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Introduction

Let
A(t,D,, D)) = D™ + a(t,D,)D" ' + ... + a,(t,D,)

be a linear partial differential operator, where a;(¢,¢&) is a 4% (0, T')-function of ¢
with a parameter £(e R") satisfying

SUPo. 7| Dia;(t,E)| < C(1 + |E)PY (r=0,1,2,..., R,
where C, >0 and p(r) =0, and consider the Cauchy problem (P):

A(t,D;, Dy)u = f(t, x) in {0<t< T,xeR"},
D/u=gi(x) (j=0,1,...,m—1) on {t=0,xeR"}.
Under what conditions is (P) well-posed in H*(R")? The answer must be

thought very easy, because the problem (P) can be reduced to the Cauchy
problem of ordinary differential equations (P"):

A(t, Dy, E)u” = f7(¢,8) in {0<t< T},
Dlur =g/ (&) J=0,1,....,m—1) on {r=0},

where " is the Fourier transform of f with respect to x. But it is not so easy,

because we have not explicit solutions in general. Of course, if a;(z,£) is in-

dependent of ¢, it is well known that (P) is well-posed in H*(R") iff there exists
C > 0 such that

Imz;(&) =z —Cloglé| (i£]22) (j=1,2,...,m)

Received May 11, 1998.
Revised December 25, 1998.



254 Reiko SakaMorto

holds, where

A(7,8) = (t = (8)) -~ (v = wm(€))-

On the other hand, if a;(z,£) depends on ¢, the structure of well-posedness is not
so clear, although we have many sufficient conditions for well-posedness, e.g.
parabolic, hyperbolic, Schrodinger, etc ...

Recently, Y. Shiozaki [1] considered the Cauchy problem:

{02 4 t*|D|" + at’|Dx|"}u=0 in {0 <t<T,xeR"},
dlu=gi(x) (j=0,1) on {t=0,xe R"},

where 22m>n>0,k=>0,7/2=0, ae C, and he obtained the following results.
I. In case when Ima # 0, it is well-posed iff

(*) n<m/2
and
(%) (¢+2)/nz(k+2)/m.

II. In case when Ima =0 and o = 0, it is well-posed.
III. In case when Ima =0 and a <0, it is well-posed iff

(%%) (+2)/nz=(k+2)/m.
Similarly, S. Tarama considered the Cauchy problem:
{02 — exp(—2t7)02 — iat’ exp(—t")dx}u = f(t,x) in {0 <t< T,xe R"},
0fu=gi(x) (j=0,1) | on {t=0,xeR"},

where h >0, /e R, a € C, and he obtained the following results.
I. In case when Ima # 0, it is well-posed iff

(%) {2 -h—1.
II. In case when Ima =0 and o # 0, it is well-posed iff
() £ = —-2h—1.

Their interest is concentrated on weakly hyperbolic equations. But similar
situations are widely seen in the field of evolution equations. There are many
studies on Schrédinger equations with variable coefficients, which depend on x
(:space variable), but do not depend on ¢ (:time variable) ([3], [4],..). This paper
is an attempt to study evolution equations with coefficients depending on ¢, by
generalizing Tarama-Shiozaki’s method.
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§1. Assumptions and Results
Let us state assumptions on
A(t,1,E) =" + a1 (t,E)T™ 4+ -+ an(t, &)

in the followings. The interval (0, T') is split into a finite number of sub-intervals
I, = (Th_l(f), Th(f)) for ’fl > Ky (/1 =0,1,...,N, Ky > 0), where

0=T,1<T) <& < - <Tna(&)<Tn=T

such that A(¢,7, &) satisfies Condition(A4) in [y and A(z,7,¢) satisfies Condition(B)
inl, (h=1,...,N). We say that A(¢,t,¢) satisfies Condition(4) in I, iff it holds

(A) g, =C (=1,...,m, (1,&)ely),
where we use the notation
I~ ={(t,)|1e1,|¢] > Ko}.
We say that A(¢,7,&) satisfies Condition(B) in an interval I = (a(&),b(¢)) iff it
holds that there exists a weight function ¢(¢,¢) (> ¢ > 0) defined in 7~ such that

b(&)
(@) j 8(1,&)drt < Ki loglé]

and

A(,7,8) = P(6,7,8) + Q(1,7, ),

P(t,7,8) = " + p(6,E)T" 7 + - 4 p(1,8)

