0

GH(R") = {u(x); [|ul

i <o) N, o= sup |ou(olA o

xeR" aueZ’

Let us consider at first the homogeneous weakly hyperbolic Cauchy
problem
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n
Uy — Z ai j(t,x)uy, =0, tel0,T], xeR",
i, j=1

1.1
(L1 u(0,x) = up(x),

u,(0,x) = uy (x),

n

a(ta X, 5) = Z aﬁ(tvx)éiéj Z Oa te [Ov T]a xvé € R”a |§| = 1

ij=1
If a; = a;(t) e C"™*[0,T], meN, k € (0,1], then problem (1.1) is well posed in G°

for

m+k
1SO’<1+T,

[5]. This result is optimal, as proved in the same paper by producing a counter-
example.
If a; = a;(t,x) € C"™*([0, T]; G%), then Gevrey well posedness holds with [11]

1 50<min{1+m;—k,2}‘

Both in [5] and in [11] the non homogeneous equation
n n
(1.2) Uy — Z a; (¢, X)ty,; + ij(t, X)uy, +c(t,x) =0
i,j=1 j=1

is also considered, respectively with b; = b;(f), ¢ =c¢(f) and b; = b;(t,x), ¢ =
¢(t,x). The authors found that the Cauchy problem for equation (1.2) is G?-well

posed for
1 £a<min{l —|—mT+k,2},
assuming b; e L'([0,T]), j=1,...,n. To overcome the bound o <2, Levi

conditions on the first order term are necessary, also in the case of regular in time
coefficients [3].
Here we consider the Cauchy problem

P(t,x,D;, Dy)u(t,x) =0, tel0,T], xeR",
(1.3) u(0, x) = up(x),
(0, x) = up(x),
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for the second order operator
(1.4) P =D} — a(t)Q(t, x, D) + b(t,x, Dy) + ¢(t, x),

—_1
where D = mﬁ and

o(t,x,&) = qu,txg*é,

b(t,x,&) = Zb (t,x)&
The condition of weak hyperbolicity for P is expressed here below:

(15) a(t) =0, tel0,T],
' 0(t,x,&) = qol¢]>, qo>0,1€[0,T], x,&eR".

417

As to the regularity of the coefficients of P, we assume, as in [5], [11], that

e CN0,T]:= C™k[0,T], N=m+k meN,ke(0,1],
(1.6) qi; € CA([0,T];G%), xe(0,1),i,j=1,...,n,0>1,
bj,ce C([0,T);G%), j=1,...,n

In Theorem 2.1 we consider the homogeneous operator (1.4), that is (1.4)
with b = ¢ = 0. We find for problem (1.3) Gevrey well posedness, with different
bounds for the Gevrey index ¢ according to the relationship between N and y.

More precisely we prove the following:

i) If x<N/(2+N), then the Holder behavior and the ellipticity of the

symbol Q dominate, and we have G° well posedness if

1
1< —
_0<1

The bound 1/(1 —

L

x) is sharp in the strictly hyperbolic case (see the

counterexample in [4]), so it clearly cannot be improved for weakly

hyperbolic equations.

ii) If y > N/(2+ N), then the C" behavior dominates and we have G° well

posedness if

N
1 < 1+—.
<og< +2

Thus, we find the same bound as [5] but here with coefficients depending

also on space, and we remove the condition ¢ < 2 of [11] thanks to the

special structure of (1.4).
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In Theorem 3.1 we consider operator (1.4) in its general form, and we look
at the right Levi conditions to be put on the term b in order to obtain well
posedness of the Cauchy problem (1.3) in Gevrey classes with the same bounds
for ¢ as in Theorem 2.1. We suppose so (1.4) to satisfy conditions (1.5), (1.6), and
for the lower order terms we assume the following Levi-type condition:

(1.7) 081, )| < CAPBIa(1)?, (1,%) € [0,T) x R, B Z,

j=1,...,n, y€]0,1/2] to be chosen. Then we prove the following:
i) y<N/(2+N),

1 1
y=>1——= G° well posedness, | <o<-—;
2y 1

i) 7= N/Q2+N),

N
= G? well posedness, 1<o<1+—.

