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ELASTIC WAVE PROPAGATION PROBLEMS

IN STRATIFIED MEDIA $R^{3}$
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Abstract. This paper deals with the asymptotic energy distributions

for large times of the solutions of elastic wave propagation problems

in stratified media $R^{3}$ . We construct asymptotic wave functions

which approximate the solutions for large times and calculate the
asymptotic energy of the solutions using these asymptotic wave
functions. In particular, it is shown that the energy of Stoneley

wave is asymptotically concentrated along the interface.
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\S 1. Introduction

Energy distribution of the solutions of various wave propagation problems

has been studied by C. H. Wilcox ([10], [11], [12], [13]). He constructed asymp-

totic wave functions which approximate the solutions in the sense of $L^{2}$ for

large times and calculated asymptotic energy distributions of the solutions in

several domain by making use of these asymptotic wave functions.

The construction of asymptotic wave functions is based on an eigenfunction

expansion theorem which is proved by the same author and on the method

of stationary phase. J.C. Guillot [3] studied a Rayleich surface wave pro-

pagating along the free boundary of a transversely isotropic elastic half-space

and showed that the energy of the Rayleich component of the solutions with

finite energy is asymptotically concentrated along the boundary.

In this paper we shall derive energy distribution of the solutions of elastic

wave propagation problems in plane-stratified media $R^{3}$ using methods due to

Received December 6, 1993,



410 Senjo SHIMIZU

Wilcox. We construct asymptotic wave functions by using spectral integral
representations of the solutions and the method of stationary phase. The inte-
gral representations are based on an eigenfunction expansion theory which was
proved by the author [8] using methods due to S. Wakabayashi [9]. We cal-
culate asymptotic energy of the solutions for large times of the interface prob-
lems for elastic waves and show that the energy of the Stoneley components
of the solutions with finite energy is asymptotically concentrated along the
interface.

We start with the mathematical formulation of the elastic wave propagation
problem.

Consider the plane stratified medium $R^{3}=\{x=(x_{1}, x_{2}, x_{3});x_{i}\in R\}$ with the
planar interface $x_{3}=0$, which is defined by

$(\lambda(x_{3}), \mu(x_{3}),$ $\rho(x_{3}))=\left\{\begin{array}{l}(\lambda_{1},\mu_{1},\rho_{1}),\\(\lambda_{2},\mu_{2},\rho_{2}),\end{array}\right.$ $x_{3}^{3}>0x<0,$

.
Here $\lambda_{1},$ $\lambda_{2},$

$\mu_{1},$ $\mu_{2}$ are certain quantities called Lam\’e constants and $\rho_{1},$ $\rho_{2}>0$ are
the densities.

We shall denote the lower half-space $R^{\underline{3}}=\{x\in R^{3} ; x_{3}<0\}$ by medium I and
the upper half-space $R_{+}^{3}=\{x\in R^{3} ; x_{3}>0\}$ by medium II, respectively, as in
Figure 1.

$x$ ,

Figure 1. Stratified media I and II.

The propagation problem of elastic waves in the stratified medium is for-
mulated as the following initial-interface value problem:

(1.1) $\frac{\partial^{2}u}{\partial t^{2}}(t, x)+Mu(t, x)=0$ ,

(1.2) $u(t, x)|_{x_{S}\approx-0}=u(t, x)|_{x,\approx+0}$ ,

(1.3) $\sigma_{kS}u(t, x)|_{x_{3}=-0}=\sigma_{k3}u(t, x)|_{x_{3}=+0}$ ,

(1.4) $u(0, x)=f(x)$ , $\frac{\partial u}{\partial t}(0, x)=g(x)$ ,
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where

(1.5) $Mu=-\frac{\lambda(x_{3})+\mu(x_{3})}{\rho(x_{3})}\nabla(\nabla\cdot u)-\frac{\mu(x_{3})}{\rho(x_{3})}\Delta u=\frac{1}{\rho(x_{3})}\sum_{k,j=1}^{3}M_{kj}\frac{\partial^{2}u}{\partial x_{k}\partial x_{j}}$ ,

(1.6) $\sigma_{kj}u=\lambda(x_{3})(\nabla\cdot u)\delta_{kj}+2\mu(x_{3})\epsilon_{kj}u$ ,

(1.7) $\epsilon_{kj}u=\frac{1}{2}(\frac{\partial u_{k}}{\partial x_{j}}+\frac{\partial u_{j}}{\partial x_{k}})$ .

(1.2) and (1.3) are called interface conditions, and (1.4) is called an initial con-
dition.

The $c_{kilj}^{I},$ $c_{kilj}^{Il}(i, j, k, l=1,2,3)$ are the stress-strain tensors given by

$c_{kilj}^{I}=\lambda_{I}\delta_{ki}\delta_{lj}+\mu_{1}(\delta_{kl}\delta_{ij}+\delta_{kj}\delta_{il})$ ,
(1.8)

$c_{kilj}^{II}=\lambda_{2}\delta_{ki}\delta_{lj}+\mu_{2}(\delta_{kl}\delta_{ij}+\delta_{kj}\delta_{il})$

with the properties
$c_{kilj}^{I}=c_{iklj}^{I}=c_{kijl}^{I}=c_{ljki}^{I}$ ,

$c_{kilj}^{II}=c_{iklj}^{II}=c_{kijl}^{II}=c_{ljhi}^{II}$ ,

and $\delta_{ki}$ is the Kronecker delta. We assume that the constants $c_{kilj}^{I},$ $c_{k}^{I}$: satisfy
the following stability conditions

(1.9) $\lambda_{i}+\mu_{i}>0$ , $\mu_{i}>0$ , $(i=1,2)$ ,

which are equivalent to the conditions

$\sum_{k,i.l.j=1}^{3}c_{hi\iota j}^{I}s_{lj}\overline{s_{ki}}\geqq\exists\delta_{1}\sum_{k.i=1}^{3}|s_{ki}|^{2}$ $\delta_{1}>0$ ,

(1.9)

$\sum_{k,i,l,j=1}^{3}c_{kilj}^{II}s_{lj}\overline{s_{ki}}\geqq\exists\delta_{2}\sum_{k,i=1}^{3}|s_{ki}|^{2}$ , $\delta_{2}>0$ ,

for all complex symmetric $3\times 3$ matrices $(s_{ki})$ , $Ski=s_{ik}\in C$ (cf. [4]).

We introduce the Hilbert space

(1.10) $\mathcal{H}=L^{2}(R^{3}, C^{3}, \rho(x_{3})dx)$

with inner product

$(u, v)=\int_{R^{3}}u\cdot v\rho(x_{3})dx$ ,

where $u\cdot v$ denotes the usual scalar product in $C^{3}$ : $u\cdot v=\Sigma_{i=1}^{3}u_{i}\overline{v}_{i}$ . It was
shown in [8, Theorem 1.2] that the operator $A$ on $\mathcal{H}$ with domain

$D(A)=\{u\in H^{2}(R^{\underline{3}}, C^{3})\oplus H^{2}(R_{+}^{3}, C^{3})$ ;
$u$ satisfies the interface conditions (1.2) and (1.3)

in the sense of trace on $x_{3}=0$ }
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and action defined by

(1.11) $Au=Mu$ , $u\in D(A)$

is a self-adjolnt operator on $\mathcal{H}$ . Here

$H^{2}(R_{\pm}^{3}, C^{3})=$ { $u(x),$ $D_{x}^{\alpha}u\in L^{2}(R_{\pm}^{3})$ for $0\leqq\alpha\leqq 2$ }

is a Hilbert space with innner product

$(u, v)_{2}=\int_{R_{f}^{3}}\sum_{|\alpha|\leq m}D^{\alpha}u(x)\cdot D^{\alpha}v(x)dx$ .

