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ON THE STOKES MATRIX FOR
A FAMILY OF INFINITELY DEGENERATE OPERATORS
OF SECOND ORDER
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Michael REissic and Karen YAGDIIAN

0. Introduction

In hypoellipticity and local non-solvability were studied for a special
family of infinitely degenerate operators of second order. The family of operators
was chosen such that for ¢ € (—n/2,7/2) the operators P, are degenerate elliptic
besides for ¢ = + Z. In these cases the operators are weakly hyperbolic. More
precisely, the family of operators {Py},c0/2)

(0.1) P, = D? + ¥t * exp(—2|t| ") D? — b(t)e*t* exp(—|t| ™" ) Dx

was considered, while

b_eC when 7 < 0,
(0.2) b(t) = {

b,eC when ¢ > 0,

is a piecewise constant function. In hypoellipticity and non-hypoellipticity for
P, were studied in the cases b, = b_ and b, = —b_. In both papers [17] a
connection between hypoellipticity for degenerate elliptic and effect of branching
of singularities for weakly hyperbolic operator was mentioned. The full classi-
fication for hypoellipticity in and for branching properties for the corre-
sponding weakly hyperbolic operator in [I] makes it possible to conclude an
interesting connection.

“The weakly hyperbolic equation P,,u = 0 has a solution whose wave' front
set coincides with a simple ray passes through the origin (0,0) and is completely
reflected by it if and only if the operator Py is not hypoelliptic at the origin.”

This observation seems to be new and very interesting in the theory of
degenerate partial differential operators. Is this observation a chance for the
special family of operators [0.1), [0.2)? May be not, because one can find the
same connection for a special family of finitely degenerate operators. It follows
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from results of [7], [14], [22]. In the present paper we deal with the family of
infinitely degenerate operators {Ly},c(_z/2,/2)s

(0.3) L, := D*u+ 2*(t)e** D%u — b(t)e" Du,

where the coefficients A(¢), b(¢) satisfy the assumptions which are cited in section 1.

Hypoellipticity and local solvability for L, were investigated in several
papers. Firstly, let us mention the case that A = A(¢) has a zero of finite order in
t=0.1In hypoellipticity was proved if b(¢f) = 0. Some examples of operators
Ly with term of lower order were studied in [7], [14]. Hypoellipticity for general
operator Ly was obtained in [26], [16]

Secondly, we cite some papers for the case that 4 = A(¢) has a zero of infinite
order (infinite degeneracy). The result from [8] was generalized in [5]. The papers
9], are devoted even to the case of operator Ly with infinite degeneracy
including term of lower order. The Levi conditions were used there are more
restrictive than the ones are formulated later (see [1.5)).

May be that one cannot expect this interesting connection in the general
case {L,} of because it implies connection between elliptic and hyperbolic
theory. But for {P,}, [0/ some other properties could be proved in [17]:

(Al) Assume that neither b, =-2/—-1,b_=—-2n—1 nor by =2l+1,
b_ =2n+1, where n and / are non-negative integers. Then every
operator P,,¢ € [0,7/2), is hypoelliptic as well as locally solvable at
(0,0).

(A2) Assume that either b, =-2/—1,b_=-2n—1 or by =2/4+1,
b_ =2n+1, where n and ! are non-negative integers. Then every
operator P,,¢ € [0,7/2), is non-hypoelliptic as well as locally non-
solvable at (0,0).

The goal of the present paper is to derive corresponding results for the
family {Lo},c(_r/2/2)-

An important tool for describing the properties of {Ly},c(_z/24/2) 1S the so-
called Stokes matrix (77(b, o, é))z j=1 (see section 1). In [2], [19], this Stokes
matrix is used for precise description of branching of singularities for weakly
hyperbolic operators with finite degeneracy.

Among other results will be proved in the present paper we mention only

one which follows from Theorem 4.7.

THEOREM 0.1. If one of the Stokes coefficients Tii( + b,¢y,&),00€
(—m/2,nr/2), vanishes for all sufficiently large positive &, then all operators
L,,9e(—n/2,n/2), are non-hypoelliptic at (0,0).
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1. Assumptions, tools and philosophy of approach

At first we want to describe the class of operators will be studied in this
paper. With an arbitrary ¢ € (—n/2,7/2) let us consider [0.3]. The real-valued
function A € C*([—1,1]) vanishes at t = 0 (A(0) = A'(0) = 0), while |A'(¢)| > 0 for
t # 0. In the following A’ means dA/d:. Moreover, defining A(7) = fé A(r) dr we
assume

(1.1) 2A e C®([-1,1)),

(1.2) GolA(1)/A(D)] < [X()/A(0)] < CIlA@®) /A1),

(1.3) 4O @) < el (1) /A(0) 1A (1),

(1.4) ColInA(d)| < |A(8)/A(F)] < C3|InA(e)|*

for all te[—1,1]\{0},k=1,2,..., where d,c, and C; are non-negative con-

stants, Cp > 1/2. It is easy to see that the condition implies degeneracy of
infinite order. Moreover, implies additionally

A(2) < exp{—¢g|t|™} forall te[-1,1]\{0}

with some positive constants gy and &;.

The condition |A'(?)| > 0 excludes difficulties which arise by oscillations of
the principal symbol near ¢ = 0. Indeed, the result of [4] shows that in the case
of weakly hyperbolic operator without terms of lower order and which has
infinitely number of oscillations near 1 = 0 one cannot expect results of non-
degenerate theory.

If the equation L,u =0 has lower order terms, then it is reasonable to
suppose Levi conditions. For L, the Levi conditions are the following [24]:

d\ VHONZAONN
1.5 —
(1) |(dz> 40| = < ey (529
for all te[-1,1]\{0},k=0,1,..., where Cy are positive constants.

To study L,u = f we transform L, to an ordinary differential equation with
a turning point of infinite order ¢ = 0. Following the approach of two linear
independently solutions u; and u; of

(1.6) (d/dt)*u — 22 (£)e**E*u + b(1)e?Eu = 0
of the form

()] (ta o, 5) = eéeiwA(t)al (tv 9, é)a uZ(ta ®, é) = e_éeiwA(t)aZ(ta @, é)



674 Michael REissicG and Karen YAGDJIAN

are constructed in section 2, where a; and a, are amplitude functions having
relations to suitable symbol classes (see [Theorem 2.1).

We restrict ourselves to the case £ > 0. The case £ < 0 can be transformed
to the first one. One has only to study

(d/dr)’u — 22(1)e*®(—&)u — b(1)e"®(—&)u = 0,

For the construction of these two solutions wu;,u; we use the subsets
Zew(M,N) and Zy(M,N) of {(t,&)€[0,1] x R} }. Here R}, :={feR|E>
M > 0}. Firstly, we consider the exterior zone Z,(M,N) defined for some
positive numbers M and N as

Zeu(M,N) = {(t,) € [0,1] x R}, | (&) = M, A(5)(¢) = NIn(¢)}.
Let z > 0 be the root of
(1.7) A(1)(&) = NIn{¢).
We carry out these constructions for all (¢, ¢) € Z,(M,N,Jd) is defined as
(1.8) Z.(M,N,5) = {(p,&) € (—n/2,7/2) x Rj|In(¢)cos ¢ = 6}

with suitable positive constants M, N,d. This is enough for the consideration of
the degenerate elliptic operator L, in section 4.
A main tool to describe the construction of a; are the symbol classes

S{mi,my}y y = {a(t,0,&) € C*(Zeex:s(M, N,6))||DiDha(t, 9, &)
< Crp(&™ P (A1) /A (D)) (In&))™}.
Here
Zeess(M,N,0) ={(t,0,) € [0,1] x (—7/2,7/2) x R}
(t,8) € Zex (M, N) and (9, &) € Z.(M,N,5)}.

The amplitude function a; has a relation to S{m;,m,} M.N-
To construct a, we shall use the symbol classes (compare with [23])

S{my,my,m3}y, y = {a(t,0,&) € C*(Zeexs(M,N,6))||D,Dia(t, 9, &)|
< Cip (™A™ (A1) /A ()™},

The amplitude function a, has a relation to S{m;,m;,ms} m,n- For better
understanding of this symbol class we note that a e S{—/,—/,1},, 5 satisfies

la(t,9,&)| < Cop({(E)A()) ™" < Cop(NIn(€))™".
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For further calculations we need

LeMMA 1.1. The function t: is as a smooth function of ¢ defined on Rjy,. For
its derivatives one has

atz _N(1-In¢)

(19) &= e

while for every integer k,k > 1, the following estimate holds:

¢ _k |0t
< G o¢ .