>
r= 2

1
N

N —

ReEMARK 1.1. In both cases, the relation between the Levi exponent y and
the Gevrey index o is

o—2

S TCE

Thus we can take:
« 9 =0 1if ¢ < 2, result which is in line with [3], [8]: G” well posedness holds
without assuming any Levi condition;
+y=1/2 if 0 — oo, result which is in line with [5], [10], since

0%b(1,x,8)| < Cp/a(t,x,&), te€[0,T), x,EeR", feZ"

is a sufficient Levi condition to obtain C* well posedness in the case of
analytic coefficients. O

The results in this paper are obtained following this scheme:

1) we regularize the characteristic roots of P (which are not distinct and not
regular in time), and then we factorize the operator P by means of the
approximated roots;

2) we reduce the equation Pu = f to an equivalent first order 2 x 2 system
LU = F with

L=0,+iA(t,x,D,)+ R(t,x,D,),
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where A is a real diagonal matrix of symbols of order 1, and
IDZOER(1,x,8)| < cup()APIRI7CE M, he (0,1), 0> 1,

with ¢, 5€ L'0,T], o,f € Z";
3) we give an energy estimate for the operator L in Sobolev-Gevrey spaces of

index ¢ < 1/h, with loss of derivatives.
A similar technique has already been used in [1], [2] to give results of C* and
G well posedness for a Cauchy problem of the form (1.3), (1.4), (1.5) in the case
of e C* with zeroes of a finite order k, and under a Levi condition of the
form (1.7) with y =1/2 —1/k. In particular in [2] Gevrey well posedness for
y<1/2—1/k is proved.

2. Gevrey Well Posedness for the Homogeneous Equation

Let us consider the Cauchy problem (1.3) for the homogeneous operator P
given by (1.4) with b = ¢ =0. For the coefficients of

(2.1) P = D? — a(1)Q(t,x, D)

we require assumptions (1.5), (1.6) to be satisfied.

We are going to find the sharp index ¢ of Gevrey well posedness, depending
on N and y. More precisely, results of well posedness are going to be found in
the Sobolev-Gevrey space H*%? where for ¢ >0, 0 > 1 we define

Hs,a.(;(Rn) _ {u(x);e”<Dx>l/“u c Hs(Rn)};

in H%%? the norm is

ROBYM

Hu”s‘c‘a = He u“s’

and ||u||, denotes the usual norm of u in the Sobolev space H®. Notice that
H®° < G?, ¢>0.

Bounded pseudodifferential operators in these spaces are given by the classes S"¢
of Gevrey symbols. We remind that, for me N and ¢ > 1, $™7 = §S"?(R" x R")
denotes the space of all functions a(x,¢) satisfying

026%a(x, &) < C,MPIRI7CE™ 1 0 pe 2, M e, >0, x,E R,
which is the limit space

mo . 1; m,o myo . m,o
§™7= lim S§,°% S = lim S,
/=40 M—+w
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of the Banach spaces Sy;% of all symbols such that

|a|m g, M,/ = Sup Sup |5§5€a(x7 f)|M*\ﬁ\ﬁ!*G<é>—m+M < 4-o00.
” lo|<t,feZ! x,&

The result of well posedness is presented in the following Theorem:

THEOREM 2.1.  Consider the Cauchy problem (1.3) for the operator (2.1) under
conditions (1.5), (1.6).

1
i) If < then problem (1.3) is G° well posed, 1 <o < ——.

N
N+2 1—y

.. N . N
> — . 4 < —-.
i) If y > N1 then problem (1.3) is G° well posed, 1 <o <1+ 5

Moreover, denoting by ay the bound 1+ N/2 or 1/(1 — y) according to the case
we have the following: there exists a positive constant A such that for any pe R,
up,u; € H»7, f e C([0,T];G), 1 <o < ag, the unique solution u(t,x) of (1.3)
satisfies the following energy estimate:

2 2
(22) Hu(t? ')||;4,),—.|"(’)¢(‘[) dt,o + Hafu(l7 )”ﬂj—jé(p(f) dt,o

t
2 2 2
< ol 0 B+ [ LI

for every ue C([0, T); H*L4YN CY([0, T]; H**?), and for a non negative func-
tion p e L'([0,T)), T <<.

Proor. The proof is divided into 3 steps, according to the scheme described
in the introduction.
Step 1. The first step in the proof is to approximate the characteristic roots

+A(1,x,&) = £/a(1)O(1, x, &)

of P with positive and regular symbols +A(z,x,&) of order one, and then to
factorize P by means of the approximated characteristic roots.
Given a function

0eCr(R), 0<po<1, Jg(r) dr =1,

and extended the symbol Q on R by considering

O(t,x,&) = O(T,x,&) for t =T, OQOr,x,&) = Q(0,x,¢) for © <0,
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we define:

23)  inxeé) = a<z>+<c>-27~j 0005, D a(<E(t — 1)KL da.