Every $u\in D(A)$ satisfies the interface conditions (1.2) and (1.3), so the mixed
problem $(1.1)-(1.4)$ may be reformulated as the problem of finding a function $u$ :
$R\rightarrow \mathcal{H}$ such that

(1.12) $\frac{d^{2}u}{dt^{2}}+Au=0$ for $\forall t\in R$ ,

(1.13) $u(O)=f$ , $d\underline{u}(O)=g$ .
$dt$

The operator $A$ is non-negative [8, Lemma 1.4] and the spectral theorem for
self-adjoint operators (cf. [2]) implies that (1.12) and (1.13) has a (generalized)

solution given by

(1.14) $u(t)=(\cos tA^{1/2})f+(A^{-1/2}\sin tA^{1/2})g$ , $t\in R$

for every pair $f,$ $g\in \mathcal{H}$ . $u$ has derivatives $du/dt$ and $d^{2}u/dt^{2}$ and is a strict
solution of (1.12) if and only if $f\in D(A),$ $g\in D(A^{1/2})$ .

Next we define the energy of solution $u$ on a set $K\subset R^{3}$ at time $t$ for the
elastic wave propagation problem by

(1.15) $E(u, K, t)=\int_{K}(|\frac{\partial u}{\partial t}|^{2}\rho(x_{3})-\sum_{k,j=1}^{3}M_{kj}\frac{\partial u}{\partial x_{j}}\cdot\frac{\partial u}{\partial x_{k}})dx$ .

If $u$ is a solution of $(1.1)-(1.4),$ $u$ satisfies the conservation laws of energy:

$E(u, R^{3}, t)=E(u, R^{3}, O)=const$ . for $\forall t\in R$ ,

where the constant may be finite or infinite. If one defines a sesquilinear form
$B$ in $\mathcal{H}$ by

$D(B)=H^{1}(R^{3}, C^{3})\subset \mathcal{H}$

and

$B(u, v)=-\sum_{k,j=1}^{3}\int_{R^{\S}}M_{k_{J}}\frac{\partial u}{\partial x_{j}}\cdot\frac{\partial u}{\partial x_{k}}dx$ ,

then it is easy to verify that $B$ is closed and non-negative, and that $A$ is the
unique self-adjoint non-negative operator in $\mathcal{H}$ associated with $B$ (cf. [5]). Then
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$D(A^{1/2})=H^{1}(R^{3}, C^{B})$ and for all $u\in D(A^{1/2})$ one has

$\Vert A^{1/2}u\Vert^{2}=B(u, u)=-\sum_{kj=1}^{3}\int_{R\}}M_{kj}\frac{\partial u}{\partial x_{j}}\cdot\frac{\partial u}{\partial x_{k}}dx$ ,

where $\Vert\cdot\Vert$ is the norm in $\mathcal{H}$ . It follows that

(1.16) $E(u, R^{3}, t)=\Vert\frac{du}{dt}\Vert^{2}+\Vert A^{1/2}u\Vert^{2}=\Vert u\Vert_{6}^{2},$ .

Here the norm $\Vert u\Vert_{\mathcal{E}}$ is called the energy norm. If $f\in D(A^{2/1}),$ $g\in \mathcal{H}$ , then $u(t)$

$\in D(A^{1/2}),$ $du/dt\in \mathcal{H}$ for all $t\in R$ and $u(t)$ satisfies

(1.17) $\Vert u(t)\Vert_{\mathcal{E}}^{2}=\Vert u(0)\Vert_{\mathcal{E}}^{2}<\infty$ for $\forall t\in R$ .

Therefore a necessary and sufficient condition for $u$ to have this property is
that the initial state $f,$ $g$ has finite energy:

(1.18) $f\in D(A^{1/2})$ , $g\in \mathcal{H}$ .

Hereafter we consider only solutions with finite total energy.
When

$f\in \mathcal{H}$ , $g\in D(A^{-1/2})$ ,

the solution $u$ of the elastic wave propagation problem in $\mathcal{H}$ , defined by (1.12)

and (1.13), satisfies

$u(t, x)=Re\{v(t, x)\}$ ,

where
$v(t, \cdot)=e^{-ilA^{1/2}}h$ , $h=f+iA^{-1/2}g$ ,

then $v(t, x)$ has the following representation (see Section 2):

$v(t, x)=\sum_{j\in M}v_{1j}^{\pm}(t, x)+\sum_{J\in M}v_{1j}^{St}(t, x)+\sum_{k\in N}v_{2^{\pm}k}(t, x)\in \mathcal{H}$ .

$v_{1j}^{\pm}(t, x)(]\in\{p_{1}, p_{2}\})$ are called Pressure (P) components, $v_{1f}^{\pm}(t, x)(]\in\{s_{1}, s_{2}\})$ are
called Shear Vertical (SV) components, $v_{1j}^{Sl}(t, x)(]\in M=\{s_{1}, p_{1}, s_{2}, p_{2}\})$ are called
Stoneley components and $v_{2k}^{\pm}(t, x)(k\in N=\{s_{1}, s_{2}\})$ are called Shear Horizontal
(SH) components. We remark that if

(1.19) Dis $(c_{s\gamma}^{2})>0$ ,

then the Stoneley components exist. Here $c_{s\gamma}=\min\{c_{s_{1}}, c_{s_{2}}\}$ and Dis $(z)$ is defined
by (2.6) below (cf. Section 2, [8, Section 3]). This condition is determined by
Lam\’e constants $\lambda_{i},$

$\mu_{i}$ and densities $\rho_{i}(i=1,2)$ .
Our main results are the following theorems. Theorem 1.1 shows that the

energy of the Stoneley components $v_{1j}^{St}(t, x)(]\in M)$ of $v$ is asymptotically con-
centrated along the interface $x_{3}=0$ .
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THEOREM 1.1. We assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ , Dis $(c_{\epsilon\gamma}^{2})>0$,

then
$\lim_{l\rightarrow\infty}E(v_{1j}^{St}, (C^{-}(\theta)\cup C^{+}(\theta))\cap B(t, \theta(t)),$

$t$) $=E(v_{1j}^{St}, R^{3},0)$ , $j\in M$,

where
$C^{-}(\theta)=\{x\in R_{-}^{3} ; -\theta(|x^{\prime}|)<x_{3}<0\}$ ,

$C^{+}(\theta)=\{x\in R_{-}^{3} ; 0<x_{3}<\theta(|x^{\prime}|)\}$ ,

$B(t, \theta(t))=\{x\in R^{3} ; c_{St}t-\theta(t)\leqq|x^{\prime}|\leqq c_{St}t+\theta(t), x_{3}\in R\}$ ,

$\theta(t):\lim_{t\rightarrow\infty}\theta(t)=\infty,$
$|\theta(t)|<2c_{St}t$ ,

$\theta(|x^{\prime}|):\lim_{|x|\rightarrow\infty}\theta(|x^{\prime}|)=\infty$ , monotone increasing function,

$c_{St}$ : propagation speed of Stoneley wave.

The next theorem shows that the $P$, SV, SH components $v_{1j}^{f}(t, x)(j\in M)$ ,

$v_{2k}^{\pm}(t, x)(k\in N)$ behave like free waves.