(1.10) 2

Proor. The first formula is obvious, while the estimates for derivatives can
be proved by induction.

Taking account of (t;,9,&) € Z,ex((M,N,5) we have data u;(ts,9,£) and
Owui(te, 9, &) on t = t:. One can show that these solutions u;,u; can be continued
with respect to ¢ to the interval [0,#;]. Consequently, (¢,¢,¢) € Z, (M, N,9).
Here

Ze(M,N,0) ={(t,0,8) €[0,1] x (-n/2,7/2) x Ry
(t,¢) € Ziny(M,N) and (¢, &) € Z,(M,N,0)},
where, Z;;(M,N) is defined as

Zin(M,N) = {(t,8) € [0, 1] x Ry, [(£) = M, A(1)(¢) < NIn(¢)}.

The amplitude functions are satisfying estimates from [Theorem 2.1.

In section 4.1 we follow the approach of [14], [I7]. The construction of
Green’s function is carried out. An estimate which leads to hypoellipticity will
be given in [Corollary 4.1. In [I7] we were able to express conditions for
hypoellipticity and non-hypoellipticity through the behaviour of b = b(¢) (see
(0.2), (A1) and (A2) from introduction). This seems to be impossible for the
general differential operator L.

An effective tool for the description of sufficient conditions for hypo-
ellipticity, local solvability, local non-solvability and non-hypoellipticity is the
so-called Stokes matrix (T;(b, ¢, é))?, j=1- Let us define this matrix.

Suppose that we have constructed solutions u;,u; of with coefficient
b = b(t). Let us denote these by

(1.11) uf (1,9,8) = M0 (1,0,8),  uf(t,0,8) = e 2Vaf(1,9,¢)
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for te[0,1], and

(1.12) uy (t,9,8) = " Nar (1,0,8), uy(t,9,8) = e " N0a; (1,0,¢)

for te[—1,0]. Then the solutions u; and u; can be continued as solutions of
ordinary differential equations for 7€ [0,1]. If we know that uf,u; are linear
independent solutions for ¢ € [0, 1], then it is clear that the continuations u;¢,u5°
of uy,u; respectively, are linear combinations of u},uJ. Especially, it holds for
t=0and i=1,2

(113) ui_(_07¢7 é) = Til (b7¢a é)u-l*_(+0’ o, é) + T}z(b, ?, :)u;(+07 o, é))
(114) atui—(—o)(oa é) = Til(ba¢a é)atui‘,('*'o, o, 6) + TiZ(ba 9, i)atu;("'oa 9, é)

The elements Tj(b, ¢, &) form the Stokes matrix. By the aid of some elements of
Stokes matrix sufficient conditions for hypoellipticity, local solvability, local non-
solvability and non-hypoellipticity will be given in 4.4, 4.6 and
Corollary 4.2 respectively. A uniqueness property of 71,(b, ¢, &) will be proved in
section 4.2.

It seems to be interesting to formulate the conditions for hypoellipticity,
local solvability, local non-solvability and non-hypoellipticity from [7], [14] by
the aid of the Stokes matrix.

2. Equations with a turning point of infinite order depending on parameter
We consider the linear ordinary equation

(2.1) (d/dt)*u — 22(1)e*®Eu + b(2)e'?éu = 0
with parameters (¢,¢) € Z,(M,N,5). Here t =0 is a turning point of infinite

order [15], [25]

THEOREM 2.1. Under the assumptions (1.1)—(1.5) there exists for all
pe (—n/2,n/2) solutions uy(t,9,&), ux(t,p,&) having representations

(22) U (t7 @, é) = eée‘bA(’)al (t) o, é)’ U2(t, o, é) = e_éeWA(’)aZ(t’ ?, é)

The functions a; are amplitude functions satisfying with suitable constants m;

() et

for all te[0,1] and (¢,&) € Z,(M,N,0).

(2.3) < Cppi(&)™7F

A proof of this result is deferred to the following subsections.
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2.1. Construction of formal asymptotic solutions in Z,...(M,N,0)
Firstly, we are looking for formal asymptotic solutions

(2.4) y1(t,0,8) = 4 M0a,(2,0,8),  ya(t,9,&) = e Vay(1,9,¢)

with amplitude functions a;(¢,9,¢&), ax(t,,&) developing in finite expansions

L L
(2:5) a=3 ay, a=)Y a

=0 =0

We seek for a;; as solutions of the following equations:

(a10), + Ki(t)a10 =0, (az0), + K2(t)az0 =0,

1
(@1,k+1), + Ki(t)ar, k1 = _W(al,k)m
1
(a2,k+1), + K2(t)az, k1 = 2801w (@2,6) 15

where we have denoted

A0 +b() _A() - b()
K (2) =720 K>(?) =—u0n

Moreover we prescribe the data
al,O(tCa @, f) - a2,0(T7 9, é) = 1’ al,k+l(t§) @, é) = a2,k+1(Ta ®, é) =0.

Hence we conclude for k = 0,1,... the representations

— ‘K ds T
al’o(t’ ?, 6) =e ‘L‘E ' ’ a2,0(t1 @, é) = e\[; Kz(s)ds,

d — [ Ki(s)ds
al,k+1(t7 ?, é) = J 25/1(1 ) io (al k( 1,9, é))tm J;l e dtla
a (t,0,&) = — jT __l___(a (11,9,8)) eft: Ka(9)ds 4
2,k+1\L, ¢,6) = . 2EA(11)e 2,k P, 6) )y 1
Moreover, the functions b; x(¢,9,&) are defined by
t
(26) be(t,0.8) = it 0, Dexp| | Kals)ds
te
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fulfil for £k =0,1,2,.

(bl,k+1(ta (P,f))t = —Efe_,-:,%{(bl,k(t’ ®, é))tt - 2Kl(t)(bl,k(t) ?, f))t

(2.7) — ((K:(0)), + K§(0)bri(2, 0, )},
(2.8) bio(t,0,8) =1, brisi(te,0,8) =0.
Hence we have in Z, ., (M,N,d) for k=1,2,..., the representations
1 1
br(t,9,¢) = ~2egw L m{(bl,k—l(s, 0,8))ss — 2K1(8)(b1,k-1(s, 0, ),
(2.9) — ((K1(5)), + K7(5))b1,k-1(s, 9, &) } ds.

LEMMA 2.1.  The functions by (t,9,&) have the following properties:
For every k, and any I,p there exist constants Cy, Ck p, Ci1 p Such that the
inequalities

l l
(2.10) ‘(a%) b1(0,9,8)| < Coa(50) 210),

@11) (52) bus(60.)] = Cpl@ (060 + (mi&) ™),

74

hold for all (t,9,&) € Z,exs(M,N,5), where py(t,&) =1 and

_ o As s Az i
(8, &) = (&) k{Ak( ) + ZO Jtt Ak+$_)i(s) (Jtc Az((Z) d‘r) ds}, whenk =1,2,...

Proor. This follows, immediately, by induction if we use [2.7) to [2.9).

(212) I("’)I(a)blk(t 0.0| 5 i@ (KDY put0), 140,

COROLLARY 2.1. There are positive constants M, N, C,, dy such that

t
(2.13) 1) the function a,(t, ¢, &) exp (J Ki(s)d ) belongs to ${0,0},, v,

143

2) lal(t1 o, é)l = Co(l + f)_éo for all (ta ®, é) € Ze,ex'(M’ N’J)
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LEmMMA 2.2. 1) Let P be a given positive integer number. Let us set
y1(t,0,8) = e"May(1,9,&). Then for a sufficiently large L there exists an
amplitude function hy 1(t,9,) satisfying

(di—i - lZ(t)eZquéz + b(t)ewé)yl = eéewA(t)hl,L(t’ ?, é))

where hy 1(t,9,&) exp (ft Kl(s) ds) belongs to S{0,—P} y-
2) Moreover, for every k and 1 and sufficiently large L = L(k, I

‘ (§t>l (hl L(t,0,&) exp (J; K (s) ds) )

Proor. With the operator

< Cripi(1,¢) forall (t,9,&) € Ze (M, N, ).

0 i 1 >
Q(t, é,a) = aﬁ-Kl(t) +_—_Zfei¢/1(t) 2

we have
> 5 g ip
-7~ A0 + b(8)e?E | »
_ 22eea()etA0 g (t, ¢ g;) a1(t,0,8)
= Zfei'Pl(t)eéewA(t) e W’,l(t) (a1,.(,9,8))se

if we use ai(t,0,&) = Soro a1(t, 9, ). Thus

hl,L(t’ ?, i) = (al,L(t’ @, é))tt = (bl,L(ta @, é) €Xp (_ Jt Kl (S) ds)) .