= (t—n(£¢)) - (r — wm(t,9)),

0(6,7,8) = (1, E) 7" + q2(1,E)T" 2 + - + gm(1,£),
where P satisfies (B-1), (B-2), (B-3)y, (B-4),, and Q satisfies (B-5), as follows.
(B-1)  {t(t,&)|j=1,...,m} are distinct for (t,¢&) eI~ and satisfy

(6 2 [t 8)] = -+ = (2, 8],
(B2) IO/ (8 - wt O SC (<k jhk=1,....m (4&el™),
(B-3), Imz7;(t,8) 2 -Cp(1,&) (j=1,....m, (1,{)el™),

(B-4),  IDi(1,9)l/I5(,0) = Co(1,8) (G=1,....,m, (1,8)el™),
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(B-5), 19;(£, )] = Ch(1, )| (8, ) |72(1,€)] - - - |7j-1(2, )
(j=2,3,....m, (t,&)el™),
|ql(taé)| = C¢(taé)) (taé) el”.
REMARK. ¢ in (B-3)4, (B-4)4, (B-5)4 may be replaced by ¢, ¢,, ¢; satisfying

(@). In fact, if (B-3)4,, (B-4)4,, (B-5)4, are satisfied, then (B-3)4, (B-4)4, (B-5)4
are satisfied, where

¢ = max(¢1 ’ ¢2, ¢3)

THEOREM. For

A(tv Taf) - ,rm + al(tvé)rm—l +--- +am(taé)7

the interval (0,T) is assumed to be split into a finite number of sub-intervals
Iy = (Th—1 (&), Tu(&)) (h=0,1,...,N) for |&| > Ko (Ko > 0), where

0=T_< To(f) < T](f) <. < TN_l(é) <Ty=T,

such that A(t,t,&) satisfies Condition(A) in Iy and A(t,7,&) satisfies Condition(B)
inly (h=1,...,N). Then the Cauchy problem(P):

A(t,D;, Dy)u = f(t,x) in {0<t<T,xeR"}
Dlu=gj(x) (j=0,1,....m—1) on {t=0,xeR"}

is well-posed in H®. Namely, for any data
feH®({(0,T)xR"), gieH*(R") (j=0,1,....m—1),
there exists a unique solution
ue H*((0,T) x R")
satisfying (P).

This theorem will be proved in §3-§6.
§2. Examples

ExaMpPLE 1. Let us consider Shtozaki’s operator
A=12—tHE" —at’1E]" m>nz=0,k=0,/=0),

and see the relations between {(x),(x*)} and {Condition(A), Condition(B)}.



Well-posedness of Cauchy problems 257

Since
(A) Em <o, e <G
1s equivalent to
(A) K ¢, K =min{(k+2)/m, (¢ +2)/n},
Condition(A) is satisfied in (0, Tp(¢)) with
To(¢) = al¢[ ™/,

where J is any positive constant. Now, let us consider Condition(B) in (T(¢), T)
in the following cases I)-III).
I) (The case when Ima # 0.) Set

P=12—KE", Q= —at’|E|".
Since
P=(c—n)(t—n), u=0"""? n=—>"2
we have
11 #7172, |ul=lul, |yl/ltn—-nl=1/2, Imz =0,
therefore, (B-1), (B-2), (B-3)y are satisfied. Moreover, since
|Detjl/ |7 = (k/2)7",

(B-4); is satisfied with ¢(¢) = ¢~!, where we remark

T
J t1dt =log T —logd + K 'log |¢|.
To(¢)

On the other hand, (B-5); with ¢(¢) = ¢! is that
1Q1/15] = |t *1g" ™ < !
holds for any te (To(¢), T) = (6|¢|7V*, T), that is,
t""/2+1|§]"_’"/2 _ t/—k/2+1+(m/24n)K(tK|6|)*(m/2—") <C

holds for any ¢ € (Ty(&), T) = (6|¢|"/%, T). For this, it is neccesary and sufficient
that

m/2—nz=0, ({/—k/2+1)+(m/2—-n)K 20,
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that is,
(%) n<m/2,
(*%) (¢ +2)/nz=(k+2)/m.