THEOREM 12. We assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ ,

then

$\lim_{t\rightarrow\infty}E(v_{1j}^{\pm}, S_{s_{1}}(t, \theta)\cup S_{p_{1}}(t, \theta)\cup S_{\epsilon_{2}}(t, \theta)\cup S_{p_{2}}(t, \theta), t)=E(v_{1j}^{f}, R^{3},0)$ , $j\in M$,

$\lim_{t\rightarrow\infty}E(v_{2k}^{\pm}, S_{\iota_{1}}(t, \theta)\cup S_{\epsilon_{2}}(t, \theta), t)=E(v_{2k}^{f}, R^{3},0)$ , $k\in N$,

where
$S_{s_{1}}(t, \theta(t))=\{x\in R^{\underline{3}} ; c_{\epsilon_{1}}t-\theta(t)\leqq|x|\leqq c_{s_{1}}t+\theta(t)\}$ ,

$S_{p_{1}}(t, \theta(t))=\{x\in R_{-}^{l} ; c_{p_{1}}?-\theta(t)\leqq|x|\leqq c_{p_{1}}t+\theta(t)\}$ ,

$S_{s_{g}}(t, \theta(t))=\{x\in R_{+}^{3} ; c_{s_{2}}t-\theta(t)\leqq|x|\leqq c_{\ell_{2}}t+\theta(t)\}$ ,

$S_{p_{9}}(t, \theta(t))=\{x\in R_{+}^{3} ; c_{p_{2}}t-\theta(t)\leqq|x|\leqq c_{p},t+\theta(t)\}$ ,

$\theta(t):\lim_{t\rightarrow\infty}\theta(t)=\infty$ ,

$c_{p_{1}},$ $c_{p_{2}}$ : propagation speeds of $P$ waves,

$c_{s_{1}},$ $c_{s_{2}}$ : propagation speeds of SV and SH waves.

These theorems are obtained calculating the energy of the asymptotic wave
functions $v_{1f}^{S\infty}(t, x),$ $v_{1j^{\infty}}^{\pm}(t, x)(j\in M),$ $v_{2k^{\infty}}^{\pm}(t, x)(k\in N)$ which defined by means of
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the stationary phase method.
The remainder of this paper is organized as follows. In Section 2, we give

spectral integral representations of the solutions of the propagation problem by

using the eigenfunction expansion theorem for $A$ developed in [8]. In Section
3, we construct asymptotic wave functions of the Stoneley components by means
of the method of stationary phase. We construct asymptotic wave functions of
the $P$ , SV, SH components in Section 4. In Section 5, we calculate the asym-

ptotic energy distributions of the solutions for large times.

\S 2. Eigenfunction Expansions for $A$

The eigenfunction expansion theorem for $A$ was developed in [8]. In this
section it is applied to give spectral integral representations of the solutions of
the elastic propagation problem. This section begins with a brief review of
the structure and properties of the eigenfunctions and the expansion theorem.

Let $\eta^{\prime}=(\eta_{1}, \eta_{2})\in R^{2}$ be the dual variables of $x^{\prime}=(x_{1}, x_{2})$ and let $F_{x^{\prime}}$ denote

the partial Fourier transformation with respect to $x^{\prime}$ ;

$\hat{u}(\eta^{\prime}, x_{3})=(F_{x^{\prime}}u)(\eta^{\prime}, x_{3})=1Ri\rightarrow m\infty$ . $\frac{1}{2\pi}\int_{|x^{\prime}|\leq R}e^{-i(x_{1}\eta_{1}+x_{2\eta 2)}}u(x)dx^{\prime}$

for $u$ in $\mathcal{H}$ . Let
$D(\hat{A})=F_{x^{\prime}}$ D(A)= $\{\text{{\it \^{u}}}; u\in D(A)\}$ ,

$\hat{A}\text{{\it \^{u}}}=F_{x^{\prime}}AF_{\eta\prime}^{-1}\text{{\it \^{u}}}$ , $\hat{u}\in D(\hat{A})$ .
For every $\eta^{\prime}\neq 0$ , let

(2.1) $U=\frac{1}{|\eta\prime|}(\eta_{2}\eta_{0^{1}}$ $-\eta_{2}\eta_{0^{1}}|\eta^{0}|0$ $C=(100$ $001$ $001$

where $U$ and $C$ are unitary matrices and $|\eta^{\prime}|=(\eta_{1}^{2}+\eta_{2}^{2})^{1/2}$ . Then we have

(2.2) $Au=F_{\eta\prime}^{-1}UC(A_{1}(\eta^{\prime})\oplus A_{2}(\eta^{\prime}))(UC)^{-1}F_{x^{\prime}}u$ for $u\in D(A)$ ,

where $A_{1}(\eta^{\prime})$ and $A_{2}(\eta^{\prime})$ are non-negative $self- adjo\dot{m}t$ operators (see [8, Proposi-

tion 1.7], [1], [3]).

We can get an explicit representation of the Green function $G_{1}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)$

for the operator $A_{1}(\eta^{\prime})-\zeta I(\zeta\not\in R)$ from the expression of the solution for the
following problem:

(2.3) $(A_{1}(\eta^{\prime}, D)-\zeta)v(\eta^{\prime}, x_{3})=f(\eta^{\prime}, x_{3})$ ,

(2.4) $v(\eta^{\prime}, x_{3})|_{x_{3}=-0}=v(\eta^{\prime}, x_{3})|_{x_{3}=+0}$ ,
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(2.5) $B_{1}(\eta^{\prime})\iota)(\eta^{\prime}, x_{3})|_{x_{3}=- 0}=B_{1}(\eta^{\prime})v(\eta^{\prime}, x_{3})|_{x_{3}=+0}$ .

Here (2.4) and (2.5) are the interface conditions for $A_{1}(\eta^{\prime}, D)$ corresponding to
(1.2) and (1.3). $A_{1}(\eta^{\prime}, D)(D=(1/\iota)(d/dx_{3}))$ is the differential operators corre-
sponding to the self-adjoint operator $A_{1}(\eta^{\prime})$ . Since the solution $v$ of (2.3) should
satisfy the interface conditions (2.4) and (2.5), the denominator of $v$ has the
Lopatinski determinant $\Delta(\eta^{\prime}, \zeta)$ as follows:

$\Delta(\eta^{\prime}, \zeta)=|\eta^{\prime}|^{6}Dis(z)$ ,

(2.6) Dis $(z)=(2()_{2,s_{1}}^{\underline{1}}z+\frac{\mu_{2}z}{c_{\epsilon_{2}}^{2}})^{2}+4(\mu_{1}-\mu_{2})^{2}a_{1}a_{2}b_{1}b_{2}$

$-a_{1}b_{1}(2(\mu_{1}-\mu_{2})+\frac{\mu_{2}z}{c_{s_{2}}^{2}})^{2}-a_{2}b_{2}(2(\mu_{1}-\mu_{2})-\frac{\mu_{1}z}{c_{s_{1}}^{2}})^{2}$

$-\mu\frac{1\mu_{2}}{22}(a_{1}b_{2}+a_{2}b_{1})z^{2}c$

where

$z=\frac{\zeta}{|\eta\prime|^{2}}$ ,

$a_{1}=\sqrt{1-\frac{z}{c_{p_{1}}^{2}}}$ , $a_{2}=\sqrt 1^{-}\overline{-\frac{z}{c_{p_{2}}^{2}}}$ , $b_{1}=\sqrt 1\overline{-\frac{z}{c_{s_{1}}^{2}}}$ , $b_{2}=\sqrt{1-\frac{z}{c_{\epsilon_{2}}^{2}}}$ .

The squares of propagation speeds of shear(SV, SH) and pressure(P) waves are
given by

(2.7) $c_{s_{i}}^{2}=\frac{\mu_{i}}{\rho_{i}}$ , $c_{p_{i}}^{2}=_{\rho^{\frac{2}{l}}}^{\lambda_{i}+\underline{\mu_{i}}}-$ , $(i=1,2)$ ,

respectively. From the conditions (1.9), the minimum speed of $\{c_{s_{1}}, c_{p_{1}}, c_{s_{2}}, c_{p_{2}}\}$

is either $c_{s_{1}}$ or $c_{s_{2}}$ .
We can see that $Dis(z)$ has the only one real zero when $Dis(z)$ has zeros.

Denote by $c_{St}^{2}$ its real zero. Then the zero of $\Delta(\eta^{\prime}, \zeta)$ is $c_{St}^{2}|\eta^{\prime}|^{2}$ and is the
origin of the Stoneley wave propagating along the interface $x_{3}=0$ in the elastic
space $R^{3}$ , and $c_{St}$ is its speed.