I

On the other side

hy,L(t,9,¢) exp(f K (s) ds) = {(b1,(1,9,8)),, — 2K1()(b1,(, 9, £)),

3

— ((Ki(0), + K} ())b1.L(t, 9, O)}-
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Using [Lemma 2.1 we conclude with a constant C = C;

lai (hu(z, 9,8) exp (j Ki(s) d))
< (29Y puwe s e (207
y {Ag 5+ S e ( [ Ao df)"ds}
<CL(&)" (%((%)m{ Q) AIL-—k(t{)
A i(tg) k}_;l J; A’iES)'(s) (L :2(2) d’>i ds
St (%) 15 (AL o)

Using J (A(r)/A%(z)) dr < (1/A(z¢)) it follows

o, (hl,L(ta 9, &) exp (Jt K (s) ds) >

Finally, the condition and definition of #; from imply

6£ (hl,L(t, o, &) exp (Jt K (s) ds) )

Then a sufficiently large L = L(k,l) gives the second statement for (z,¢,¢&) €
Ze,ext(Ma N,a)
To prove the first statement we have to show

0,0 (hl,L(ta @, &) exp (Jt Ki(s) ds) )

Using [2.1T), (2.12) from Lemma 2.1 we conclude for /> 1

t 42
aia’é(hl,w,«»,é)exp(ﬁ K1<s>ds)> < G0 (33) pu00)

%(hl,L(t,w,ﬁ) eXP(r Kl(S)dS)) < CLp(&) P (pL(t, &) + (In(&) ™)

I

142
sck,l,L«aA(ta)‘“"(%) P, ).

< G, (In(€)) P40, (1,€).

< €@ (20 aie) "

2(1)
NG
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Together with condition and p;(1,¢) < (In{&))™* we arrive at the first
statement if L is large.

Starting from the construction of a, ; one can prove corresponding results,
where we have to define

(2.14) boi(t,0,€) = ar (1, 9, E)e i BOD,

LeMMA 2.3. 1) The function by (t,9,&) belongs to symbol class
S{—k,—k,k}y n for k=0,1,....
2) Setting

L T
(2.15) a(t,0,8) = by(t, p, el FOE
1=0

then there exist constants M,N, Cy,0¢ such that
(2.16) (1, 0,8)| = Co(1+ &)™ forall (1,9,8) € Zeex(M, N, 0).
(3) There exists to a given L a symbol hy 1(t,¢,&) satisfying

2 .
(2.17) (% — A2(1)e¥e e + b(t)e"¢é) ya = e "A0p, (1, 9,8),

where hy 1(t,9,&)exp (— LT K (s) ds) belongs to S{—L,—L,L+2},, 5 for
(t,0,8) € Zeexs(M, N, 9).

2.2. Construction of exact solution in Z,.(M,N,d)
Let us look for exact solutions u(t,¢,¢&),ux(t,9,&) of for
(t,0,8) € Zeexs(M, N,5) in the following form

Ui (ta @, f) = yl(ta @, f)vl (ta o, é)y u2(t7 ?, é) = y2(ta o, é)UZ(ta o, é)

Then we have

2
(% - 2(1)e* g + b(t)e"“'é) i (t,0,€) = »1(t, 9,80 v1(1,9,)

+ 26;}’1 (ta 0, é)atvl (ta o, é) + efeWA(t)hl,L(t7 @, é)vl (t’ ?, é)

This equation can be transformed to

d*v, 1dy\dn _1d(,dy et A py 1)
—5 12 =S\ ) ST T
dt 1 dt ) dt yi dt dt Y1
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respectively,
2 Ay ‘ Ee?A(7)
N E = - e hl,L(f, , f)Ul(T, o, f)}’I(T, ?, f) d,
14

where we use here the data vi(t,9,&) =1, dw(te,0,&) =0. Using (2.13) of
Corollary 2.1 it is possible to divide by y?. Consequently,

t

Jz 22 (A(s)=A(r))

(2.18) vl(t,w,é)+J s @(1,0,8)

&

ai (s, 9, &), (s, 9,¢) ( d‘t) v1(s, 9, &) ds = 1.

In an analog way one can derive

t

Jz =2 (A(s)—A(r))

. 02(t7 9, é) +J 5 a%(f, o, é)

aZ(S) ?, é)hZ,L(S’ ?, é) ( dt) UZ(S, ?, é) ds

T

(2.19)
T

=1—m@@j V32(s, 0, ) ds.

t
Here we have chosen data v,(T,¢,¢) =1, 0,02(T, 9, &) = g(p, &).

Thus let us consider both Volterra integral equations. We prefer to study
instead of these equations the following ones:

t

(2.20) wi(t, @, &) + J Pi(t,s,0,5)wi(s,9,8) ds = fi(t,9,8),

k
¢

(221) WZ(I’ @, é) + JT PZ(t, S5, @, f)Wz(S, o, é) ds :fZ(tv o, é)

for the unknown functions w; = v; — 1 and with right hand sides

t

.fl(t7¢7£) = _J Pl(t,S,¢,§) dS,

%4

T

fZ(t’ o, f) = - L (PZ(ta s, @, 6) - g((P, 6))’2(57 @, é)_z) ds.

Here we introduced the notations

t g2 (A(5)-A())

Pwn&¢¢)=ama@¢mLA&¢@)j

————dfr,
s a%(f’ 0,&)

t o=2£?(A(s5)-A(7))

drt.

PZ(ta s, @, é) = a2(s7 @, f)h2,L(S, ®, é)J a%(r @ f)
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LEMMA 2.4. For every non-negative integer r there exists a constant C, such
that

(2.22) |Pi(t,5,0,8)| < C,(In¢&)™", i=1,2,
for all admissible s and (t,¢9,&) € Z,ext(M,N,0).

Proor. For P; we have due to and

L ] .
Pit,s,0,0) = (Z by, (s, 9, f)) (h1,L(s, 0, f)ej’f Kilnd )

=0

¢t/ L -2 . .
8 J (Z bl,L(T'-? o, é)> e2 J; Koo dut 267 (A=A dr.

S\ I=0

For (t,¢,¢) € Z.ext(M,N,0) we have

Re( || 241001+ 227(A ) - A®)

s

= —2Re Jr(few’/l(sl) —Ki(s1))ds1 < —2Re Jr(éei¢i(s1) —|Ki(s1)])ds1 <0

for a corresponding J.

Using and 2.2 we obtain the desired estimate after a suitable
choice of L = L(r).

In the same way one gets the estimate for P,. The lemma is proved.

The right hand sides fi and f» of [2.20), are continuous in their
arguments. Consequently, the solutions of [2.20), can be written in the
form

t

Wl(ta ?, é) =f1(t7 @, é) + J wl(ta s, @, é)fl (S, P, é) ds,

3
t
walt,0,6) = (0,0,8) + | (5,0, 006,90, ds
T
with kernels w; = Y .2, @,;, where

t
i1 (t) s, 0, é) = _Pi(t7 s, 9, é)a Qi v+1 (ta s, @, é) = J ;1 (t7 07 ?, é)wi,v(oa S, @, é) do.
s

But 1mphes |W1(t, o, é)l < Cmaxse[tg,t] Ifl (S7 o, é)'a IWZ(t7 ¢7€)| <
C max,c 1)l f2(5, ¢, £)|. If we use the function g = g(p, &) as a symbol of suitable
negative order, then |fi(s,¢,¢&)| < C,(In&)™".
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To estimate derivatives of v; we have due to and 2.2 for all
(t, ¢, é) € Ze,ext(M,Na 5)

10,80:(,0,8)| < C1p (&) P(nE), I4+p=1.

Thus we have proved the following

LemMMA 2.5. There are solutions u;i(t,9,&),i=1,2, of (2.1) having for
(t,9,8) € Zeexy(M,N,0) the representations

ui(1,0,8) = e Nay(1,0,8), w(t,9,8) =" Nay(1,¢,¢).
The amplitude functions are satisfying with suitable constants m;
1008 ai(t,9,€)| < C1,p,(E)™ "
for all l,p>0,i=1,2.

2.3. Construction of exact solution into Z, ;,/(M,N,d)

In the first two steps we have constructed exact solutions wu;,u; in
Zoext(M,N,6). Using and the definition of Z,.,,(M,N,5) we con-
clude that wi(te,0,&), ua(te,0,8), 0 (te,9,8), dur(te,0,&) are symbols. For
continuation into Z,;,,(M,N,d) we can use straightforward approach.