II) (The case when Imoa =0, a > 0.) Set
P=A=1—Fg|" —at’|¢|" = (r—t1)(r— 1), @=0.
(B-1), (B-2), (B-3)o are satisfied, because
u#1n, |lul=lnl |gl/ln-nl=1/2, Imz;=0
for 0 < t < T. Moreover, (B-4); with ¢(r) = r! is satisfied, because
1Dl /15| < ((k+2)/2)17 "

III) (The case when Ima =0, a <0.) Set P=4 and Q = 0. Let us remark
that

2(Jof 2?1y < £*lE™
holds iff

t'lg) > 2oV, K= (k= ¢)/(m —n)
holds. Therefore, set
T.(8) = (2a) /g7,
then we have
n#n, |lnl=lul, |y/ln-nl=1/2, Imy=0, |Dgl/lyl <2k

in (T,(&),T), which means that (B-1), (B-2), (B-3)o, (B-4)s with ¢(¢) = ¢! are
satisfied in (7.(&), T). Set

&= (2o) 7,
that is, set
To(¢) = l¢[™/% = (2l " * g7V,
then we have T.(¢) < To(&), if
K = min((k +2)/m,(¢ +2)) < (k- ¢)/(m—n) =K',
that is, if

(%) (¢+2)/nz(k+2)/m.
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Hence (B-1), (B-2), (B-3), (B-4), with ¢(r) = ¢7! are satisfied in (To(¢), T), if
(*x) holds.

Our [Theoreml maintains the followings.

I. In case when Ima # 0, it is well-posed if

(*) n<mj/2
and
() (¢+2)/nz(k+2)/m.

II. In case when Ima =0 and « = 0, it is well-posed.
III. In case when Ima =0 and « < 0, it is well-posed if

(%) (+2)/nz(k+2)/m.

ExaMPLE 2. Let us consider a version of Tarama’s operator
A =12 — tFexp(—mt™)|E|" — at! exp(—nt™M)|E]" (m>n>0,h>0,k,1eR).

If m=2, n=1, k=0, then 4 is nearly equal to Tarama’s operator.
Remark that

(A) 2 exp(—mr")|E|" £ C, 1P exp(-ntM)|E" £ C,
is equivalent to
(A) tXexp(—t™) £0)¢)7!, K =min((k +2)/m, (¢ +2)/n).

Since tX exp(—t") is strictly incresing in (0,7) (T:small), there exists unique
t = To(&) such that

X exp(—1") =6l
satisfying
(1/2) logl¢| < To(&)™ < 2log|¢]

for |¢| > Ky (Kp:large). Then, Condition(A4) is satisfied in (0, To(&)). Now we
consider of Condition(B) in (7p(£),7T) in the following cases I)-III).
I) (The case when Ima # 0.) Set

P=1—tfexp(-mt™")|¢|", Q= —at’ exp(—nt™)[¢]",

then we have
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P=(1—1)(r - ),
7y = t*/2 exp(—(m/2)17")&|"™"?,
1 = ¥ exp(~(m/2)r")|¢|"",
and
u#7, |ul=lnl, Igl/ln—-l=1/2, Img=0,
therefore, (B-1), (B-2), (B-3)y are satisfied. Moreover, since
IDjl/Iy| = (k/2)t™ + (m/2)h "7,

(B-4), is satisfied with ¢(r) =t in (To(&), T), where we remark that ¢(¢) =
t~"~1 is a weight functin satisfying (®) throughout in (7o(&), T), because

T
| et = @ - T s 20 ol
To()

On the other hand, (B-5)4 with ¢(z) = ¢! in (To(¢), T) is that
101/I5j] = |t ~*/(exp(—17")|g]) =™/~
= |a|t/’—k/2+(M/2—n)K(tK CXp(—t"’)|{|)‘('"/2—n)
< Ct_h_l

holds for any ¢ e (To(&), T). Therefore, (B-5); with ¢(z) = 1 in (To(&), T) is
satisfied if

m/2—-nz=0, (£{—k/24+h+1)+(m/2-n)K =0,

that is, if
(%) n<m/2,
(x%)’ {(£+2)/n—(k+2)/m}+2h/m = 0.

II) (The case when Ima =0, a > 0.) Set
P=A=1>—tlexp(—mt™)|&|" — at’ exp(—nt™)|¢]", Q0 =0,

then Condition(B) is satisfied with ¢(z) =t~ in (To(¢), T).
III) (The case when Ima =0, a < 0.) Set

F = tYexp(—mt™)|¢|", G = at’ exp(—nt™")|&]",
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then |G| < F holds iff
* exp(—)[E] > o ", K = (k= 0)/(m—n)
holds, that is, iff T7(¢) <t < T, where ¢ = T (&) is defined by
tX exp(=r")[¢] = o /0.
In the same way, 2|G| < F holds iff 75(¢) < ¢t < T, where ¢ = T5(¢) is defined by
tK exp(=)g] = (20a) /.
Moreover, from the definition of {T;(¢)},_y ;,, we have
Ti(&) < Ta(€), (1/2)log|él < T(¢)™" = 2logl¢] (|¢] : large).
III-a) When T3(¢) <t < T, set
P=t*-F-G, 0=0,
then we have
P=(—-1)(t—1), un=F+&Y? 1n=—(F+a6)"

Since F > 2|G|, (B-1), (B-2), (B-3)y are satisfied. Moreover, (B-4); is satisfied
with @(7) = "1, because

Dij/5| = [DF + @)'*/(F + G)'*| = (1/2)|D(F + G)/(F + G)|
<|D(F + G)|/F £ ct™" 1.
Here we remark that K = K’ holds iff
(%) (+2)/nz(k+2)/m
holds. Therefore, if (xx) is satisfied, set
& = (2af) /"
then we have

T2(8) = To(§)  (|¢] - large).