By virtue of principle of the argument, the conditions for the existence of
zeros of the Lopatinski determinant $\Delta(\eta^{\prime}, \zeta)=|\eta^{\prime}|^{6}Dis(z)$ (the existence of the
Stoneley waves) are given as follows:

If $c_{s_{1}}<c_{s_{2}}$ , then

(i) $Dis(c_{s_{1}}^{2})>0\Rightarrow The$ zero $\zeta=c_{St}^{2}|\eta^{\prime}|^{2}$ of $\Delta(\eta^{\prime}, \zeta)$ in $\zeta$ exists in
$[0, c_{s_{1}}^{2}|\eta^{\prime}|^{2})$ with order 1. More precisely, we shall
prove in the proof of [8, Theorem 6.5] that $c_{St}\neq 0$ .
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(ii) $Dis(c_{s_{1}}^{2})=0\Rightarrow c_{Sl}=c_{s_{1}}$ and we shall consider this case under
some some restricted conditions (cf. [8, Lemma 6.4]).

(iii) $Dis(c_{s_{1}}^{2})<0=\Delta(\eta^{\prime}, \zeta)$ has no zero.
If $c_{s_{2}}<c_{s_{1}}$ , then we must replace $Dis(c_{s_{1}}^{2})$ by $Dis(c_{s_{2}}^{2})$ .

We also obtain an explicit representation of the Green function $G_{2}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)$

for the operator $A_{2}(\eta^{\prime})-\zeta I(\zeta\not\in R)$ by the same method as $G_{1}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)$ . The
Lopatinski determinant corresponding to the operator $A_{2}(\eta^{\prime})-\zeta I(\zeta\not\in R)$ has no
zero. By using the Green functions $G_{1}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)$ and $G_{2}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)$ , we
define

$\psi_{Ij}(x_{3}, \eta ; \zeta)=F_{y_{3}}^{-1}[G_{1}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)](\xi)(\lambda_{j}(\eta)-\zeta)P_{j}(\eta)\rho(x_{3})^{-1}$ , $j\in M$,

$\psi_{1j}^{Sl}(x_{3}, \eta ; \zeta)=\frac{\zeta-c_{Sl}^{2}|\eta^{\prime}|^{2}}{\zeta-\lambda_{j}(\eta)}\psi_{1j}(x_{3}, \eta ; \zeta)$ , $j\in M$,

$\psi_{2k}(x_{3}, \eta ; \zeta)=F_{y_{3}}^{-1}[G_{2}(x_{3}, y_{3}, \eta^{\prime} ; \zeta)](\xi)(\lambda_{j}(\eta)-\zeta)\rho(x_{3})^{-1}$ , $k\in N$ .
Here $\eta=(\eta_{I}, \eta_{2}, \xi)=(\eta^{\prime}, \xi),$ $\lambda_{j}(\eta)=c_{j}^{2}|\eta|^{2}$ are the eigenvalues of $A_{1}(\eta^{\prime}),$ $P_{j}(\eta)$ are
mutually orthogonal projections for $A_{1}(\eta^{\prime}),$ $\lambda_{k}(\eta)=c_{k}^{2}|\eta|^{2}$ are the eigenvalues of
$A_{2}(\eta^{\prime}),$ $M=\{s_{1}, p_{1}, s_{2}, p_{2}\}$ and $N=\{s_{1}, s_{2}\}$ . When $\zeta\rightarrow\lambda_{j}(\eta)\pm i0,$ $\zeta\rightarrow c_{Sl}^{2}|\eta|^{2}$ , and
$\zeta\rightarrow\lambda_{k}(\eta)\pm i0$ , the limits $\psi_{1j}^{\pm}(x_{3}, \eta),$ $\psi_{1j}^{St}(x_{3}, \eta)$ , and $\psi_{2k}^{\pm}(x_{3}, \eta)$ exist and these limit
functions are generalized eigenfunctions for $A_{1}(\eta^{\prime}),$ $A_{2}(\eta^{\prime})$ , respectively.

Using these generalized eigenfunctions for $A_{1}(\eta^{\prime}),$ $A_{2}(\eta^{\prime})$ , we define gener-
alized eigenfunctions for $A$ as follows:

(2.8) $\psi_{1j}^{\pm}(x, \eta)=\frac{1}{2\pi}e^{i(x_{1}\eta_{1}+x_{2}\eta 2)}UC(\psi_{1j}^{\pm}(x_{3}, \eta)\oplus O_{1\times 1})$ , $j\in M$,

(2.9) $\psi_{1j}^{St}(x, \eta)=\frac{1}{2\pi}e^{i(x_{1}\eta_{1}+x_{2}\eta 2)}UC(\psi_{1j}^{Sl}(x_{3}, \eta)\oplus O_{1\times 1})$ , $j\in M$,

(2.10) $\psi_{2k}^{\pm}(x, \eta)=\frac{1}{2\pi}e^{i(x_{1}\eta_{1}+x_{2}\eta 2)}UC(O_{2\times 2}\oplus\psi_{2k}^{\pm}(x_{3}, \eta))$ , $k\in N$,

where $O_{n\times n}$ denotes the $n\times n$ zero matrix.
Now we define the Fourier transform of $f\in \mathcal{H}$ with respect to these gen-

eralized eigenfunctions: $ f-\rangle$ $(\hat{f}_{1j}^{\pm}, f_{1j}^{St},\hat{f}_{2^{\pm}k})$ ,

(2.11) $f_{1j}^{\pm}=]_{R\rightarrow\infty R}\eta)^{*}f(x)\rho(x_{3})dx$ , $j\in M$,

(2.12) $f^{St}=1_{R\rightarrow\infty|\leqq R},$ $\eta)^{*}f(x)\rho(x_{3})dx$ , $j\in M$,

(2.13) $f_{2^{\pm}k}(\eta)=1_{R\rightarrow\infty}i.m.\int_{|x}|\leq R\psi_{2k}^{\pm}(x, \eta)^{*}f(x)\rho(x_{3})dx$ , $k\in N$ .
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Theorem 2.1 corresponds to the Parseval and Plancherel formulas.

THEOREM 2.1. We assume that $Dis(c_{\epsilon\gamma}^{2})>0$ . Let $f,$ $g\in \mathcal{H}$ and $ 0<a<b<\infty$ .
Then we have

$(f, g)=\sum_{j\in\kappa}(\int_{R^{3}}f_{1j}^{f}(\eta)\cdot\hat{g}_{1j}^{\pm}(\eta)d\eta+\int_{R^{3}}f_{1j}^{St}(\eta)\cdot\hat{g}_{1j}^{St}(\eta)d\eta)$

$+\sum_{i\in N}\int_{R^{3}}f_{2^{f}i}(\eta)\cdot 9_{2k}^{\pm}(\eta)d\eta$ .

The first half of Theorem 2.2 expresses the Fourier inversion formula with
respect to generalized eigenfunctions. The latter half gives the canonical form
for $A$ .

THEOREM 2.2. We assume the same assumption as Theorem 2.1.
(1) For $f\in \mathcal{H}$ ,

$ f(x)=\sum_{j\in M}1_{R}\grave{1}_{\rightarrow\infty}m.\int_{|\eta|\leq R}(\psi_{1j}^{\pm}(x, \eta)f_{1j}^{f}(\eta)+\psi_{1j}^{St}(x, \eta)f_{1f}^{St}(\eta))d\eta$

$+\sum_{k\in N}1_{R\rightarrow\infty}i.m.\int_{|\eta|\leq R}\psi_{2k}^{\pm}(x, \eta)f_{2^{\pm}k}(\eta)d\eta$

(2) For $f\in D(A)$ ,

A $ f(x)=\sum_{j\in M}1_{R\rightarrow\infty}i.m.\int_{|\eta|\leq R}(\lambda_{j}(\eta)\psi_{1j}^{\pm}(x, \eta)f_{1^{\pm}j}(\eta)+c_{Sl}^{2}|\eta^{\prime}|^{2}\psi_{1}^{s_{J^{t}}}(x, \eta)f_{1j}^{St}(\eta))d\eta$

$+\sum_{k\in N}1_{R\rightarrow\infty}i.m.\int_{|\eta|\leq R}\lambda_{k}(\eta)\psi_{2k}^{\pm}(x, \eta)\hat{f}_{2^{\neq}k}(\eta)d\eta$ ,

and
$(A\hat{f})_{1j}^{\pm}(\eta)=\lambda_{j}(\eta)f_{1j}^{\pm}(\eta)$ , $j\in M$,

$(\hat{Af})_{1j}^{s\iota}(\eta)=c_{St}^{2}|\eta^{\prime}|^{2}f_{1f}^{s\iota}(\eta)$ , $j\in M$,

$(\hat{Af})_{2i}^{\pm}(\eta)=\lambda_{i}(\eta)\hat{f}_{2^{\pm}i}(\eta)$ , $k\in N$ .
Theorem 2.3 gives an explicit expression of the ranges $R(\Phi^{\pm})$ .