Let p(t,&) be the positive root of the equation

PP —1- (A () In(E) = 0.
Then one can prove by that

(5) () e

for all (¢,¢) € Zy(M,N) and every positive &. Moreover,

(2.23) lp(t,&)| < Ce(&), < Cip, (& Pp(2, &)

(2.24) J (p( é)+”'(( g))) dt < Kn(®).

Furthermore, by means of matrix-valued functions

-1
H(t7 é) = <p(t(;é) ’ (1)), H—l(t, f) — <p f)t7 é) ’ (1))

and vector % :=' (U, %) := H(t)'(u,du) the equation can be trans-
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formed to
(2.25) L= a0
where
t t,é taf ) t?é
026 |, . PO P ))_
A(0)e**&p=(1,8) — b()e¥p™(1,E) , 0

Every solution #(t,¢,&) of [2.25)] can be represented by the following explicit
formula [6]:

U(1,0,8) = U(15,6) + (\Zj J s [ dor...

=1 Y& I

(2.27)
.. J a dsld(sl) se e .szi(sl)) %(té, é)

L
Using the operator (Ir)(z) = fti r(s)ds one can write (2.27) in the form
Tl U(te, E).

~

l

U(t,0.8) = Ut ) + 3 Letlod
=1

LEMMA 2.6. There exist constants m; (i = 1,2) such that for every p

(2.28) 1(6—‘2)1’%(% v, f)] < G&™

hold for all (¢,&) € Z,(M;N,J).

Proor. The estimates follow immediately from [Lemma 2.3 [(1.9) and
1.10
A )

LemMMA 2.7. Let ¥i(t,9,&) be solutions of (2.25) which are smooth con-

tinuations into Zym(M,N,5) of H(t, &) (ui(t,0,&), Omi(t,9,&)),i=1,2. Then
there exist positive constants m; such that

() (@iens

holds for all (t,9,8) € Zojns(M,N,0) and p,1 = 0.

< Guld)™™?
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ProOOF. Let us consider the matrix-valued function

&t o, &) =1+ Z IdIsd - IAIA .
I=1 M

Taking account of and (2.27) it is enough to estimate &(¢,¢,¢) and
its derivatives with respect to £ only. As a consequence of (2.23) and [2.26) we
have

k
(2.29) (6‘2) 2(6,0,8)| < Cl&)*9(1,€) for all (1,0, ) € Zugm(M, N,3),

where the notation g(t,¢&) = p(t,&) +pt((tt,§))
(2.24) o

1 “ ’
i (Co L g(s, &) ds>

(CoKIn(Z)) = (¥

is used. Then it is clear that by

€2, 0,0l <

Mg I[M]s

IA
~| -

I

Il
o

Further, for the derivative (0/0¢)&(¢,9,&) we have
0
| % s00)|

127 et rat 1ot 10 Y [ 28 2 s
s; i +o | 3

N

-1 -1
IA1of - 1&/1&11%

- o +Z

<cE™ IL( g(s, &) ds)l l(cl J:f g(s, &) ds)

5tc C Z 7 (co J (s, &) ds)l

Then one has due to from and

It lsof - I.sz(I.sziL ‘; : o (tg, &)
1-1

g(t, 5)

5[5

(zé,f) < cE
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Consequently,
t 00 t [
|Zswne] <c(a(a [ ssom)vi)o Y 5([ avow)
t =0 !

< C(&) % n(e).

All other derivatives can be estimated in a similar way. We obtain
1026 (2, 9, &)I| < Cp(&)*P(In(&))". Consequently, [|£(t, 9,9l < G(¢)"7 in
Zeim(M,N,0) if m > CoK. Together with we derive the estimates for
derivatives with respect to &.

To obtain the estimates for derivatives with respect to ¢ one has to use [(1.4),
(2.23) and [2.25). The lemma is proved.

Setting now u;(t,p,&) = ¥i(t,0,&)/p(t, &) then u; can be represented in the
form

ur(t,0,8) = ¢ 20a,(1,0,8), w(t,0,&) = e Vay(2,0,¢)

in Ze,,'m(M, N,&)

Using the definition of Z, (M, N,d) and then a;(t,p,&) are
amplitude functions satisfying |6ﬁ6’é’a,~(t, 9, )| < Cpp, (&)™ P with suitable con-
stants m;. Thus, the statements (2.2), and consequently the
are proved.

COROLLARY 2.2. 1) The constructed solution uy = ui(t,9,&) depends ana-
Iytically on ¢ in Z,(M,N,d) x [0, T].

2) If g = g(o,&) depends holomorphically on { = &e” in Z,(M,N,d), then the
constructed solution uy, defined in Z,(M,N,d) x [0, T| depends holomorphically
on {, too.

Proor. To 1). We have on =t
23] (tf) 0, é) =1 (ttf, o, é)vl(tf) o, é) - eéeiwA(tf)al (t§7 o, ﬁ)vl (tf9 o, 6) = eéei¢A(t€)7
Oru1 (IC7 o, é) =1 (tfa ?, é)atvl (tfa @, é) + (atyl (tfv @, é)vl (tf, @, é)

. . i L
_ efewA(’f)l(té)ewf + efe"’A(’f)Kl(tg) Z bi(te, 9,%)
1=0

, L
1 e8P A) Z b1 (1,0, &)
1=0

;. . L
= b AK) (/l(tc)e’“’é +Ki(te) + ) dibui(te, 0, C)) :

=0
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From construction of a; x(¢,¢,£) we have analytic dependence on ¢. The same
holds for b; i(t,9,£) and derivatives with respect to ¢. Hence, the data u;, d,u
depend analytically on ¢ on ¢ = t;. But the coefficients of equations are analytic
in @. This proves the first statement.

TO 2). The statement can be proved by the same reasoning.
The considerations in section 2.3 lead to an effective tool for further
studies, namely to energy estimates in Z, (M, N,J).

CoOROLLARY 2.3. If u is a solution of (2.1) in Z,;yn(M,N,0), then we have
the following energy estimate

(2.30) E(u)(t1,0,£) < C(O"E(u)(12,9,¢)
for all (th(”, é)’ (t2, o, 6) € Ze,int(Ma N76) Here

E(u)(t,0,&) = |u(t, 0, )] + |0.u(t, 0, &) .

PrOOF. Setting % =' (U, U) = (pu, 0,u) then
E(u)(1,0,¢) < E@)(1,0,8) = |Ui(1,0, &) + | Ua(1, 0, &)
< PP(LOEW)(1,0,8) < (OE@)(1,9,%).
The explicit representation (2.27) for % = %(t,¢,¢) and estimates [2.28), (2.29)
imply
E(®)(1,9,%) < (O E(@)(12,0,9)

for all (t1,9,¢),(t2,9,¢) € Z. (M, N,5). With the above inequalities we have
(2.30), where m = CyK + 3.

3. About the Wronskian W (u;, u;)

In the previous section we have constructed two solutions u; and u;. Up to
now we have no information about the linear independence of these solutions,
especially no information about the Wronskian. Following the construction
scheme with g(¢,£) =0 then one concludes the next result.

LemMMma 3.1. The asymptotical behaviour of w), uy, 0Oy, Our is in
Zeext(M,N,95) the following:
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no b 8 (o L
u(t,0,8) ~ & M0e (‘+O(In<¢>))’

i §)— J! 1
u(t, 9, &) ~ e‘é"’w’\(’)eI s (1 + 0( ))

b (1,9, ~ (éeim(t) +i%é(-t—)) ol ds(l i 0(@»

) t A (5)+b(s ds 1
EPPA() ftc 0
e e 0(ln<é>)’

O (1, 9, €) ~ — (ée""’/l(t) + i%;ﬂ) et A) ) HH ds(l + 0(51\1@))

; A (s)=b(s 1
+ e~¢%e "A(‘)ef promily) ( ) .
EA(1)

LEMMA 3.2. There exists a constant m such that for all (t,¢,&) €
[0,1] x Z,(M,N,5) the Wronskian W (uy,u;) is an hypoelliptic symbol, that is

(31) |W(u1,u2)| = C(f)m

Proor. It holds

W(ul 3 uZ)(t7 9, é) = W(ul’ u2)(T’ ®, 6)
=u (Tv @, é)atuZ(Ta o, é) - al‘ul (Ta 9, é)uZ(T? o, é)
and due to Lemma 3.1

W (ui,up)(t,0,&) ~ — "’L:%d%(zéeim(ﬂ + }:1,((7]:))> (1 * 0(1 if)))

<(1+oam)

Consequently, using [2&€®A(T) + (A (T)/A(T))| = |(A(T)/A(T))| and we get

T
-K ﬁf d;In A(s) ds

|W (w1, u2)(2,0,€)| = C(S)e > C(£)ek A = c(g)™.

