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§1. Introduction

Let P(x,0d;,Dy) be

m m+£ n
P(x’at’DX):aI+ZﬂJ(Djz+x]2D3)+ Z D12+Zb](x)D]+c(x) (1)
J=1 j=m+1 j=1

in a neighbourhood of the origin and all coefficients are smooth and bounded
on R", where 0 <m+¢ <n, 0,,D; stand for 8/ot, (1/i)(8/0x;) (j=1,2,...,n)
respectively. Here 4 (j=1,2,...,m) are positive constants. We note that P is
degenerate at (0,e,) (e, = (0,...,0, 1)).

We consider the Cauchy problem for P(x,0;,Dy) and give a necessary condi-
tion for the Cauchy problem to be H® well-posed.

Concerning this problem, K. Igari treated the evolution equations of the
Ist order in ¢. Recently H. Honda studied the degenerate heat equation in
the analytic clases. This is an extention of the interesting example given by
P. D’Ancona and S. Spagnolo [1]. In the case that the operators are degenerate
in ¢, M. Miyake [6] treated the evolution equations of the 1st order in ¢ and
T. Sadamatsu [8] studied a p-evolution equation. The general cases are studied by
K. Kitagawa [5]. For the sufficiency, we only mention the result in Gevrey clases
of K. Kajitani and M. Mikami [4].

§2. Statement of Theorem

Our aim is to show
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THEOREM.
In order that the Cauchy problem for P to be H* well-posed, it is necessary
that

Re b,(0)] < > u. 2)
j=1
In the proof of the theorem, we assume that

Re bu(0) <~ s ©
=1

if not, we change &, to —¢,, and we derive a contradiction.

Here we give the definition of H® well-posedness. We say that the Cauchy
problem for P is H® well-posed, if there exists a positive constant é and for any
fixed 7 (0 < 7 <d) and for any f in C°([-4,0]; H*) such that f =0 in 1 < —7,
there exists a unique solution u in C'([-6,0]; H*) with u =0 in ¢t < —7 of the
equation Pu = f and for any p € N there exist ¢ € N and a constant C which is
independent of 7.

e, < €[ 1G5y ds (r<r=<0) @

holds, where |- ||, denotes the H”-norm.
In particular, we obtain

0
Ju0, 9l < € [ IR, . (5

In the proof of the theorem, we use the change of variable of the following
type:
t=p "y, xi=p Vy; (i=12,...,n)
and if we set
U(y(), y) = u(t7x)|t:p*"0yo,x:p‘”y
and
P/)(yv aOa Dy)v(y) = P(x7 at, Dx)u(t’ X)

|t:p“'0yo,X=p“’y’

then we have from the above inequality

0
190, )Ml < €™ | 1B (30,9l o ©)

where ¥ = maxo<;<,{vi}. In order to prove the theorem we use this inequality.
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§3. Proof of Theorem

In this section we prove the theorem under the condition (3)

1. Dilation and E,,.
Let s be a large integer and we put

t= p—s—lyo, x = p—s/zy/’ x"=p s/2+1y//, Xn = p=*n

/ n
here x = (x',x",x,) = (X1, ., Xomy Xmt1s - - -y Xn—1,Xn) and

Pp(y, 607 D) = P(x, at’ DX)|[=p—3_1y0,x’:p‘3/2y’7x”:p"-"/z"'ly”,xnzp_-‘yn

m
= p**100 + p*| > (D} + y}D}) + ba(0) Dy,
=1

m+£

s2 Z D2+ps/22b(0D +ps/21 Z bk

k=m+1 k=m+1
+ (lower order terms in p),

here 0o = 8/dyo, D; = (1/1)(3/dy;) (j=1,2,...,n).
Let E, = exp(lp (¥n + (i/2)(y7 + - + y3)) +ipp(y)), then

m
ES'PE, = p | > 12iy0,, +2v70},)
=1

Dy

77

+p*2 \ig), +Zu, 2iy;D; + 2y} D + (9),)* + ¥7(9),)* + 1) + ba(0)