Hence, Condition(B) is satisfied in (7((&), T), if (+*) is satisfied. If (%) is not
valid, that is, if K < K’, then we have

To(8) < T(&) < T2(&) (I¢] : large),

whose case is considerd in the following III-b) and III-c).
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III-b) When T)(&) < t < T»(¢&), set
P=1-F, Q=-G,
then we have
P=(t—1)(t—12), 71 = F'2 1, =_F2

therefore we have (B-1), (B-2), (B-3)o, (B-4)4 with ¢ = ~*~1. On the other hand,
since

/7| = |GIF~'/? < F'/?,
(B-5), is satisfied with ¢ = F!/2. Since

T T,
| Fa= [ exp-my2)e ) afe
T T

< Cmax;— o T exp(—(m/2) T} ™
<c maszlyz{T}k/2+h+l—K’m/2}
< C"(log |é|)—{k/2+h+l—K’m/2}/h’
W = F'/2 satisfies (@) if
—(k/2+h+1—-K'm/2)/h <1,
that is, if
(x%)" {(¢+2)/n—(k+2)/m}+4h(1/n—1/m) = 0.
ITI-c) When Ty(¢) <t < Ty(&), set
P=t*-G=1*+|G|, Q=-F,

then we have

P=(—-u)t—1), u=iG"% w=-iG"?
therefore

T #7, |ul=lnl, |y|/ln-1nl=1/2

and (B-1), (B-2) are satisfied. Moreover, since

\D,t;/5| = |DIG|*/|G)'?| = (1/2)|D,G/G| < Cr*,
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[B-4), is saisfied with ¢ = "1, On the other hand, since
| = |G|,
0/5| = F/IGl =16/'",
B-3),, (B-5), are satisfied with y = |G|'/?. Since
W 7

T, T
J lel/Zdz:J 112 exp(—(n/2)t™") di|&|"*
To TO

< Cmaxj—o {T;*"* exp(—(n/2) T ") }1&"*
é C/maX{Tg/2+h+1—Kn/2, Tlf/2+h+1—K’n/2}
< C//(‘log'él)—{f/2+h+l—-K’n/z}/h,
¥ = |G|'/? satisfies (@) if
—(¢/24+h+1-K'n/2)/h <1,

that is, if
K' < (¢/2+2h+1)/(n/2),
that is, if |
(x%)" {(£+2)/n— (k+2)/m}+4h(1/n—1/m) = 0.

From III-a), III-b) and Ill-c), Condition(B) is satisfied in (7o(&),T) if (»*)”
holds.

Our maintains the followings.

I. In case when Ima # 0, it is well-posed if

(*) n<m/2
and
(x%)’ {(¢ +2)/n— (k+2)/m} +2h/m = 0.

II. In case when Ima =0 and « 20, it is well-posed.
III. In case when Ima =0 and « < 0, it is well-posed if

(xx)" {(¢+2)/n— (k+2)/m}+4h(1/n—1/m) = 0.

REMARK. Let m=2, n=1, k=0 in Example 2, then (x) is trivial, ()’
becomes (%) and (x*)” becomes (¥r%).



264 Reiko SAKAMOTO

§3. Standard Systems of Equations

Let us consider a system of equations (S):
(D — (6, &) + Zi<ksmBi (6, = f; (J=1,2,...,m).
Let us say that (S) is (A)-standard in Iy iff it holds that
Imz(t,&) =2 —-Cr' (j=1,....m, (1,&)ely),
Bt Crt (ik=1,....m, (t,&)ely).
Let us say that (S) is (B)-standard in I = (a(&),b(&)) iff it holds that
Imz;(1,8) 2 -C¢(1,8) (G=1,...,m, (t,{)el™),
Bi(t,E) = Co(1,8) (ik=1,....,m, (1,{)el”),

where ¢ is a weight function satisfying (®).