This completes the proof.
Thus we have an estimate for W(uj,u;) under the assumption that we
suppose for the construction of u;(¢,¢,&) the initial condition 0,v02(T,9,¢) =
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9(p,&) = 0 in section 2.2. The statement of [Lemma 3.2 is preserved if g = g(gp, £)
satisfies the estimate of the following corollary.

CoOROLLARY 3.1. Let us suppose that for all (9,&) € Z,(M,N,0)

lg(p, &) < C(E&™ ™1,

where my and m are the constants from Theorem 2.1 and Lemma 3.2, respectively.
Then the estimate (3.1) remains valid.

ProOF. Let uy, be the solution of was constructed in section 2 by the
aid of initial condition 0,v2(T, ¢,¢) = g(p,&) for vy in section 2.2, in particular
U0 = uz. Then W(uy,uzy) = wi(T,9,8)00u24(T,0,&) — 01 (T, o, _é)uz,g(T, 9, &) =
W(Vl’ u2) + u (T’ ®, é)y2(T’ ®, é)atUZ(T, 9, é) = W(ul ) uz) + eéeWA(T)al (Ta o, é) ’
e—¢¢"MT)g(p, &). The assumption concerning g and from [Theorem 2.1 imply

W (u1,124)| = C(E)™ — Cop1 (&)™ C(&)™ ™! > &)™

4. About hypoellipticity and non-hypoellipticity

4.1. Saufficient condition for hypoellipticity
Let us define Green’s function G(t,s,¢,&) of

(4.1) (d/dt)*u — 22(1)e¥®E%u + b(1)e®éu = 0

by the aid of two independent solutions u(t,¢,&),v(t,¢,&) of equation [4.1) as
follows:

u(t, p,&)v(s,9,¢) when txs,

(4.2) G(t,50,¢) = {v(t, o, Eu(s,9,&) when t<s,

where u(t,¢9,£) and v(s, ¢, &) are satisfying
(4.3) u(l,p, &) =v(-1,9,&) =0 forall£eR.
Moreover, we suppose for the Wronskian

(4.4) W (u,v) := owu(t, 9,&)v(t, 9,&) — u(t, 9,£)0w(t,9,¢) = 1

for all e [—1,1],¢ € R. By uf,uf we denote the solutions u; and u, of [Theoreml
2.1, (1.11). In the same way we find solutions uj,u; for ¢<0, (1.12). Pay
attention that A(#) and ¢ change their sign simultaneously. For this reason uy,u;
play the rule of u7,uf, respectively. Using the linear independence of (uf,u),
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(u7,u;) respectively, the solutions u and v can be represented in [—1,1] x
Z.(M,N,6) by the following way

(45)  u(t9,d)= {

46) (1,98 = {

¢t (9, ur (t,9,8) + ¢35 _ (0, 8)u; (t,9,&) when <0,
(0, O)uf (,0,8) + 5 (9,O)u3 (1,0,6)  when 120,
¢ _(9,uy (t,0,8) + ¢35 _ (p,&)uy (t,9,&) when (<0,
¢ (9, Ouf (£,0,8) + ¢ (9, 8)u; (1,9,8)  when 120

Moreover, the functions u(t,9,&) and v(t,¢,£) have to be continuously
differentiable. Therefore,

atu(+0’ o, C)U(—O, @, é) - u(+03 o, é)atv(—(), 9, é) = 1.

Hence, we have seven conditions for the eight unknown coefficients. The con-
structions of section 2 guarantee that the one-sided limits of u,u;,uy,u; and
their derivatives with respect to ¢ exist in ¢ =0. The boundary conditions

imply

& (9, 8)at (1,9,8)" M) = —& (9,8)az(1,0,0),

& _(9,8)ar (—1,9,8)eX AN = —c_(p,8)az (~1,9,9).

Taking account of aj(1,9,¢) =ay(—1,9,¢) =1 gives

¢, (9,8) = =X a} (1,0,8)ct L (9,2),

& _(9,&) = —e XA Ng; (~1,0,8)¢5 _(9,9).

Using this together with continuously differentiability of # and v in =0 we can
express ¢ _(p, :>,c;_(¢, £) by the aid of ¢%_(p,¢), namely,

clf,— (¢7 é) -

c5_(9,8) =

W, 2){ 1 (9, &) (af (+0,9,8)0:a3 (—0,9,¢)
— a5 (=0,9,&)d.af (40, 9,8)) + ¢5 (9, &) (a3 (+0,9,&)0:a3 (0,9, 8)
— a; (=0,9,8)0:a; (+0,9,4))},
T (e 0.9 ai (0,0, 02t (+0,0,0
— af (40,9,8)8:a7 (=0,9,8)) + ¢ . (9,€) (a7 (=0, 9,£)d:a3 (+0,9, &)
— a3 (+0,9,£)0:a; (-0,9,¢))}-

In the same way one can express c¢j (9,&),¢5 ,(9,&) by ¢ _(9,¢), where
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the corresponding denominator is W(uf,uj). In [0,1] x Z,(M, N,5),[—1,0] x
Z,M,N,d), respectively, we have the estimate for |W(uy,u;)| and
|W (uf,uf)|. Setting the above conditions into condition for Wronskian
gives

4.7)
W (u,v)
=1 1(9,8)c5 _(9, &) ((a] (+0,9,£)01a5 (—0,0,&) — a5 (=0, 9, &)diat (40,0, &)
+ XM Dat (1,0, 8)(a3 (=0, 9, &)das (+0,0,€) — a3 (+0, 9, &)draz (=0, 9, )
+ 72NN ay (—1,9,8)(a7 (-0, 9, &)daf (+0, 9, &) —af (+0, 9, &)d,ay (=0, 9, &)
+ ezée"’(A(l)—A(—l))a;r(l, 0, 8)a; (—1,0,8)
x (a3 (+0, 9, &)da; (—0,9,&) — ay (=0, 9, &)dia5 (+0,9,£))) = 1.

In Z,(M,N,5) we have the estimates (2.13), (2.16) for ai (1,9,8),a5(—1,9,&).
Consequently, if

a3 (+0, 9,£)d:a7 (-0, 9, &) — a7 (=0, ¢, &)d,a} (40, 9, &)| = C(&)Y™

in Z,(M,N,5), Ny real, then the term

uT(L @, 6)“1_(—1a ?, é) (a;-(+0, o, é)atal—(_oa o, é) - al_(—(), ®, é)ata-{(+07 , é))

in parenthesis of (4.7) dominates the others. It gives the asymptotic behaviour
for the product cf  (¢,¢&)cs _(9,&) ~ e~ %" AM-ACD) jn Z,(M,N,6). Using the
construction of Stokes coefficients from section 1 we have

a;_(+0a o, é)atal_ (_07 , é) - al_ (_0, ?, é)ata;-(—l'o’ 9, f) = Tll (b7 0, é) W(uii-y u;-)

But we can estimate W (u],uf) by [3.1). Thus the above condition is satisfied if
and only if |T11(b,9,&)| = Cp(&)™ in Z,(M,N,5). Hence, we are able to prove
the following result.

THEOREM 4.1. If for a given ¢, € (—n/2,n/2) there exist constants Cy, and
mo such that |Ti1(b,0o,&)| = Cp (&)™ is satisfied for all & with (gy,&) e

Z.(M,N,$), then
@ [ e

ds < Cp g p(&) P
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Sfor all & with (¢y,&) € Z,(M,N,5) and all t € [—1,1], where m, is a suitable real
constant.

Proor. We can follow the reasoning from [17]. In order to estimate
f_ll |G(t,s,0y,&)|ds we have to consider a lot of integrals. But the asymp-
totic behaviour of ¢ (¢g,&)ch _(pg, &) ~ e 2" AM-ACD) the property that
ay,ay,ai,a; and their one-sided derivatives with respect to ¢ are amplitude
functions satisfying the estimates from and the relations
between cf | (9o,&) and ¢4 (9o,8), ¢} (99, &), 5 _(90,¢), respectively, ¢5 (@, &)
and ¢} _(@9,¢), ¢} (99,&), 5, (9,¢) imply that all the integrals I) — J4 from
can be estimated by C(&)™0. Hence, the assertion for fil |G(2,s, 00, &)| ds is
proved.

The assertion for derivatives follows immediately if we use additionally to
the behaviour of u,u,uy,u; that of their derivatives with respect to ¢ and ¢,
too. The theorem is proved.