THEOREM 2.3. Assume the same assumption as Theorem 2.1. We define the
mappings by

$\Phi_{Ij}^{\pm}$ ; $\mathcal{H}\ni f-f_{1j}^{f}(\eta)\in L^{2}(R_{\pm}^{3}, C^{3})$ , $j\in M$,

$\Phi_{1j}^{Sl}$ : $\mathcal{H}\ni f-f_{1j}^{St}(\eta)\in L^{2}(R^{3}, C^{3})$ , $j\in M$,

$\Phi_{2k}^{\pm}$ : $\mathcal{H}\ni f-\hat{f}_{2^{f}k}(\eta)\in L^{2}(R_{\pm}^{3}, C^{3})$ , $k\in N$ ,

and put
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$\Phi^{\pm}=\sum_{j\in M}\Phi_{1j}^{\pm}\oplus\sum_{j\in M}\Phi_{1j}^{St}\oplus\sum_{k\in N}\Phi_{2k}^{\pm}$ .

Then we have

$R(\Phi^{\pm})=\sum_{j\in M}\oplus(P_{j}(\eta)\oplus O_{1\times I})L^{2}(R_{\pm}^{3}, C^{3})\bigoplus_{j}\sum_{\in M}\oplus(P_{j}(\eta)\oplus O_{1\times 1})L^{2}(R^{3}, C^{3})$

$\oplus\sum_{k\in N}\oplus(O_{2x2}\oplus 1)L^{2}(R_{\pm}^{3}, C^{3})$ .

This implies that $\Phi^{\pm}$ are unitary operators in $\mathcal{H}$ , and that the systems of gener-
alized $eigen\hat{f}unctions\{\psi_{1j}^{+}, \psi_{1j}^{Sl}, \psi_{2k}^{+}\}$ and $\{\psi_{1j}^{-}, \psi_{1j}^{St}, \psi_{\overline{2}k}\}$ are complete, respectively.

The next theorem shows the utility of the eigenfunction expansion theorem
for the operator $A$ .

THEOREM 2.4. Let $\Psi(\lambda)$ be a complex-valued bounded Lebesgue measurable

function on $\sigma(A)=\{\lambda:\lambda\geqq 0\}$ and let $\Psi(A)$ be the corresponding operator defined
by means of the spectral theorem.

Then we have

$(\hat{\Psi(A)f})_{1j}^{\pm}(\eta)=\Psi(c_{j}^{2}|\eta|^{2})f_{1j}^{\pm}(\eta)\in(P_{j}(\eta)\oplus O_{1x1})L^{2}(R_{\pm}^{3}, C^{3})$ , $j\in M$,

$(\hat{\Psi(A)f})_{1j}^{St}(\eta)=\Psi(c_{Sl}^{2}|\eta^{\prime}|^{2})f_{1j}^{Sl}(\eta)\in(P_{j}(\eta)\oplus O_{1x1})L^{2}(R^{3}, C^{3})$ , $j\in M$,

$(\hat{\Psi(A)f})_{2k}^{\pm}(\eta)=\Psi(c_{k}^{2}|\eta|^{2})\hat{f}_{2^{\pm}k}(\eta)\in(O_{2x2}\otimes 1)L^{2}(R_{\pm}^{3}, C^{3})$ , $k\in N$.
It will be convenient to rewrite the solution $(1.12)-(1.13)$ in the following

form.

THEOREM 2.5. Let $f$ and $g$ be real-valued functions such that

(2.14) $f\in \mathcal{H}$ , $g\in D(A^{-1/2})$ ,

and define
(2.15) $h=f+iA^{-1/2}g\in \mathcal{H}$ .

Then the solution in $\mathcal{H}$ defined by (1.14) satisfies
(2.16) $u(t, x)=Re\{v(t, x)\}$ ,

where $v(t, x)$ is the complex-valued solution in $\mathcal{H}$ defined by

(2.17) $v(t, \cdot)=e^{-ilA^{1/2}}h$ .

The proof of Theorem 2.5 is due to Wilcox [10, Theorem 2.3]. This theo-

rem implies that the solution $u(t, x)$ of (1.12) and (1.13) is determined by $v(t, x)$ .
Combining Theorem 2.4 and Theorem 2.5, we have the following:
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THEOREM 2.6. We assume that

$f\in \mathcal{H}$ , $g\in D(A^{-1/2})$ , Dis $(c_{\iota\gamma}^{2})>0$ .

Then the solution of the elastic wave propagation problem, by (1.12) and (1.13)

has the representation

(2.18) $v(t, x)=\sum_{j\in K}v_{1j}^{f}(t, x)+\sum_{j\in M}v_{1j}^{St}(t, x)+\sum_{J\in N}v_{2k}^{\pm}(t, x)\in \mathcal{H}$ ,

where

(2.19) $ v_{1j}^{f}(t, X)=[Ri\rightarrow m\infty.\int_{|\eta|\leq R}e^{-itc_{j}|\eta|\psi_{1j}^{f}(x}, \eta)\hat{h}_{1j}^{f}(\eta)d\eta$ , $j\in M$,

(2.20) $ v_{1j}^{St}(t, x)=1Ri\rightarrow m\infty.\int_{|\eta|\leq R}e^{-itc}St|\eta^{\prime}|\psi_{1j}^{St}(x, \eta)\hat{h}_{1j}^{Sl}(\eta)d\eta$ , $j\in M$,

(2.21) $v_{2k}^{\pm}(t, x)=1_{R\rightarrow\infty}i.m.\int_{|\eta|\leq R}e^{-itc_{k}|\eta|\psi_{2k}^{\pm}(X},$
$\eta$ ) $\hat{h}_{2k}^{\pm}(\eta)d\eta$ , $k\in N$,

and

(2.22) $\hat{h}_{1f}^{\pm}(\eta)=f_{1j}^{\neq}(\eta)+i\frac{1}{c_{j}|\eta|}9_{1j}^{\pm}(\eta)\in(P_{J}(\eta)\oplus O_{1\times 1})L^{2}(R_{\pm}^{3}, C^{3})$ ,

(2.23) $\hat{h}_{1j}^{St}(\eta)=f_{1j}^{St}(\eta)+i\frac{1}{c_{St}|\eta\prime|}\hat{g}_{1j^{f}}^{s}(\eta)\in(P_{j}(\eta)\oplus O_{1x1})L^{2}(R^{3}, C^{3})$ ,

(2.24) $\hat{h}_{2k}^{\pm}(\eta)=f_{2^{1i}i}(\eta)+i\frac{1}{c_{\hslash}|\eta|}\hat{g}_{2k}^{\pm}(\eta)\in(O_{2x2}\oplus 1)L^{2}(R_{\pm}^{3}, C^{3})$ .