In order to factorize the operator P by means of the regularized roots +/ we
need to consider the symbols 0,4 and A — 4.
We have

o (1)
24 Ja(t) + (&Y

o Jaln) + <é>’2”J 00,5, 9 (<Ot - 1) di:

81, x,&) = J 0%, 5 o(<EX(1 — ))& d

using the change of variables (&)(r— 1) =s it is easy to find that

24)  Silexd) = | VO X Dol — ) dr e L1(0, 715"
using now [ o'(s) ds =0 we can write

j 00, % 90/ (1 — DI dr

- ij(r,x, &) — VO x.8)0' (<ED(1 — D)E? d,

and then with the same change of variables and thanks to the second condition in
(1.6) we obtain

(2.5)  Sy(t,x,&) = J 01, x,8) 0" ({EX(t — 1))<EY? dr e LY([0, T); S¥7+°).

Thus

z i (1) 2
0t x,8) = — 2 §(1,x, &)+ \Jalt) + <E XSy (1, x,E),
(2.6) 2\fa(t) + <&

S1eL'((0,T];S"7),  S>e L'([0, T]; S*#7).

Moreover, looking at (2.3) and using [o(s) ds =1 we have
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At x, &) — AL, x, &)

a() + (&> J(\/Q(f,x, 8) — VO % 8)e(<EN( — D))KED di

+ (yJa(t) + <& = /a(1))\/O(t, x,€)

A simple computation and again the use of the second hypothesis in condition
(1.6) makes clear that

J (VO x.8) = VO1,x,8)) o< (1 = 1)< dr e L'([0, T]; S'#7),

and also

(/1) + <> = /alD)v/ 0%, € L' ([0, T); ' 7).
Thus
(2.7) A—AeLY([0,T]; 8" %7).

By (2.7) we have also
(2 8) [j'(tv X, DX)}Z - [;“(ta X, Dx)}z = \/ O((l) + <Dx>_ZXS3(Za X, Dx)a
Si(t,x,&) e LY([0, T); S*7%°).
Now from (2.6), (2.8) we come to the factorization
(29) DI —a()Q(1,x,Dy)
i/ (1)

24/ a(t) + (DY *

- (Dt - 1([3 anx))(Dl +i(ta X, Dx)) +

SI(Z,X,DX)

WZ@@QIXD)D Q(IXD)

+\/a(t) + DY *8y(t,x, D) + R(t,x, Dy),

with

Si(t,x,&) e L'([0, T]; S"),
(2.10) Sa(t,x, &) = Sa(t,x, &) + S3(t, x, &) € LI([0, T); $27#7),
R(t,x,¢) e C([0, T]; $%).
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Step 2. The second step in the proof is to reduce the equation Pu = f for the
scalar operator P in (2.1) to an equivalent first order system by using factori-
zation (2.9). We define

(2.11) (1, &) = \Ja(l) + <&
and

vy = w(t, Dy)u

(2.12) {m = (D, + At, x, Dy))u.

Notice that w e C([0,T]; S'), o' e C([0,T];S°). We have

(2.13) (D, + A)vg = \/ ou(t) + (D)< Dydvy

o (1)
2(a(1) + <Dy ™)

vo + [i, w]w‘lvo,

1

where the operator [4, w]w™! is of order 0, and

(2.14) (D, Dvy

_ g(/([) Tl " gg([)

OC(I) + <DX>_2X OC([) + <Dx>*2}f

Tr + T3+ Ty | vo,

T; = Ti(t,x,Dy), with  Ti(t,x,&) e C([0,T);S7%7%),  Ti(t,x,&), Tr(t,x,&),
Ta(t,x,&) € C([0, T); ).

Then, from (2.11), (2.13), (2.14), problem (1.3) is equivalent to the Cauchy
problem

(2.15) {L‘VZO’

V0,5 = v, =0

for the first order system

Ll _ at_’_ l<i(ta X, DY) 760([an) )

0 _i(t7x7D«’C)
o'(1)
—A t, ,Dx +C t» aDX
() + <Dy MR D)
+ (x(t) D](Ia X, D’C) + El(l’ X, D’C)’

o(f) + Dy~
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where A4,(t,x,&), Ci(t,x,&), Di(t,x,&), Ei(t,x,&) are 2 x 2 matrices such that

{AI,DI,El e C([0, T); §%9),
Ci e C([0,T); S'-%7).