For study of hypoellipticity we need an estimate of fil |G(t,s, 9y, &)|ds for
large negative &, too. Thus means, we have to formulate in (4.7) a condition for
the first term of parenthesis

af (40, 9,&)0:a5 (—0,9,&) — a5 (-0, 9,8)d.af (+0,9,&) = Ta(b, 0, &) W (uf ,u3).
COROLLARY 4.1. Let Z,(M,N,d) be such a zone that the Stokes coefficient

T, satisfies for a given ¢y € (—n/2,7/2) the estimate |Ti1( £ b, ¢y, &)| = Cp (&)™
Sfor all (py,¢) € Z,(M,N,d). Then

(4.9) Jl (%)l (%)k (%)pG(t, 5, 90, ¢)

-1
Sor all & with (¢y,&) or (py, —&) € Z.(M,N,0) and all te[—1,1]. Here m,, is a
suitable real constant.

ds < Cppp(&)™ 7

Now we have all tools for proving our result about hypoellipticity.

THEOREM 4.2. Under the assumptions of Corollary 4.1 the operator
Ly, = D* + 2*(£)e* D2 — b(t)e" Dy

is hypoelliptic at (0,0).
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PrOOF. Let Q < [—1,1] x R be a neighbourhood of the point (0,0) and let
the distribution u € 2'(Q) be a solution of L, u = f, where f belongs to C*®(Q).
We have to prove that there exists a neighbourhood Q; = Q such that (0,0) €
Qi,ue C°(Q).

The ellipticity of L, outside of t =0 implies u € C®(t # 0).

Further, let y € C*(R) be such that y(z) =1 when |z| < & while Y(z) =0
for |z| = 2¢. Then the distribution v = Y(£)y(x)u solves L, (v) = fi, where f; is
the distribution fi = Y/()y(x)f (¢, x) + [Lg,, Y ()Y (x)]u and [L,,, Y(2)¥(x)] denotes
the commutator. The last term of f; has support in [—2e,2¢] x [—2¢,2¢] and
vanishes outside of [—¢, ¢] x [—¢,¢], while the first one is a smooth function.

It is known that the structure of the characteristic set of L, implies
WF(u) < {(t,x;7,&)|t = 0,7 = 0}. Hence,

WF(U)’ WF(fl) < {(t,x; T, é)lt =0,7= O}

Besides v, fi € (). Therefore, there is a cone ', = {(,¢)||r| = y|¢|} and for
every N there exists a constant Cy such that

(4.10) lo(7, &) < Cn(1+ 7] + &) 77,

(4.11) 1/1(z,&)] < Cn(1 + 2] + &)™

for all (7,¢) eT,. Now let us denote by I'° the cone {(r,&)]||t| <2y|¢|}. The
property of v to be a distribution with compact support in Q implies that there
exist constants M, C, such that

(4.12) b(z,&)| < C,(1 + |z] + |€))™  for all (1, &) € R2.
According to one has for (7,£) €T,
(7, )| < Ce(1 + [2]) 7,

while according to [(4.12) one has for (z,£) e I' with an universal constant C,

|5(z, &)| < Co(1 + |7 + [EDM < Cu——l—k(l + |7| + |&])MtE
(1+|])

< G+ [2) (1 + | ™.

Thus, we obtain

(4.13) (7, Ol < G+ 1) (1 + )™ forall (z,¢) e B2
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In the similar way one can prove for f; the estimate

(4.14) 1A (2, 8] < Ci(1+ |2)) (1 + €)™ for all (r,&) € R®.

The estimates (4.13) and imply that one can regard these distributions as
elements v and f; of Ck([—l,l];H(su_k)) and Ck([—l,l];H(sfl_k)), respectively,
defined as follows:

(4.15) (0, 9)) = [ [ eite, Dp(-0dede, g e CF(RY,

(4.16) i (0), 0(x)) = j j 1 (v, E)p(~E)dude, e CF(RY),

Now let us set (with a cut-off function y = x(¢) vanishing when (¢o,¢) and
(9o, —&) ¢ Z.(M,N,8) and equal to 1 outside of the ball || > M(g,))

1
(4.17) (OpG)w(t,x) = Zl_nj J J_l e’f("‘y)x(é)G(t, s, 90, E)w(s, y)dy d¢ ds,
we Cy°([-1,1] x R),

with the Green’s function G(¢, s, ¢y, £) was constructed before, (4.2). This operator
can be extended to a bounded operator from C([-1,1];H(,)) into C*([-1,1];
H(s_m%)), where m, is the constant from the estimate (4.8).

It is easy to see, that

(4.18) (OpG)Lyw = w — Kw,

where

Kinlt, 1) = o [ 5 4, 0)(00, D1 = 2(E)i(0.dE, we CE([=1,1] x R),

is a smoothing operator. Therefore
1 . .
Ko(t,x) = 5- J S (,0) (9, E) (1 — 2(8)) < 0(t), €™ > de

belongs to CP([—1,1] x R). If we set in w = v, then v = (OpG)f1 + Kv. It
remains only to consider (OpG)fs, where f> = [Ly,, ¥(¢)§(x)]u. Using f; € &'(Q)
we have the existence of a continuous function f3 with support in [—3e, 38]2 such
that f, = 0%9%f;. Moreover, f; vanishes on B3 = {(x,1)| x> + |2* < €/9}.
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Hence, we have for every k and for all (¢,x) € B4

(OpG)fs = (__;‘_)::li J J J G fly)k (s, y) (;Z)k (%)az

x (&% x(8)G(1, 5,99, &))dy ds dS.
Taking into consideration v is smooth in some neighbourhood of (0,0).

Finally, this gives the smoothness of u in the same neighbourhood. The proof is
finished.

COROLLARY 4.2. Let Z,(M,N,d) be such a zone that the Stokes coefficient
T11 satisfies for a given ¢y (—n/2,n/2) the estimate |Ty\(zx b,—gy,&)| =
Cpo (&)™ for all (—9y,&) € Z,(M,N,5). Then Ly, is locally solvable at (0,0).

Proor. By [Theorem 4.2 the adjoint operator Ly is hypoelliptic at (0,0).
But this means that L, is locally solvable at (0,0).

4.2. Uniqueness property for a Stokes coefficient

In this section we want to discuss the following problem:

“The Stokes coefficient 71,(b,¢,&) is defined in Z,(M,N,5). If it vanishes
on some subset of Z.(M,N,J), can we conclude that it vanishes everywhere on
Z.(M,N,d).”

THEOREM 4.3. If for a given ¢ye(—n/2,n/2) the Stokes coefficient
T11(b, 9, &) vanishes for all & with (¢y, &) € Z,(M,N,5), then Ty1(b, 9, &) vanishes
everywhere on Z,(M,N,0).

PROOF. By definition Ty = (uy 05 — u3 0,u7)/ W (uf,us). From we
know that W(uf,uf) #0 on Z,(M,N,d). Due to [Corollary 2.2 the functions

“Ig and u;, depend holomorphically on { = &€ in Z,(M,N,é). In the interior

zone we define for € [0,#;] a new solution of in the form

w(t, 0,&) = Ci(p, )uf (1,9,8) + Ca(p, &)uf (2,9, &).

We want to assume that w(+0,¢,&) =1 or 0, 0,w(+0, ¢, &) = 0 or 1, respectively.
For the Wronskian W(w,u ) we obtain

W(w,u3,) = (Ci(p, ut (1,0,8) + Ca(p, &)uz (1,9, ))0u3 (1, 0, &)
- u-2+:g(ta @, é)(cl (¢1 é)atu-li-(n ®, é) + C2(¢’ f)alu;’g(t’ @, 6))
= Cl (¢a é) W(u-li-, u;:g)a
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where
Ci(p, &) = 0t ,(+0,9,8)/W(uf,u3) if w(+0,9,{) =1, or
Ci(9,&) = =13 ,(+0,0,8)/ W (uf ,uz) if w(+0,9,¢) =0.

From (1.13) and (1.14) we conclude that the new Stokes coefficient
Twa1(b,0,&) = T1i(b,9,&)/Ci(p,&). Using estimate (2.16) for uy (t,9,{) we
have

8(u5,) (1 = 1) = C(E™.

By the energy estimate from |Corollary 2.3

E(uf,)(t = 0) = |u3,(+0,0,&)* + |83 ,(+0,0,O)* = C(EO™ &) (2 = te).