L J=1

+pt 8o + Zu, 20}, D; + 2y} ¢;, Du + (D;p;)
L J=

+ yjz(Dn%/;,,)) + by (0)(/’;,,

+ (lower order terms in p),

where ¢, = 0p/0y; (j=0,1,...,n).
2. Construction of ¢ and estimates of E,.
We take y which satisfies

zy+Zuj+b (0) =0.
j=1

(7)
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So we note Im y < 0 by (3). When m > 0, let Y¥(yo, X, Ym+1,--., Yu) be a solution
of the Cauchy problem
oy oy
2i ax + o 0

with the initial data ¥/( 0,0, Ymt1,---, Yn) = PYo + i(yr2n+l 4ot y'%), then ¢(y) =
Y (yo, y12 +-t y,z,,, Ymal,---, Yn) satisfies

.0 I3

(o(yOaanm-Ha""yn) = yy0+l(yr2n+1 ++yn2)

(8)

When m = 0, we take ¢(y) = yyo + i(y? + - + y2) so that the coefficient of p**?
vanishes.

The definition of E, and the function ¢ yield the following estimates of E,,
that is, there exists positive constants cp,c; such that

|E,| < expl—co(p®(¥? + -+ + &)+ p((Am p)yo + yly + -+ + ¥2))]
and
|E,| = exp[—ci(p2(p} + - + ¥2) + p((Im p)yo + Yoy + -+ ¥D))-

3. Asymptotic solution

In this subsection we construct the asymptotic solution vlﬂv = vy +
(1/p)o1 +---+ (1/p¥)ow of the equation E,'P,E,v = 0.

Taking account of the choice of ¢ and y, when m =0 we put

E;'P,E, = p**! (00 + ba(0)9},) +p*Ro +p° ' Ri + -+
and therefore
Ep"leE,,vf,v = p*T1 (9o + bn(0)p;, Yoo + p*[(90 + bn(0)p;, Jv1 + Rovo] + - - -
+p™ 1N [(@ + ba(0)9], Jon + Rovw—1 + -+ Ry_1vo] + -
we take v is the solution of the Cauchy problem:
(G0 + bn(0)@;, Jvo =0, v0(0, y1,..., yu) =1,
and v; (i=1,...,N) are the solutions of the Cauchy problem:
(80 + ba(0)@;, Jvi + Rovi—1 + -+ + Ricyvo =0,  0i(0, y1,...,yn) = 0.

Since it is easy to treat the case m =0, we omit this case from this time.
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When m > 0, then

E—IPE__S+2-/ . 25 2Zi+ _+_2/2 1+b(0)

p Lolp=p l(/’yoJ"Zl:/‘j yla_y;- lyjayn 0, +yje, n
j=

+ps+1R+psR0+ps——lRl+_”,

where R = 0o + 37 129, D; + 2y} 9, Dy + (Dj9y) + ¥} (Dnp},)) + ba(0)g}, , and
by the choice of ¢, we have

. & 0 ., 0
ip,, + Zuj (2yj5}; - 2zyj253)— +9, 24 vie,, 24+ 1) + ba(0)
j:

- 0 .5, 0 . =
= Wil 2y; — — 2iy: —) +igp, + ;i + b,(0).
jz_;]< 7oy, T Oyn g ;’ ©)

Hereafter we put A =" 1;(2y;(9/dy;) — 2iy}(9/0yn)) and co(yo, y) = i), +
Z}ll M+ b(0), then

ES'P,EnY = p™ (A + co)vo + p* (A + co)vr + Ru,) + -
+ o N((A + co)ow + Roy—1 + -+ + Ry_avo) + - - )

Now following Nishitani, T. [7], we shall solve the equation (A + ¢o)v = f in
formal series in y.

First we treat the equation (A + cp)vg = 0. Since A is degenerate on y’ =0,
the equation (A + ¢o)vp =0 is solvable in formal series in y’ if and only if
co(y0,0,»") =0, here y=(y',»") = (¥1,--+» Yms Yms1,---, yn) and this codition
is satisfied by the choice of y that is (7) and ¢. Taking account of this condi-
tion, we put co(yo, ¥) = D g ¢ (o, y")y"" and solve the equation in the form

00 (Y0, ¥) = 2opr 0% (30, »" )3
We substitute this in the above equation, then

(At oo =2 Zuf 200 (3o, ") — 2id,,0" ¥ (30, "))

+ Y F o,y (3o, ) | ¥ (10)

B'+y'=a’,p'>0

In order to determine {v* (1o, y”)} successively, we put the coefficients of y*
vanish, that is,
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j=1 j=1

+ 3 F 0y () =0 || 20 (11)
B'+y'=a','>0

here we note that we can take v° ( vo, y") free.