To diagonalize the matrix
At x, &) —o(t,8)
0 —A(t, x, &)

&
M(t,x,&) = 281(t,x,¢)
0 1

weE use

S1 in (2.4), which is elliptic of order zero. Thus problem (2.15) is equivalent to

{LUO

(2.16) U(0,x) = Uo,

where U = M(¢t,x,Dy)V and

o (1)
Q7)) L= 0HiAx D)+ D Al DY) + C(6x. D)

N a(t) D(t,x,Dy) + E(t,x,D,),
a(t) + (DY
_ 1(17 X, DX) 0
(218) A(t, x’ DX) a ( O 71(& x7 D)C))7

with new 2 x 2 matrices
{A(t7 x, &), D(t,x, &), E(t,x,&) € C([0, T); S%7),
C(t,x,&) e C([0, T]; S'=79).
Looking now at the terms in (2.17) we have that

M pxg) < \Jal) + <& D1 x, &) € C(0, T]; ),

o) + <&

while
(2.19) At,x, &) = $A(t x, &)
o a(t) + (&Y T
(x’(t) A(t,x,8)

(o) + <& )N (afe) + ey )N
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is such that for all f,ye Z7 it is

o/ (1)
a(1) + (&Y
the symbol 4 e L'([0, T]; S*/N), since if ae CV, then «'/V is an absolutely
continuous function (see Lemma 1 in [5]).

Here we need to distinguish two cases because the orders 2y/N and 1 —y
fight one against the other. We have

|5é}5.§1‘1~(17% Ol <cpy eIl

29/N=1—y for y=N/(2+N).
Thus:
o N ; . .
) if y < Ni2 then the C* behavior dominates, and the Cauchy problem
(2.16) for the operator (2.17) can be written in the form

(0, + i1, %, Dy) + R(1,x, D)) U(t, x) = 0,
(2.20 {U«), %) = U,

with

R(t,x,&) e L([0, T]; S'+).
It is well known that to have existence and uniqueness of the solution of
such a Cauchy problem one has to require that the Gevrey index is

g < —— = 0.
1 —x

N
i) if y > N1 then the CV behavior dominates, and the Cauchy problem

(2.16) for the operator (2.17) can be written again in the form (2.20) but
this time with

R(t,x,&) e L'([0, T]; S/ N+2).7),

In order to have existence and uniqueness of the solution we need to ask

< 2 71—1+N'—
ag N2 = 2.—0'0.

Step 3. Starting from now, we will denote by oy the bound 1+ N/2 or
1/(1 — y) according to the case we are considering. We give hereafter the energy
estimate for the operator
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(2.21) L=20,+ iA(l, X, DX) + R([’ X, Dx)7
A in (2.18), with
R(t,x,¢) € L' ([0, T]; Sl/(fo-,a)7

by proving the following:

ENERGY ESTIMATE. There exists a positive constant A such that for any ue R,
UeH"*? FeC(0,T);G%), | <o <ay the unique solution U(t,x) of the
Cauchy problem

LU =0,
U(0) = Uy,

L in (2.21), satisfies the estimate:

t
(222) || U(Z’ )HiA—[éy(f) dt,o = C,u <|| UO”;A,U + JO ||F(T7 ')||ﬁ,i‘[g¢(s)ds,a>7

for every U e C([0, T]; H*»2)N C'([0, T); H**°), and for a non negative func-
tion p e L'([0,T)), T <<.

PROOF OF THE ENERGY ESTIMATE. We give the energy estimate only for 4 =0,
because if p# 0 we have

<Dx>7ﬂL<Dx>'u =L+ R/u

R, of order zero, so we can always reduce to the case 4 =0 without any loss
of generality.

From (2.17) and (2.19), it is clear the existence of a function ¢(¢) >0,
@ € L'(]0, T]), such that

10208 R(t,x,&)| < o pp()<EYTH 0, pe 2, x,E R
Let us define the operator w(¢, D) with symbol
(2.23) w(t, &) = el lip@de)cey
A >0 to be choosen, and consider the operator
(2.24) L, =wLw!.