Let us fix an inner point {, = &ye € Z,(M,N,d). Using the last energy
estimate then there exists a neighbourhood U({,) such that lug“,g(—f—O, 0, &) =
C >0 or |0, (+0,9,8)| = C>0 for all (p,¢) e U({). In the first case we
choose w(+0,9,&) =0, in the second w(+40,¢9,&)=1. In U({,) we have
W(w,uy) #0 and

T11(b, 9, &) = (uy 05 — uz Oy )/ W (W, 7).

But W (w,u;) depends holomorphically on { € U({p). By the Stokes
coefficient 7, 1;1(b, 9, &) depends holomorphically on (e U({p), too. Moreover,

Twi1(b,95,&) =0. This gives Ty11(b,9,E)=0 in U({y). Consequently,
Ty1(b,9,&) =0 in U({y). Especially T11(b,9,&) =0 for all g € Us(g,), ¢ suffi-
ciently small. From [Corollary 2.1 we conclude that 771(b,9,&) depends real
analytically w.r.t. ¢ for (¢,&) € Z.(M,N,0). Hence, T11(b,9,&) =0 for the
same set of ¢. By the same reasoning T7(b,¢,¢) =0 in Z.(M,N,d). This
completes the proof.

4.3. Sufficient condition for local non-solvability

THEOREM 4.4. Let L, , ¢, € (—n/2,n/2), be the given differential operator.
Let Z,(M,N,0) be such a zone that one of the Stokes coefficients
T11(+ b, —py, &) = 0 for all & satisfying (—@,, &) € Z.(M,N,5). Then Ly, is locally
non-solvable at (0,0).

PrROOF. We restrict ourselves to the proof for T 11(—5, -0, &) =0. If Ly, is
locally solvable in (0,0), then L,u =/ has a solution ue 2'(Q) for every



698 Michael REissiIG and Karen YAGDJIAN

S € CP(Q). Here Q is a subset of [—1,1] x R containing the origin. If w is an
open set with compact closure contained in w, then

J J fvdxdt| < Csup Z |D§D’,9f|sup Z |D§D’,3L;ov|
R JR

a+pf<m at+p<m
for all f,ve C{°(w), see [11]. Functions which violate this inequality will be
constructed.
For the construction we need the following auxiliary functions (i = 1,2):

(4.19)

1) ¢; = t;(r) are defined by the following equations:
Nilnz® = A(t)%, (N1 +172)Int?> = A(t;)7?>, where N < N; and N is used
for the definition of Z,.,(M,N,5). It is clear, that 0 < #(z) < £,(r), and
lim;,, £(7) =0.

2) Fo, =F,.(t) are cut-off functions with suppF,. < [t;(7),%(r)] and
[, Fa.(t)dt = 1.

3) g. = g(zp) are cut-off functions with suppg. = z[1,2] and [*_ g(zp)dp = .

Let us choose the function

ixpr? ﬂ(l, —®o pT2)
v.(x, 1) = x(x,¢t J g(zp)e™* - dp,
(1) (1) R (z) T12(—b, —@y, pt?)
where
4 2\,,—¢C 2\
X+ (=90, pro)uy (2, — g, pT°) =

T — 2 ,—i
. 2 X+(-¢O7p12)Tl2(_ba _¢0sp12)e At)prte ma;ﬂ-(t’ _¢0’p12)7 t> 07
u(ta —®0, PT )= < o )
X+(—¢0)pT )ul (tv —@0, PT ) =

2 ,—ipg _
\ X+ (=00, pT)NT T a (1, —gp,p7%), 1<0.
The cut-off function y € Ci° (w) satisfies y = 1 in a neighbourhood of (0, 0). Using
Ti1(—b, —@y, &) =0, (1.13) and (1.14) we have 8luj¢ = T1,0%ut, 1=0,1. By
and we conclude that

_ B0, —00,p7°) _

T _E,_ , 1.2 2 —_ > T2 my
| 12( Pos P )l E(u;-)(+0, —(/’o,PTZ) )

(p

with some real constant my. The assumptions concerning g and the fact that
Ti2(—b, —@y, &) has polynomial growth in Z.(M,N,d) imply that v, € CP(w),
too. Moreover let us choose

Se(x, ) = Fl,,(tzx)Fz,,(t),
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where F) . = Fy.(t?x) are cut-off functions which support we shall fix later and
[ Fi.(t°x)dx = *. Then

J J fro dxdt = J J J g(rp)Fl,,(rzx)Fz,,(t)x(x, t)ei(x+A(t)sin¢0)pT2
R! JR! R! JR JR!

— 2
x e~ AOPTesegt (1 —po, pr)x4 (—o, pT°)dp dx dt.
From construction in section 2.1 we have

T 5 - T T
¥ ()+ReBE) 4, . (T ImbG
a-z*’ro(t, —¢0,p72) — ej; 24(s) ds+i J; 2A(s ds.

Using that

< C < C
= A(t)p? ~ Njln<z?

- 2
Z aZr,k(t’ —@0,PT )
k=1

in the zone N;In7? <A()1> <(N1+1t2)Inz® it is enough to consider
air’o(t, —@o, p7%). This term of formal asymptotic solution majorizes the others.
Consequently,

. T Im%
J J fo dxdt e fn(v)mds J J J g(rp)Fl,,(rzx)Fz,,(t)x(x, t)
R JR R JR! JR!

>1
2

. . . (1) Imb(s)
% @l (x+A@)sing)pr? i I Eds

T 's+ e_s
< e—A(l)p‘L'ZCOS%eJ: %ldsx+(—¢o,prz)dpdxdt.

The new variable z is defined by z = A(f)sing, runs through an interval
[z1(7), z2(7)] having length o(z~3). This follows from

|(A(s1) — Als2))singy| < 7% In7?

for all s1, 53 € [t1 (1), t2(t)]. Now let us choose x € [x2(7), x1(7)] with x;(7) = —zi(7),
i = 1,2, and suppose that the support of Fj.(7?x) is contained in 72[xz(z), x1(7)].
Using lim,_,, z;(t) =0 for i= 1,2 the same holds for lim. ., x;(7) =0, too.
Consequently, [t(z),#2(7)] x [x2(7),x1(z)] belongs to w if 7 is large. But this
guarantees that y(x,7) =1 on [x2(7), x1(7)] x [t:1(1), £2()] and x,(—@y,pr?) =1 if
7 is large. The Levi condition [(1.5) implies

J "®) Imb(s) A(t(7))

O "“| < Cln Fy =~ S+ N7
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for all € [t,(7), £2()]. Hence,

. (1) mb(s)
lim e'fr 76 S —

T— 00

for all ¢ € [t,(7), £2(7)]. Using the substitution y = x + A(¢) sin g, the new variable
y runs through an interval [y)(z),y»(r)] around the origin with length o(z73).
Hence,

. . . 2 . . 2
lim et(x+A(t) singg)pt® _ lim €77 =1
T—00 T—00

for all y € [y1(7),y2(7)] and p € [1,2]. It remains to estimate
e—A(t)p-r2 cos ¢oeﬁr%ﬁds‘
From definition of #;(r) and Levi condition [1.5) for b = b(¢f) we conclude

T ¥ (s)+Reb(s) _
e—A(t)pr2 cos “’Oe»l: —E%(;)uﬂds > Cle—Z(M +772)In7? cos 90 g€ A(11(7))

2 [4
> CyroNicose <N_1 I;l. T )
T

for all ¢ € [#(7),52(7)] and p € [1,2].
Using [ F.()dt=1, [% g(zp)dp=t and [% Fi(xt?)dx =
[ Fi.(7?(y — A(f) singy))dy = 1 then we obtain

J J Sovdxdt
R JR!

with a suitable real constant my. Then it is easy to see that the function

(4.20) > Cr™o

wiln ) = [ g(p)e™ e, —po, pr)dp
R!
solves the equation Lj w:(x,f) =0 in a neighbourhood of the origin. Therefore,
L;OXWT = [L;;O’X]WT + XL;;OWT = C(ta X)Q(I, X, Dla Dx)w‘f(xa t),
where {(¢,x) = 0 inside of some neighbourhood of (0,0) of the form [—e¢,&]*. The
inequality

(4.21) sup Z |D§DfL;ov,| < Cyt ™V
a+f<m
follows from

ID;D‘fw,(x, )| < Cyt™V
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for all (x,?) belonging to supp{. If ¢ > ¢, then for all x
DD we(x,8) = (—i)* J 9(zp)(p)*e™ P D} (= X" o (1, —gy, p?))dp.
It follows for a+ g <m

2
|DXDYwe(x,1)| < Cp f g(zp)(1 4 262) P47 g AO costgp <yt
1

for every N. Furthermore if |x| > ¢ and 0 <t < ¢ then for every k

|2x|*| DD} we(x, )|

<

Jz 2 \& i ‘ tx‘r:p Dﬁ —A(t)prie 0+ _ 2
9(zp)(z°p) (ap (e a; (1, =90, p7°))dp

1

=T

) k
[ e (£) Gratamn Dl O a1, —gn, pi?))dp

1

+
< Gt 2B+Im k.

respectively,

|D§wa,(x, t)l < Ck,m72a+2ﬂ+2m2+—k < Ck,m12m+2m;'—k

for all o, <m and all k. It follows the desired inequality (4.21). Comparing
with the inequality [(4.19) does not hold for f; and v,. In the same
way we prove the statement for Ti;(b, —g,, &) =0

THEOREM 4.5. If for a given ¢, € (—n/2,7t/2) one of the Stokes coefficients
T (+ b, —py, &) vanishes for all & with (—9y,&) € Z,(M,N,9), then all operators
Ly,9 € (—n/2,7/2), are locally non-solvable at (0,0).