LemMA 3.1. Assume that {u;} satisfy a (A)-standard system of equations
(D: = 1(, )y + Zr sk cmBu (L, Due = f; (G=1,2,...,m)

in I, then there exists ¢ >0 such that

t

Tizjzmlti()]? £ t;{tl—czlgém'uj(tl)’z + Jtz S“£1§j§m|fj(s)|2ds},
|
(1,8), (82, E) eIy (0 < 1y < 1y).
PrROOF. Since
£ — wf; = {(D: — v)wit; — wi(Dy — 1)us} + {EuBpunity — w ZaByan }
= —i{at|“jl2 +2Im Tj|uj|2} + Zie{ Bueunts; — ,@uﬂ?k},
and since

Imz(1,&) 2 -Cr' (j=1,...,m),

Iﬁjk(t)é)|§Ct-l (j’kzlv-'wm),
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we have
o Zlu® < Cie7 'Sl + Z| 1),
that is,
0E < Cit 'E+F,
where

E=% >, F=3]f,
Hence we have
0{t™“E} = t7°F (c= (1),

that is,

15)

E(t) £ tg{tl‘CE(tl) +J §T°F(s) ds}. O

n

LEMMA 3.2. Assume that {u;} satisfy a (B)-standard system of equations
(Dt - Tj(ta é))uj + Zl§k§mﬁjk(ta é)uk = fj (.] = 1727 s 7m)

in I = (a(&),b(&)), then there exists ¢ > 0 such that

17}
512 2mliy ()] < |éf0{>:1§,§m|uj<n>!2 +| 21§j§m|fj(S)l2ds},

141

(11,&), (12, E) e IT(0 < 1) < 1).
PrROOF. Since
fjl_lj - lljfj = {(Dt — rj)ujﬁj — Uj(Dt — Tj)uj} —+ {Zkﬁjkukl_lj — szkﬁijk}
= —i{0/|w|* + 2 Im t;|u;|*} + Zu{ Bttty — By},

and since
Imz(1,¢) 2 —C4(1,¢) (=1,...,m),
Bi(t,8) = Co(1,E) (j,k=1,...,m),

we have

aZlu|* £ CioZluw)® + 311,17,
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that is,
0,E < Ci9FE + F,
where
2
E=3%ul’, F=3x]f,"
Set

t

o(t,8) = |

a

¢(s, &) ds,
43

then we have
d{exp(—C1®(1,&))E} < exp(—C1@(¢,£))F,

therefore,

E(t;) < exp(C1D(12, é)){E(z,) + r exp(—CiD(s, &))F(s) ds}.

n
Since
1 Sexp(C1®(1,8) < E|°, c=CiK

from (@), we have

n

E(n) < |z|f{E<n> +|

41

F(s) ds}.

§4. Energy Inequalities in (0, 7¢(&))

Set
A(t’ Dtaé) = D;n + a()l(t’ é)Dtm—l +-+ aOm(t, é)a aok = 4k,

then we have
DIA(t, D, &) = D" + a; (4, E)D" ™" + ap(6, YD 72 + - 4 a5 maj(1,E)

lai(1,8)] £ G+ €)Y (k=1,2,....,m+j, j=0,1,2,...),

where
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ajl(za é) = aj—| l(ta é)a
ap(t,&) = (Daj—1 1)(t,&E) +aj1 2(t, &),

aj3(t,&) = (Duaj—y 2)(t, &) +aj—y 3(1,E),

aj mj-1(t,&) = (D1aj—1 myj—2)(1,8) + aj—1 maj-1(t, &),

@ mij(t,€) = (Dej—1 m4j-1)(1, ).
Let us define
Imsj = (D11)(0) — {@j1(0,)gmij—1 + @20, E)gmsj—2 + - -+ + & m;(0,E)go}
(j=0,1,2,...),
then the solution u of the Cauchy problem(P"):
A(t, D, Hu(t) = f(1) (0 <1< Tp(8)),
{D,ju(O):gj (Gj=0,1,...,m—1),
satisfies
D"u(0) = gy, (j=0,1,2,...).

The following lemma is clear by the definition of {g;}; 5 .-

LemMA 4.1. It holds
Zosjsminmlg] < Car(1+ €)™ (Zo< < m| D f(0)] + Zo< j<m-1]9j]}
(M=0,1,2,..., £€ R,

where q(M) = p(0) +p(1) + - + p(M).
Using [Lemma 4.1, we have

LemMA 4.2. Set
uo(t) = o< j<m-1+m(g;/J)Y,
fl (t) = f(t) - A(tv Dtaf)uO(t)a

then it holds
(D/f)O0)=0 (j=0,1,...,.M—1),
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and
Zo<j<m|DIf1 ()] < Zo<<m|DIf(2)]

+ Cu(1+ ) ™NZo< j<m1| DI F(0)] + Bo< j<m-1lgj]}-

COROLLARY 4.1.