The Cauchy problem LU =0, U(0) = Uy is equivalent to
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L,Z =0,
Z(0) = Zy,

with

+ 0~> + ¢(1){Dy) + R + lower order terms,

2.25 L,=0,+1i
( ) t l<0 _j

on condition that

(see the composition theorems in [7]), and with

(2.26) Z(t,x) = e Jep@ a0 gy x).
The operator ¢(¢){Dy) + R is positively defined because
(2.27) KRZ,Z)| < Lp(1)<{D:>""Z, Z),

where ¢-,-> denotes the scalar product in H°(R") = L*(R").
Consider now

d /
EIIZ(f)Hé =2RCZ (1), Z(1))-
From (2.25), (2.27), we have
d 2 2 2
2120l < CUZ®llg + ILvZ(0)l]o)-
Thus, by Gronwall’s inequality we find

(2.28) 1Z(0)|s < Co(|Zo||§ + JO |L,Z(7)|l5 dr).

Now to obtain (2.22) one only has to remember the definition of Z in (2.26).
Estimate (2.2) follows then immediately from (2.22), using (2.12). Notice that
transformation (2.23) carries the loss of jot ¢(7) dt derivatives, with T <<. The
maximum loss is so

T
J p(7) dt < +00.
0

Theorem (2.1) is completely proved. O
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3. Gevrey Well Posedness under Levi Conditions

In this last section of the paper we investigate the behavior of the lower order
terms b(z, x, Dy), ¢(t,x) in equation (1.4) with respect to the results of Gevrey well
posedness of Theorem 2.1.

We consider here the Cauchy problem (1.3) in the general case of P given by
(1.4). We assume the coefficients of (1.4) to satisfy (1.5), (1.6), and we add for the
lower order terms condition (1.7).

Then we have the following result of well posedness under Levi conditions:

THEOREM 3.1. Consider the Cauchy problem (1.3) for P in (1.4) and under
conditions (1.5), (1.6), (1.7).

. N 1
i) If)(<N+2 and y >1 ~3, then problem (1.3) is G° well posed for
every 1 <o < —
1 1
. 1 g :
i) If x> N2 and y > TN then problem (1.3) is G° well posed for

every 1£o<1+3.

Moreover, the energy estimate (2.2) for the solution u(t,x) of (1.3) remains valid.

Proor. The proof will follow the one of Theorem 2.1 with the addition of
the lower order terms b, ¢ at each step.

Like in Step 1, we approximate the characteristic roots by defining J as in
(2.3), and we obtain from (1.4), (2.9) the factorization
(3.1 P(t,x,Dy)
i/ (1)

24/ at) + (DY *

= (D, — At,x, Dy))(D; + A(t, x,Dy)) + S1(t,x,Dy)

o (1) :
m;%% X, D) Dy, O(t, x, Dy)

+ 1/ a(t) + (D> Sy(t,x,D,) + b(t,x, Dy) + ¢(t,x) + R(t, x, D,,),

Si(t,x,&) e LY([0, T); SY9),  Sa(t,x,&) e L1([0,T); S?>7%°), and  R(t,x,&) e
([0, T); 8%7).
As in Step 2, we perfom the reduction (2.11), (2.12). We obtain (2.13) and
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N o' (1) (1)
3.2 D, — Aoy = T + T+ T
B2 o () + <D a(t) + {Dy >~ T

a(t) + {Dy> <Dy

T; = Tj(t,x,Dy), with  Ti(t,x,&) e C([0,T);S"%%),  Ti(t,x,&), Tr(t,x,&),
T4(t,x,¢) € C([0, T]; S%7).

Then, from (2.11), (2.13), (3.2) and after the diagonalization of the principal
part of the system performed in the previous section, the Cauchy problem (1.3) is
equivalent to problem

a3 LU =0
) U(0,x) = U,
where
(34) L—ﬁ—l—i/\(lxD)"’—&A(ZXD)
. — Uy s Ny x O!(f)+<Dx>_2;{ s Ny x
+ b(t,x7Dx) B([,X,Dx)"!_c(laanx)

a(t) + {Dy> < Dy)

N a(t) D(t,x,D,) + E(t,x,Dy),
o(t) + (D>

A in (2.18), with

{A(Za X, é)?B(ta X’ D)c),D(l‘,X, é))E([,X, f) (S C‘([O7 T'];‘SO,G')7
C(t7 X, f) € C([O7 T]; Sl—x,a).
b(t,x, Dy)

V() +<D> Dy

To deal with the new term B(t,x,D,) we use the Levi

condition (1.7) to write

b(t,x, &)

Veut) + <7

where

bxd)  Btx9)
(a(1) +<EHEY (alr) + <& )P

B(t,x,&) =

b(t,x,&)
(a(2) + (EYTHYCEY

e C([0, 7]; 57),
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and

B(t,x,&)
(1) + <&y~ 27

e L'([0, T); SZ(1/2=7),

Thus, according to Theorem 2.1 we distinguish two cases.