\S 3. Transient Gulded (Stoneley) Waves

This section deals with the Stoneley components $v_{1j}^{St}(t, x)(j\in M)$ defined by
(2.20) and (2.23). It is shown in Section 5 below that these components are
transient, in the sense that the energy in any bounded region tends to zero for
large $t$, and are guided, in the sense that the energy concentrate near the
boundary $x_{3}=0$ . The proofs are based on asymptotic approximations for $v_{1j}^{St}(t, x)$

$(j\in M)$ for large $t$ which are derived in this section.
In this section it is assumed that the initial data $f(x)$ and $g(x)$ are real-

valued functions and $f\in \mathcal{H},$ $g\in D(A^{-1/2})$ , and that the condition $Dis(c_{\epsilon\gamma}^{2})>0(i.e$ .
existence of the Stoneley wave) is satisfied.

Substituting (2.9) in (2.20), we can represent the Stoneley components $v_{1j}^{St}(t, x)$

$(j\in M)$ in the form

(3.1) $v_{1j}^{St}(t, x)=1_{R\rightarrow\infty}i.m.(\frac{1}{2\pi})\int_{|\eta|\leq R}e^{i(x}$
‘

$\eta^{\prime}-tc\eta^{\prime}U(\eta^{\prime})C(\psi_{1j}^{St}(x_{3}, \eta)\oplus 0_{1x1})\hat{h}_{1f}^{s\iota}(\eta)d\eta$ ,
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where

$U(\eta^{\prime})=\frac{1}{|\eta\prime|}(\eta_{2}\eta_{0^{1}}$ $-\eta_{2}\eta_{0^{1}}|\eta^{0}|0$ , $C=(100$ $001$ $001$ , $\eta=(\eta^{\prime}, \xi)=(\eta_{I}, \eta_{2}, \xi)$ ,

and $\psi_{1j}^{Sl}(x_{3}, \eta)$ is a generalized eigenfunction for the operator $A_{1}(\eta^{\prime})$ (given by

[8, (4.17) and (4.18)]).

The function $\psi_{1j}^{Sl}(x_{3}, \eta)$ and $\hat{h}_{1j}^{St}(\eta)(j\in M)$ can be written in the form

(3.2) $\psi_{1j}^{Sl}(x_{3}, \eta)=\frac{|\eta^{\prime}|}{\xi-ic_{0j}|\eta\prime|}e^{-c_{0j}|\eta||x_{3}|}\phi_{1j}^{St}(\eta^{\prime})P_{j}(\eta)$ ,

(3.3) $\hat{h}_{Ij}^{St}(\eta)=\frac{\sqrt{|\eta^{\prime}|}}{\xi+ic_{0j}|\eta\prime|}k_{1j}^{St}(\eta^{\prime})$ ,

where

$c_{0j}=\sqrt{1-\frac{c_{Sl}^{2}}{c_{j}^{2}}}$ $(0<c_{0j}<1)$ .

Here $\phi_{1j}^{St}(\eta^{\prime})$ is a bounded continuous function (see [8, (4.17) and (4.18)]) and
$k_{1j}^{Sl}(\eta^{\prime})\in L^{2}(R^{2}, C^{3})$ because

(3.4) $\Vert\hat{h}_{1j}^{St}(\eta)\Vert_{L^{2}(R3)}^{2}=\int_{R^{2}}\int_{R}|\frac{\sqrt{|\eta^{\prime}|}}{\xi+ic_{0j}|\eta^{\prime}|}k_{1j}^{Sl}(\eta^{\prime})|^{2}d\xi d\eta^{\prime}$

$=\int_{R^{g}}|k_{1j}^{St}(\eta^{\prime})|^{2}(\int_{-\infty}^{\infty}\frac{|\eta^{\prime}|}{\xi^{2}+c_{0j}^{2}|\eta^{\prime}|}d\xi)d\eta^{\prime}$

$=\frac{\pi}{c_{0j}}\Vert k_{1f}^{St}(\eta^{\prime})\Vert_{L2(R2)}^{2}$ .

Then the integral in (3.1) is rewritten

(3.5) $v_{1j}^{St}(t, x)=1Ri\rightarrow m\infty.(\frac{1}{2\pi})\int_{|\eta^{\prime}|\leq R}e^{ix\cdot\eta s\iota|\eta^{\prime}|)-c_{0}}(cJ^{|\eta^{\prime}||x_{3}}$

$\times U(\eta^{\prime})C(\phi_{1j}^{s\iota}(\eta^{\prime})\oplus 0_{1x1})Q(\eta^{\prime})\sqrt{|\eta^{\prime}|}k_{1j}^{St}(\eta^{\prime})d\eta^{\prime}$ , $j\in M$,

where

(3.6) $ Q(\eta^{\prime})=\int_{\xi^{2}\leq R^{2}-|\eta\prime|^{2}}\frac{|\eta^{\prime}|}{\xi^{2}+c_{0j}^{2}|\eta\prime|^{2}}(P_{J}(\eta^{\prime}, \xi)\oplus 0_{1x1})d\xi$

(3.7) $P_{s_{1}}(\eta)=P_{s_{2}}(\eta)=\frac{1}{|\eta|^{2}}\left(\begin{array}{ll}\xi^{2} & -|\eta^{\prime}|\xi\\-|\eta\prime|\xi & |\eta\prime|^{2}\end{array}\right)$ ,

$P_{p_{1}}(\eta)=P_{p_{2}}(\eta)=\frac{1}{|\eta|^{2}}\left(\begin{array}{ll}|\eta^{\prime}|^{2} & |\eta^{\prime}|\xi\\|\eta\prime|\xi & \xi^{2}\end{array}\right)$ .

We note that $U(\eta^{\prime})C(\phi_{1j}^{St}(\eta^{l})\oplus O_{1x1})Q(\eta^{\prime})$ is a bounded continuous function
of $\eta^{\prime}$ in $R^{2}$ , because



422 Senjo SHIMIZU

$|Q(\eta^{\prime})|\leqq\int_{\xi^{2}-|\eta^{\prime}|}\leq R^{22}\overline{\xi}\frac{|\eta^{\prime}|}{2+c_{0j}^{2}|\eta^{\prime}|^{2}}d\xi\leqq\frac{2}{c_{0j}}\int_{0}^{\infty}\frac{1}{\theta^{2}+1}d\theta=\frac{\pi}{c_{0j}}$ .

Now we consider the following integral

(3.8) $w(t, x)=\frac{1}{2\pi}\int_{R2}e^{i(x^{\prime}\cdot\eta}‘-t\mathfrak{g}\sqrt{|\eta^{\prime}|}\phi(\eta^{\prime})d\eta^{\prime},$ $\phi\in \mathcal{D}(R^{2})=\mathcal{D}(R^{2}, C)$ ,

where $c_{1}$ and $c_{2}$ are positive constants and $\mathcal{D}(R^{2})$ denotes the usual Schwartz
space.

Introducing plane polar coordinates $(\nu, \omega)$ for $\eta^{\prime}$ , we find

(3.9) $ w(t, x)=\frac{1}{2\pi}\int_{0}^{\infty}\int_{S^{1}}e^{ix^{\prime}\cdot\omega-c_{1}t-\nu c_{2}|x_{3}|}\nu()\nu^{3/g}\phi(\nu\omega)d\omega d\nu$

$=\frac{1}{2\pi}\int_{0}^{\infty}e^{-i\nu c_{1}t-\nu\epsilon_{g1}x_{3}|/2}\nu J(x^{\prime}, \nu)d\nu$ ,

where

(3.10) $J(x^{\prime}, \nu)=\int_{S^{1}}e^{i\nu x}$
“

$\omega\phi(\nu\omega)d\omega$ .

In order to find the asymptoic behavior of $w(t, x)$ for $ t\rightarrow\infty$ , we calculated the
asymptotic behavior of $J(x^{\prime}, \nu)$ for $|x^{\prime}|\rightarrow\infty$ making use of the method of sta-
tionary phase.