MO £ Cu(1+ 1EN) ™ Zo < j< b SUPgc,i| DL (8)] + Zo< jemi1]gj]}-

Proor. Since

110 = {1y | MM 1) (1 — 5) ds,

0

we have
F1(0)] £ (M) ™ supg s | (82 f1)(s)]. O
Now change the unknown u into u; by
ui (1) = u(t) — uo(2),

then the Cauchy problem (P*) is reduced to the problem (P"),,:

A(t, Dy, (1) = f1(1) (0 <2< To(8)),

Dlu;(0) =0 (Gj=0,1,....m—1+ M),

where (D/f)(0)=0 (j=0,1,...,.M—1).

LeEMMA 4.3.  Assume that Condition (A) is satisfied in Iy = (0, To(&)), and that
uy satisfies
A(ta Dt, é)ul(t) = fl(t) in 10-
Then
vj=(D)u (j=0,1,...,m—1)

satisfy
( D,vy = t’lvl,

Dy = t_lvz,

L Dtvm—l - t_l{_bl(ta é)vm—l = bm(t, C)UO} + tm_lfl(t7 i)a
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where

b;(1,8)| < C in I

Namely, {v;} satisfy a (A)-standard system of equations.

Proor. Let us denote
1" A(t, Dy, &) = 1" D" + tay (,E) (™D £ ", (2, &)
= (tD)" + b1 (1, E) (D)™ + -+ b(2,E),

then we have
lbj(taé)l é C in IO~

from Condition(A). Set
vj=(tD)u (j=0,1,....m—1),
then we have

( D,vo - t_lvl,

D{U] = l"lvz,

{ Divom—1 = t_l(—blvm—l —_— — meO) + tmalfl

from Au; = f}. O]

PROPOSITION 4.1. Assume that Condition(A) is satisfied in Iy = (0, To(&)),
then there exists ¢ >0 and C' > 0 such that

. t
Sos jzmat | Dl (1) < C/re2m+2 j s 0 () 2ds ((4,8) e 1)
0
holds for uy satisfying (P"),, with M > c¢/2 —m.

PrOOF. From and Cemma 4.3, we have
—c42(m— : 2
P2V < jem1|Diuy (1))

< C't %< jem1| (D) uy (1)]*

< c'{f'-‘zog,gm-lt(rD»ful(r)iz + ’s-f+2<m-”\f1(s>|2ds}

T
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(0 < 7 < t). Since
Zos jem-1|(zD:) w (7)| = 0(z"H),
we have
7T jem1|(tDe)w (7)* = 0z~ - 0 (7 - 0),

if M >c/2—m. Hence we have
. t
DT i emot [ DI (1)) < C’J 52D £ ()P ds (M >¢/2—m). O
0

Now we come back to the problem(P"), then we have

ML) = Cu(1+ 1) T M Zo< j < v 5uPgsi| DI (5)| + Zos jsm—11g51}

from [Corollary 4.1. Therefore, we have from [Proposition 4.1.

PROPOSITION 4.2. Assume that Condition(A) is satisfied in Iy = (0, To()),
then there exist C >0 and M > 0 such that it holds

Zo<j=m-1 SuP10|Dzj”(t)|
< C(1+ |&) ™ {Zos s m supg,|IDIf (O] + Zogjsmlgil}, (6.8 €15
where u satisfies (P") in I .
§5. Condition(B)
At first, we consider conditions (B-1), (B-2), (B-3)4, (B-4)s about
P(ty T, é) =" + D1 (t> é)Tm_l +-- 4+ pm(tv é)
= (r—n(t,8) - (t — (2, £))-
LEMMA 5.1. Assume that P(t,t,&) satisfies (B-1) in 1™, then
Pj(t,‘l',é)=Hk¢j(T—Tk(t,é)) (.]=1727am)

are linear independent polynomials in t, and satisfy (B-5)| in I™.