. N . .
i) If X<m’ we ask 2x(1/2—y) <1 —y. We obtain that if

1
yzl—zxzyo,

then the Cauchy problem (3.3) for the operator (3.4) is of the form (2.20),
with

R(1,x,&) e L([0, T); S'779).

Gevrey well posedness holds so for

1
o< ——=0)
I=x
.. N . . .
i) If y > N o We require 2x(1/2 —y) <2x/N. We obtain that if
L
y— 2 N7y07

the Cauchy problem (3.3) for the operator (3.4) is of the form (2.20), with
R(t,x,&) € LY(]0, T]; §7/(V+2).9),

Gevrey well posedness holds for

o<1+ N_ o
27"
The energy estimate can be now derived from Step 3 of Theorem 2.1 exactly in
the same way. Theorem 3.1 is proved. O

ReEMARK 3.2. We finally notice that:

+ the choice of y depends only on the dominant between N and y;

+ if y <y, (according to the case), then (3.3) can be written again in the form
(2.20), but with a remainder

R(t,x,&) e L'([0, T]; §79),



Gevrey well posedness for a weakly hyperbolic equation in Gevrey classes 431

(1]

(2]

(3]

(4]

(5]

[6]
[7]
[8]
[9]
(10]
(1]

(12]

and the Cauchy problem (1.3) is well posed only for

1
o< —<o0yp.
Y0

In such a case the lower order term b destroys the well posedness results of
Theorem 2.1.

References

Ascanelli, A.; Cicognani, M.: Energy estimate and Fundamental Solution for Degenerate
Hyperbolic Cauchy problems. J. Differential Equations 217 (2005), n. 2, 305-340.

Ascanelli, A.; Cicognani, M.: Well posedness of the Cauchy problem for some degenerate
hyperbolic operators. Pseudo-Differential Operators and Related Topics Series: Operator
Theory: Advances and Applications, Vol. 164, Editors: P. Boggiatto, L. Rodino, J. Toft,
M.-W. Wong, Birkhuser Verlag Basel/Switzerland (2006), 23-41.

Bronstein, M. D.: The Cauchy problem for hyperbolic operators with characteristics of variable
multiplicity. Trudy Moskov. Mat. Obshch. 41 (1980), 83-99.
Colombini, F.; De Giorgi, E.; Spagnolo, S.: Sur les équations hyperboliques avec des coefficients
qui ne dépendent que du temps. Ann. Sc. Norm. Sup. Pisa 6 (1979), 511-559.
Colombini, F.; Jannelli, E.; Spagnolo, S.: Well-posedness in Gevrey classes of the Cauchy
problem for a non strictly hyperbolic equation with coefficients depending on time. Ann.
Scuola Norm. Sup. Pisa CI. Sci. 10 (1983), 291-312.

Colombini, F.; Spagnolo, S.: An Example of a Weakly Hyperbolic Cauchy Problem not well-
posed in C*. Acta Math. 148 (1982), 243-253.

Kajitani, K.: Cauchy problem for nonstrictly hyperbolic systems in Gevrey classes. J. Math.
Kyoto Univ. 23-3 (1983), 599-616.

Kajitani, K.: Local solution of Cauchy problem for nonlinear hyperbolic systems in Gevrey
classes. Hokkaido Math. J. 12 (1983), 434-460.
Mizohata, S.: On the Cauchy problem. Notes and Reports in Mathematics in Science and
Engineering, 3. Academic Press, Inc., Orlando, FL; Science Press, Beijing, 1985.
Nishitani, T.: The Cauchy problem for weakly hyperbolic equations of second order. Comm.
Partial Differential Equations 5 (1980), 1273-1296.

Nishitani, T.: Sur les équations hyperboliques a coefficients hold ériens en ¢ et de classe de
Gevrey en x. Bull. Sc. Math. 107 (1983), 113-138.

Nishitani, T.: On the Cauchy problem for D? — D.a(t,x)Dy. Preprint (2004).

Alessia Ascanelli

Dipartimento di Matematica

Universita di Ferrara, Via Machiavelli 35
44100 Ferrara, Italy

E-mail address: alessia.ascanelli@unife.it