Next we put c#'(yo,y") = PIFY cB(3o)y"" and v (3o, y") = Zy,, v*(yo)y
and subsutitute this in the above formula, then

(A +coJvo = Z [(Z Zuﬂf)v ¥0) 22%%1’“ 2ten (yo)

//yll

+ D wamnﬂw

B+y=a,8">0

and we determine v*(yy) (Ja| < N’) successively for any integer N’ such that

(2”1: 2,ujocj> v*(yo) — iZiﬂjanv“"zeﬁe"(yo) + Z (y0)v"(y0) =0

j=1 j=1 B+y=a,p'>0
Therefore (A + co)vo = 0(|y|N/) and we denote this fact by (A + co)vo ~ 0.

Secondly we shall determine vy, vy,...,vy Which satisfy

(A + co)vr + Rop = O(|y|V),
(A + co)v2 + Rvy + Rovo = oy,

LRI

(A + co)vw + Roy—i + -+~ + Ry—z00 = O(|y™")
by the induction. Let f be a formal power series in y, then the equation
(A+co)pv=f

is solvable in the formal power series in y if and only if f(10,0, y”) =0 and we
call this the solvability condition.
Assume that we have obtained vg,vy,...,v, such that

(A + co)vo = O(|y™)
(A + ¢o)v1 + Rug = O(|y|Y )

(A +co)ve+ Rvs_y + -+ + Rpovp = 0(|)’1N,)-
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In order to determine v,,; such that
(A +co)vry1 + Ros+ -+ -+ Ry_jvg = O(Vy|N’),

we modify v, slightly to satisfy the solvability condition.
In fact, let w be (A +co)w ~ 0, then vy, vy,...,0, +w satisfy the above
assumptions, and the solvability condition is

R(vs+w) + Rovy—i +---+ Rr_ivg=0 on y' =0

and R can be rewritten

m

R = a0 + a()’O» y”) + Zy]rj(yv ay)
j=1
Now we choose w such that vy, vy, ..., v, + w satisfy the solvability condition.

Let set w(y) =3, w* (yo, y")y", then
m Ii I
Rl = (ao + a0 + S a») S (30 g
j-——l o! )

= aOWOI(y()? y”) + a(yO’ yll)wO/(yO’ y”)'

On the other hand, the solvahility condition is

£—1
Rw|,_g = — (Rv/ +> ij[_j_1>

Jj=0

y'=0

and set Rw = —(Rv, + Z;;OI Rivs_j—1) = g(»0, ¥") + O(]y']). Then the solvability
condition becomes

(30 + a(y0, ¥"))W" (o, »") = g(¥o, ¥").

Let w*(»o, ") be a solution of this equation, then we can obtain the solution of the
equation (A + ¢,)w ~ 0 in the form w(yo, y) = w*(¥0, ¥") + a0 w* (30, y" )" .
That is, this w(yo, y) satisfies the solvability condition with wvy,...,v, and
(A+co)w = 0(Iy").

Hence we can determine v,,; so that

(A +co)vrg1 + Rog+ -+ Rp_qvg = 0(|y|N,)~

4. Estimates
We set
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E,'P,E,uY = p (A + co)vo + p* (A + co)vr + Rop) + - -
+ o N((A 4 co)on + Roy_y + - - - + Ry_av0)
+ o "N (Roy + Rooy_1 + -+ ) + - --
=" fo(y0, ») + P fi (o, ») + -+
+p 2 N fw (v0, ) + p° N (00, v p)
and take C* function with small support y whose value is 1 near the origin. Then
PoxEp) = xE,[p°fo(y0, ») + 2" fi(30, ¥) + - + 2" i (30, »)

+ 0" N (30, i )] + [Py X Epp),

where [P,,x] denotes the commutator of P, and y.
Now we estimate ||(xE,,vlf’)(0, o from below. We have

“(XEPU;V)(O,')HO > dp~ /4 for large p.

Concerning the right hand side, we have

0
| B0l s s p ™R =12,

(—Imy

and

0
C
| ieEar 0.2 2l o < s

(—Imy

further since (Im y)yo + |y|* >6'(> 0) on [Py, X]Epv) # 0, we have

0
[ 1 0, o < et

From the well-posedness, the inequality

C

B —(m+n)/4—(s+1)q <
g ~ (-Imy

)(ps+2+2q—N +ps+2+2q—N’/2) + Ce—éop
holds for any large p and any integers N and N’, and this is the contradiction.
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