Well-posedness of Cauchy problems 271

PrROOF. Set

Pi(t,7,8) = i wj(1 — (1, £))
=1t St Ek<h,k,h¢jfkrhfm_3 — ot (—l)m_lnk%ﬂk
=" 4 byt 2 4+ by,

then we have
|b2| < Clry,

|b3] = Clui] |z,
bm| < Clra] f72] - - - [Tm-1]
from (B-1). O
LEMMA 5.2. Assume that P satisfies (B-1), (B-4)4 in I~ then

Pi(t,7,&) = (0.P;)(1,7,¢)
satisfies (B-5)g in I~ .
Proor. Set
Pi(t,7,&) = 0Tk z(t — (2, €))
= Zrj (=7, (6, ) ic e (7 — e (1,€))
= T (=TT = Dherj, ekt + Sk b, THTHT =
+ (= 1)" Mg, i}
= Z/#(——T}/w){rﬂ"’_z — Tka#,ﬂkT"’_?’ + .-
+ (=) 21, 0 }
= z;#(‘—r;,/w){b,zrm—z + b3t 4 4 b}

then we have
|bs] < Cltil,

|bs3| = Clti] |12],

|bsm| £ Clty| 2| - -+ |Tm1]
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from (B-1). Since
|77/te| £ Co

from (B-4)4, P| satisfies (B-5). O

Next, we consider (B-5); about

Q(ta 7, é) = ql(t’ f)Tm~1 +oot qm(tv é)
= Z1<j=mb;(1, O Pi(2, 7, ).
LEMMA 5.3. Assume that P satisfies (B-1), (B-2) in I~, then Q satisfies
(B-5)¢ in I~ iff
Bt Ol = Co(1,8) (=1,....m, (1,5)el™).
Proor. Since sufficiency is easy from [Lemma 5.1, we concider necessity.

Since {t;} are distinct, we can descrive a closed curve I';, on the complex plane,
enclosing only 7 =17;, and we have

566 = 2m)™ | Q(tv,8)/Pl7,8)de

T

- (2ni)™! j O(t, 1, ) /{TTy cxam(t — 74)} dt

L

= 08,7, &) /ATl <k gm ke # (T — &) }

Therefore we have
1B;(1, )| = 19(2, 7, O/ Thiezjl7j — ]

< {algl™ ™ + -+ gl Miesslzy —

< CH{lyl" "+l g™ 2+ ] e |}
/Al — e Thesjlty — wel} - (77 (B-5))

< C'{hl™ ™ + g™+l |}
/{5l lhaal} (0 (B-2))

= C'¢{R; + R},

where
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Ry =1
Ri= gl lal - lyal + gl el gl + -+ gl /-] + 1
(j=2,...,m),
Ri =1+ |gl/Igl + [yl [l /51 + - 4 [l ool /15"
G=1,...,m=2),
R, =1 R. =0

Hence we have

1B;(£, &) = mC'¢ (" (B-1)). O

LEMMA 5.4. Assume that P satisfies (B-1), (B-2) in I~ then

mi(t, 7, &) = 11(t, E)72(8, &) - - - Tm(2, é)rj‘l (j=1,....m—1),
Ty = 77!

are linearly independent polynomials in t in I~. Set

ch(ta T, é) - Z1 §k§mﬁjk(t7 é)Pk(t7 T, é)?
P](t$ T, f) - zl§k§majk(ta é)nk(tv T, é)?
then it holds that

o (£, O < C, |Bi(1,9)] £ C.

PROOF. Since 7;(t,7,¢) satisfies (B-5);, we have
nj(t7 7, f) = Zlékémﬂjk(tv é)Pk(tv T, é)’ Ilgjk(t’ é)' =C

from Lemma 5.3. On the other hand, since
Pi(t,1,&) ="+ bj (6, E) T2+ 4 bim(1,8),
|bjx (2, &) = Clri (1, &) |2 (1, )] - - - [rae(1, O],
we have |

Pi(t,7,&) = Zicksmtix (1, E)me (2,7, 8), o (t, &) £ C. O
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§6. Energy Inequalities in (7)_;(&), Th(£))
Assume that
A(t,7,8) = P(1,7,8) + Q(1,7,{)
satisfies Condition(B) in I = (Tj-1(&), Th(&)), where
P(t,7,8) = (1 —11(1,)) - - (z — (2, €)).

Set
Pj(t, T, é) = Hk;éj(T - Tk(ta é))v

then we have
P(1,D,,&) = (D, — 7(1,£)) P;(t, Dy, &) + i(0.P;) (¢, Dy, &)
Set
A(t, D1, &) = (Dy — 7;(1,8)) Py(1, Dy, &) + {i(0:P)(t, D1, &) + Q(1, Dy, &) }
= (D: — 7j(1,$)) Pj(1, D1, €) + Q(t, D1, ©),
then Q; satisfies (B-5)4, from [Lemma 4.2, therefore
Q;(t,7,8) = Zi<k<mPin (1, &) Pic(1,7,£),

where

1Bi(1,8)| = Co(1,¢) (J=1,....m, (1,{)el™),
from [Lemma 3.3.