The following theorem is a version of the method of stationary phase and
give the asymptotic formula at infinity of the Fourier transform of a measure
(with smooth density) concentrated on the hypersurface $S^{n-1}$ (see [6, Section 5],

[7, Section 4] for general $C^{\infty}$ hypersurface $S$ ).

THEOREM 3.1. Let $S$ be the unit sphere of $R^{n}(n\geqq 2),$
$\mu$ be a $C^{\infty}$ function

defined on S. Then we have the following asymptotic formula:
(3.11)

$I(x)=\int_{S}e^{i\langle x.\iota\rangle}\mu(s)dS$

$=\mu(\theta)(\frac{2\pi}{|x|})^{(n-1)/2}e^{i(|x|-(\pi/4)(n-I))}+\mu(-\theta)(\frac{2\pi}{|x|})^{(n-\iota)/2}e^{-i(||^{-}(\pi/4)(n-1))}x+q(x)$

as $|x|\rightarrow\infty$ along the ray $ x=|x|\theta$ , where $q(x)$ satisfies

(3.12) $(\frac{\partial}{\partial x})^{\nu}q(x)=O(|x|^{-(n+1)/2})$ as $|x|\rightarrow\infty$

for each multi-index $\nu$ .

Applying this theorem to (3.10) we find
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(3.13) $J(x^{\prime}, \nu)=(\frac{2\pi}{i\nu r})^{1/2}e^{i\nu r}\phi(\nu\theta)+(\frac{2\pi}{-i\nu r})^{1/2}e^{-i\nu r}\phi(-\nu\theta)+q_{0}(x^{\prime}, \nu)$ ,

where

(3.14) $ x^{\prime}=r\theta$ , $r=|x^{\prime}|\geqq 0$ , $\theta\in S^{1}$ ,

and we get

(3.15) $|q_{0}(x^{\prime}, \nu)|M_{0}|\nu x^{\prime}|^{-3/2}$ for $|x^{\prime}|\geqq 1$ .
Here $M_{0}=M_{0}(\phi)$ is a positive constant which is independent of $x^{\prime},$ $\theta\in S^{1}$ and
$\nu>0$ . In (3.13) the square roots are defined by the convention that if $z=\pm i|z|$

then $z^{1/2}=e^{\pm i(\pi/4)}|z|^{1/2}$ with $|z|^{1/2}\geqq 0$ .
Substituting (3.13) in (3.9), we obtain

(3.16) $ w(t, x)=(2\pi ir)^{-1/z\int_{0}^{\infty})g|x_{3}}e^{i\nu(r-c_{1}t|}-\nu c\nu\phi(\nu\theta)d\nu$

$+(-2\pi ir)^{-1/2}\int_{0}^{\infty})|x_{3}|$

$+q_{1}(t, x)$

where

(3.17) $ q_{1}(t, x)=(2\pi)^{-1}\int_{0}^{\infty}e^{-i\nu c_{1}l-\nu c_{2}|x_{3}|}\nu^{3/2}q_{0}(x^{\prime}, \nu)d\nu$ ,

$|q_{I}(t, x)|\leqq(2\pi)^{-1}M_{0}|x^{\prime}|^{-3/2}\int_{0}^{\infty}e^{-\nu c_{2}x_{3}|}|d\nu$

$=(2\pi)^{-1}M_{0}c_{2}^{-1}|x^{\prime}|^{-3/2}|x_{3}|^{-1}$ .

From (3.16), it follows that $q_{1}(t, x)$ is a continuous function of $x=(x^{\prime}, x_{3})$ . There-

fore we have

(3.18) $|q_{1}(t, x)|\leqq M(1+|x^{\prime}|^{a/2})^{-1}(1+|x_{3}|)^{-1}$ for $x=(x^{\prime}, x_{3})\in R^{3}$ ,

where $M=\max((2\pi)^{-1}M_{0}c_{2}^{-1}, \max_{t.|x|\leq 1}|q_{1}(t, x)|)$ is independent of $t$ .
Let us define the functions $G_{\phi}^{\pm}(\tau, \theta, x_{3})$ by

(3.19) $ G_{\phi}^{\pm}(\tau, \theta, x_{3})=(\pm 2\pi i)^{-1/2}\int_{0}^{\infty}e^{\pm i\nu\tau-\nu c_{2}|x_{\theta}|}\nu\phi(\pm\nu\theta)d\nu$ , $\tau,$
$x_{3}\in R,$ $\theta\in S^{1}$ .

Then we have

(3.20) $w(t, x)=\frac{G_{\phi}^{+}(r-c_{1}t,\theta,x_{3})}{\sqrt{r}}+\frac{G_{\overline{\phi}}(r+c_{1}t,\theta,x_{3})}{\sqrt{r}}+q_{1}(t, x)$

$x^{\prime}=r\theta,$ $r=|x^{\prime}|\geqq 0,$ $\theta\in S^{1},$ $x_{3}\in R$ .
We prepare the following four lemmas.
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LEMMA 3.2. For every $\phi(\eta^{\prime})\in L^{2}(R^{2}),$ $G_{\phi}^{+}(\tau, \theta, x_{3})$ can be define and we have

(3.21) $\Vert G_{\phi}^{+}(\tau, \theta, x_{3})\Vert_{L2(RxSxR)}=-\sqrt{c_{2}}^{\underline{1}}\Vert\phi(\eta^{\prime})\Vert_{L2(R2)}$ .

PROOF. By Fubini’s theorem, we have

$\Vert G_{\phi}^{+}(\tau, \theta, x_{s})\Vert_{L2(RxSxR)}^{2}$

$=\int_{R}\int_{S^{1}}\int_{R}|G_{\phi}^{+}(\tau, \theta, x_{3})|^{2}d\tau d\theta dx_{s}=\int_{R}\int_{S^{1}}(\int_{R}|G_{i}^{+}(\tau, \theta, x_{3})|^{2}d\tau)d\theta dx_{3}$

$=\int_{R}\int_{S^{1}}(\int_{R}|F_{r\rightarrow\nu}G_{\phi}^{+}(\tau, \theta, x_{3})|^{2}d\nu)d\theta dx_{3}$ (by Parseval‘ $s$ formula)

$=\int_{R}\int_{S^{1}}(\int_{-\infty}^{\infty}e^{-2\nu c_{2}x_{3}|}||\nu\phi(\nu\theta)|^{2}d\nu)d\theta dx_{3}$

$=\int_{S^{1}}\int_{R}(2\int_{0}^{\infty}e^{-2\nu c_{2}x_{8}}\nu dx,)|\phi(\nu\theta)|^{2}\nu d\nu d\theta$

$=\frac{1}{c_{2}}\int_{S^{1}}\int_{R}|\phi(\nu\theta)|^{2}\nu d\nu d\theta$

$=\frac{1}{c_{2}}\Vert\phi(\eta^{\prime})\Vert_{L2(R2)}^{2}$ , $\eta^{\prime}=\nu\theta$ . $\square $

LEMMA 3.3. For every $\phi\in L^{2}(R^{2})$ , we define $w_{\phi}^{\infty}(t, x)$ by

(3.22)
$w_{\phi}^{\infty}(t, x)=\frac{G_{\phi}^{+}(|x^{\prime}|-c_{1}t,\frac{x^{\prime}}{|x\prime|},x_{3})}{\sqrt{|x\prime|}}$ .

Then we have

(3.23) $\Vert w_{\phi}^{\infty}(t, )\Vert_{L2(R3)}^{2}\leqq\Vert G_{\phi}^{+}(\tau, \theta, x_{3})\Vert_{L2(RxS1\times R)}^{2}$

$=\frac{1}{c_{2}}\Vert\phi(\eta^{\prime})\Vert_{L2(R2)}^{2}$ .

PROOF.