ProoF. It follows immediately by Theorems 4.3 and 4.4l

4.4. Sufficient condition for non-hypoellipticity

In the previous section we have discussed local non-solvability of L, if one
of the Stokes coefficients T11(+b, —¢,, &) =0 for all (—¢,,&) € Z.(M,N,6). In
this section we shall prove a result of non-hypoellipticity under weaker con-
ditions concerning 71;( %5, ¢, £).



702 Michael REIssiG and Karen YAGDIJIAN

THEOREM 4.6. Let Z,(M,N,0) be such a zone that the Stokes coefficient T,
satisfies

(4.22) |T11(b, 09, )| < h(pg, E)e M or  |Tyy(=b,90,8)| < h(pg, &)e™ T,

for all & with (¢,y,&) € Z,(M,N,d). Here h(p,, &) is a C®-function having poly-
nomial growth together with all derivatives. Then L, is non-hypoelliptic at (0,0).

Proor. We restrict ourselves to the proof for T,(b,¢,,&). Let us choose
the solution

X+ (90, VU (2, 90, &) = x4 (90, E)(T11(b, 9o, &) A Vaf |
(423) fl(t, ¢03 é) = + le(b, (Po, é)e—ée‘%A(I)a;—), t> Oa

X1 (90, EYuT (1, 00, &) = x4 (09, &)™ Mgy 1 <0.

Here x, = x.(9y, &) is a C®-function such that x, (9, &) =0 if (gy,¢&) ¢
Z,(M,N,d) and x, (g, &) =1 for &= M(g,).

The condition concerning 77; and the fact that 7, has polynomial growth
in Z,(M,N,d) imply

: x+<¢o,c)e—¢e"’w’>h+, (>0,
(424) (t (0()’ ) = {

X+((p0’ é)ece' OA(t y = 0’

where A has polynomial growth together with all derivatives. We see that for all
t#0 u(t,py, &) and 0,u(t, ¢y, &) belong to S. Therefore its partial Fourier
transform u is a solution of [0.3). Our goal is to show that under the conditions
of the theorem the point (0,0) € sing suppu.

For this reason let us choose a function y(x)e C°(R') with ¢y =1 in
a neighbourhood (—&,e) of x=0. Then (@)(t =0)=(y*)(t=0) =
Jr $(&)(=0,90,1 — &) AE = [ Y(E)14 (90, €)ai (=0, 00,7 — &) dS.  Analogously,
0 (t//u)(t—O) Jr ¥(Ox1 (90, &)ag (0,09, — &) d&. The integrands belong to
C*® w.r.t. £. Consequently,

- . N-l
@t =0) = | 9@ 50ran)D(=0.00,m(-0)" de
k=0 "°

. 1
+37 Lx ¥(¢) L (+a0) (=0, 09,1 — p&) dp (&) dE.



On the stokes matrix for a family 703

Now we have y(x) = [n () dé =1 and y® = fm e X (iE)(£)dE =0
for all x e (—¢,¢). Consequently, Jai t//(é’) dé=1 and S «fk (&)dE =0 for all
k € Ny. With this property we conclude

(Yu)(t = 0) = (x,a7)(~0, 9y, 7)

1 : |
o [ HOEO™ | na) D (~0,00,1 - p2) dp

Now let us estimate the inner integral of the second term. We have from
2.3)

|Gevai) V0 (=0, 00,1 = PO < Cavsa (1 + |y — p&f)/20m-=7D
for all # > M(gp,),p € (0,1) and ¢ e R!. Using Petree’s inequality [13], that is

(1 + |’7—pé|2)1/2(m'_N_1) <( + |,7| )1/2 (m_—N-— 1)( 1+ |p£| )|1/2 m_—N—1)1
we conclude that if m,, satisfies m_ — N —1 < m, — 1, then

1

~ 1
| @™ [ a0, n - p0) dp

< C()mn= jw ()N 1l g

—o0
< C(;ﬁ%(mwg_l)
for all 7 > M(p,) because of (&) € S. But this gives
—~ Yom. —
() (2 = 0)] = |ag (=0, 95, 7)| = C()*™ .
In the same way we derive

|6t(‘7/';)(t = 0)| = |5,a1_(—0, ¢0,77)| — C<;7>%(m¢o_1)

for all 7 > M(g,). Hence,

|(Pu) (1 = 0)] + |2 (Yu) (£ = 0)| = |a; (=0, 90, )] + |81 (=0, @y, )| — )"0~

for all # > M(¢,). Using, finally, the energy estimate [2.30) from [Corollary 2.3
we have

W) (t = 0) = |ay (=0, po, M)|* + |8:a7 (=0, 9o, n)|> = C{n)™*
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for all » > M(g,). Hence,

|(Ju)(2 = 0)] + |9:(Yu) (1 = 0)| = C(n)?™.

This is a contradiction to u,0,u € C* in (0,0). The theorem can be proved for
T11(—b, 9y, &) in a similar way.

THEOREM 4.7. If for a given ¢y € (—n/2,7/2) one of the Stokes coefficients
T11(xb, 9y, &) vanishes for all & with (¢y,¢) € Z,(M,N,d), then all operators
Ly, 9 e (—n/2,n/2), are non-hypoelliptic at (0,0).

Proor. It follows immediately by Theorems and 4.6,

4.5. On the Stokes matrix for our starting example

We have formulated by the aid of Stokes coeflicients sufficient conditions
for hypoellipticity, local solvability, local non-solvability and non-hypoellipticity.
These conditions are basing on the representations (2.2) with suitable properties
of Theorem 2.1. These representations we have obtained by construction in
section 2.

Of course, all above results hold if one can propose another construction
principle which leads to representations (2.2) with the same properties. For
example, for a construction is given by theory of special functions in [17].
Indeed, the calculation of Stokes coefficients for basing on the repre-
sentations

wt (1,0, &) = £ P (15 — 2291/,
uj (t,0,8) = e W (1 — ., 1528/,
up (1,9,8) = eI (1 1,28 M),
u; (t,9,&) = glere /M ¥ (o, 1; —2Eee 1/,

where oy = (1+b4)/2, a- = (1+5-)/2 and

1 . (0+)
¥(x,1;z) = =—e™T(1 - a) J e 1+ 0 dt
217Z 0ei?
(-n/2 < ¢+ argz < m/2, argt = ¢ at the starting point, I'(a) is Euler’s function
[3], ¥ is a solution of the confluent hypergeometric equation), leads to the
following results:
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a) under the assumptions of (Al)

1T11(b,9,8)| = Cpl&)™", |T11(=b,0,8)| = Cp(&)™!
1T (B, —0,8)| = C(&)™", | Ti(=b,—9,8)| = C <>",

b) if by =2n+1, b_ = 2] + 1, where n and / are non-negative integer, then
T11(b,9,&) =0 for all (¢,&) e (—n/2,n/2) x (0, ),

c) if by ==2n—1, b_ = -2/ -1, where n and / are non-negative integer,
then T,(—b,9,&) =0 for all (¢,&) € (—n/2,7/2) x (0, c0).

Consequently, the application of Theorems 4.2, 4.4, 4.6 and Corollary 4.2

gives us:

1) under the assumptions of (A1) every operator P, is hypoelliptic as well
as locally solvable at (0,0),

2) under the assumptions of (A2) every operator P, is locally non-solvable
as well as non-hypoelliptic at (0,0),

3) the statement of [Theorem 4.3 holds in the exceptional cases b) and
c) because of Ti(b,9,&)=0 or Tii(—b,p,&)=0 for all (p,&) €
(—m/2,7/2) x (0, 0).
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