LEMMA 6.1. Assume that Condition(B) in I = (Tp-1(&), Th(&)) and u satisfies
A(t, D, u=f, tel.

Set
U = Pj(l, D,, f)u,

then {u;} satisfy
(Dt - Tj(t, é))uj + El§k§mﬂjk(ta é)uk - f (.] = 1’2’ o 7m)7

where
Imz;(¢,8) =2 -Cé(t,&) (j=1,...,m),

|ﬂjk(t’é)| = C¢(t’é) (jvk = la---am)

in I~, that is, {u;} satisfy a (B)-standard system of equations in I



Well-posedness of Cauchy problems 275

From [Lemma 3.2 and [Lemma 6.1, we have
PROPOSITION  6.1.  Assume that A(t,t,&) satisfies Condition(B) in I =
(Ti1(8), Tk (&), and that u satisfies
A([, D,,f)u = f in 1™.
Then it holds

i< jzm|P;(t, Ds, E)u(t)|?

t

= |f|c{21gjgm|Pj(t,Dz,«f)u(Tk_l(é))lz—+—J [f(s)2ds} in I™.

Ti-1(8)
LEMMA 6.2. Assume that A(t,7,&) satisfies Condition(B) in I = (Tp—1(&),
Tw(&)), then it holds
ai|D] Ul £ Eigj<ml Pi(t, Dy E)ul £ €2|¢| o jzm1|Dlul, in I7,

where ¢ = mp(0).

PrROOF. Set
mi(t,7,&) = 11(1,E)12(2,E) - - - Ty (1, f)rj"l (j=1,...,m),
then we have
(8,7, &) = 1 <kzmPi (6, O Pi(8,7,8),  Ba(1,8)| = C
from [Lemma 5.4 therefore
|7i(t, Dy, E)ul < CZi<ko<m|Pr(t, Dy, E)u.
Since 7, (t,D;,&) = D™! | we have
cllD;"_1u| < Zi<j<m|Pi(t, Dy, E)ul.
On the other hand, we have
Pi(t,7,&) = Zi<kegmoie (1, Omie (1,7, 8), o (1,8)] = C
from Lemma 5.4, therefore
|P;(2, Dy, )u| = CEi<kesm|mi(t, Dr, S)ul.

Remarking that
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5l < Cler?,
we have
I7(2, Dy, &l < CI2| PO |DY
therefore
Z1< j<m|Pi(t, Dy, E)u| £ €2|€| o< j<m—1|Dul. 0

PROPOSITION  6.2. Assume that A(t,t,&) satisfies Condition(B) in I =

(Th=1(&), Th(&)), and that u satisfies
A(t,D,,Eu=f in I~.

Then it holds

To< j<m-1|Diu()|?

< Clel*{ Zoz emrl D Tir @) + | . r@Fds} 1.

PrOOF. We have

t

DI () £ Ol {Bas szl T @D+ [ (P} i 1

Tp1(8)

from [Proposition 6.1 and Lemma 6.2. On the other hand, since

. - t .
ID{u(t)IéID{u(Th-l(é))l+J DI\ u(s)|ds in I~
Th-1(&)
we have

Zo0<j<m_2|Diu(r)|?

t

<z enalluTia@F + | iopuePas) m. O

Th1 (&)

The theorem stated in §1 follows directly from

PrROPOSITION 6.3. For

A, 1,8 =t + a1 (, )T + -+ am(t, ),
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the interval (0,T) is assumed to split into sub-intervals I, = (Tp_1(&), Ty(E)) for
&l > Ko (h=0,1,...,N, Ky > 0), where

0=T_< To(f) < Tl(f)< e < TN_l(é) <Tn=T,

and A(t,t,&) satisfies Condition(A) in Iy and Condition(B) in I (h=1,...,N).
Let u be a solution of (P"), then for any u (= m— 1), there exist positive
constants Cu, c(u), M(y) such that it holds

Zo< j<usup; | Diu(t)|?
< Cu(1 + 1) ““{Zo< < miw SupfI DL f(0)]* + Zo< j<m-1lg51%}

in (0,T) x {|¢] > Ko}.

Proor. From [Proposition 4.2 and [Proposition 6.2, we have

Zox j=m—1 5up;|D{u(®)]* < C(1 + 1&)){Zo< j<m sup; DI (D + Zo< j<m-1917}-

Energy estimates for derivatives of higher order than m — 1 follow from the
equation A(t,D,,&u = f. O
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