$\Vert w_{i}^{\infty}(t, )\Vert_{L2(R3)}^{2}=\int_{R}\int_{S^{1}}\int_{0}^{\infty}|G_{\phi}^{+}(r-c_{1}t, \theta, x_{3})|^{2}drd\theta dx_{3}$

$=\int_{R}\int_{S^{1}}\int_{-c_{1}t}^{\infty}|G_{\phi}^{+}(\tau, \theta, x_{3})|^{2}d\tau d\theta dx_{3}$

$\leqq\Vert G_{\phi}^{+}(\tau, \theta, x_{3})\Vert_{L2(RxS1_{X}R)}^{2}$ . $\square $

LEMMA 3.4. The function $w(t, x)$ defined by (3.8) for $\phi\in \mathcal{D}(R^{2})$ can also be

defined for any $\phi\in L^{2}(R^{2})$ and we have
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(3.24) $\Vert w(t, )\Vert_{L2(R3)}=\frac{1}{\sqrt{c_{2}}}\Vert\phi(\eta^{\prime})\Vert_{L2(R2)}$ .

PROOF. In fact,

$\Vert w(t, )\Vert_{L2(R3)}^{2}=\int_{R}(\int_{R^{2}}|w(t, x)|^{2}dx^{\prime})dx_{3}$

$=\int_{R}(\int_{R^{2}}|e^{-it|}c_{1^{1|}}\eta^{\prime}-c_{2}|\eta^{\prime}||x_{3\sqrt{|\eta^{\prime}|}\phi(\eta^{\prime})|^{2}d\eta^{\prime})dx_{3}}$

(Parseval’s formula)

$=\int_{R^{2}}(2\int_{0}^{\infty}|\eta^{\prime}|e^{-2c_{2}|\eta^{\prime}|x_{3}}dx_{3})|\phi(\eta^{\prime})|^{2}d\eta^{\prime}$

$=\frac{1}{c_{2}}\Vert\phi(\eta^{\prime})\Vert_{L2(R2)}^{2}$ . $\square $

LEMMA 3.5. (See Wilcox [10, Lemma 2.7]). Assume that $u(t, x)$ has the pro-
perties

(3.25) $u(t, \cdot)\in L^{2}(R^{n})$ for every $t>t_{0}$ ,

(3.26) $\lim_{t\rightarrow\infty}\Vert u(t, )\Vert_{L2(K)}=0$ for every compact $K\subset R^{n}$ ,

(3.27) $|u(t, x)|\leqq g(x)\in L^{2}(R^{n})$ .

where $t_{0}$ is a constant. Then

(3.28) $\lim_{t\rightarrow\infty}\Vert u(t, \cdot)\Vert_{L2(R^{n})}=0$ .

THEOREM 3.6. Let $w_{\phi}=w$ and $w_{\phi}^{\infty}$ be the functions defined by (3.8) and (3.22)

for $\phi\in L^{2}(R^{2})$ , respectively. Then

(3.29) $\lim_{l\rightarrow\infty}\Vert w_{\phi}(t, )-w_{\phi}^{\infty}(t, )\Vert_{L2(R3)}=0$ .

PROOF. First we consider the case where $\phi\in \mathcal{D}(R^{2})$ . Putting

(3.30) $u(t, x)=w_{\phi}(t, x)-w_{\phi}^{\infty}(t, x)$ ,

we verify that $(3.25)-(3.27)$ hold for $u(t, x)$ . From (3.30), Lemma 3.3 and Lemma
3.4, $u(t, )\in L^{2}(R^{3})$ for every $t\in R$ . Next consider

$ w_{\phi}(t, x)=\frac{1}{2\pi}\int_{S^{1}}\int_{0}^{\infty}e^{-ic_{1}\nu l}\psi(x^{\prime}, \nu, \omega)d\nu d\omega$ ,

where
$\psi(x, \nu, \omega)=e^{i|}\nu x^{\prime}\cdot\omega-\nu c_{2}|x_{3}\nu^{3/2}\phi(\nu\omega)$ .

Noting that $\psi$ is a $C^{1}$ function of $\nu$ in $[0, \infty$ ) for fixed $(x^{\prime}, \omega)$ , we perform an
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integration by parts with respect to $\nu$ . Then we get the estimate

$\sup_{x\in K}|w_{\phi}(t, x)|\leqq\frac{M_{K}}{|t|}$ ,

where $M_{K}$ is a positive constant which depends on $K$ and $\phi$ but does not de-
pend on $t$ . As for $w_{\phi}^{\infty}(t, x)$ , we have for any $d>0$

$\Vert w_{\phi}^{\infty}(t, )\Vert_{L2(B_{d})}^{2}\leqq\int_{-d}^{d}\int_{S^{1}}\int_{0}^{d}|G_{\phi}^{+}(r-c_{1}t, \theta, x_{s})|^{2}drd\theta dx_{3}$

$=\int_{-d}^{d}\int_{S^{1}}\int_{-}^{\infty_{\infty}}\chi_{[-c_{1}t.d-c_{1}t](s)|G_{\phi}^{+}(s}\theta,$ $x_{3}$ ) $|^{2}dsd\theta dx_{3}$ ,

where $B_{d}=\{x;|x|\leqq d\}$ and $\chi_{[a.b]}$ denotes the characteristic function of the
interval $[a, b]$ . The last integral tends to zero when $ t\rightarrow\infty$ by Lebesgue’s
dominated convergence theorem. Thus

$\lim_{l\rightarrow\infty}\Vert u(t, )\Vert_{L2(B_{d})}=0$ as $ t\rightarrow\infty$ .

From (3.20), (3.22) and (3.30), it follows that

(3.31)
$u(t, x)=\frac{G_{\overline{\phi}}(|x^{\prime}|+c_{1}t,\frac{x^{\prime}}{|x^{\prime}|},x_{3})}{\sqrt{|x\prime|}}+q_{1}(t, x)$

, $ x^{\prime}=r\theta$ .

An integration by parts in (3.19) gives

$ G_{\overline{\phi}}(\tau, \theta, x_{3})=\frac{11}{\sqrt{-2\pi i}-(i\tau+c_{2}|x_{3}|)}\int_{0}^{\infty}e^{-i\nu\tau-\nu c_{2}|x_{3}|}\frac{\partial}{\partial\nu}(\nu\phi(-\nu\theta))d\nu$ .

From this we deduce the estimate

(3.32)
$|\frac{G(|x^{\prime}|+}{\sqrt{}}|^{c}x^{t}’\overline{\overline{|}^{\frac{x^{\prime}}{|x^{\prime}|},x_{3})}}|\leqq g(x)\in L^{2}(R^{3})$

for $|t|\geqq 1$ ,

where

(3.33) $g(x)=\left\{\begin{array}{l}\frac{M}{(c_{1}+|x^{\prime}|+c_{2}|x_{3}|)\sqrt{|x^{\prime}|}}\\\frac{M}{(c_{1}+c_{2}|x_{3}|)\sqrt{|x|}}\end{array}\right.$ $forfor|_{1_{X|\leqq 1\prime}^{x^{\prime}|\geqq 1}}$

and $M$ is a suitable constant. From (3.18), (3.31) and (3.32) with (3.33), we see
that (3.27) holds for this $u(t, x)$ .

Now we show (3.29) for general $\phi\in L^{2}(R^{2})$ . For arbitrary $\epsilon>0$, there exists
$\phi_{0}\in \mathcal{D}(R^{2})$ such that $\Vert\phi-\phi_{0}\Vert_{L2(R2)}<\epsilon$ , because $\mathcal{D}(R^{2})$ is dense in $L^{2}(R^{2})$ . Then
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$\Vert w_{\phi}(t, \cdot)-w_{\phi}^{\infty}(t, \cdot)\Vert_{L2(R3)}$

$\leqq\Vert w_{\phi}(t, \cdot)-w_{\phi_{0}}(t, \cdot)\Vert_{L2(R3)}+\Vert w_{\phi}^{\infty}(t, \cdot)-w_{\phi}^{\infty_{0}}(t, \cdot)\Vert_{L2(R3)}$

$+\Vert w_{\phi_{0}}(t, \cdot)-w_{\phi_{0}}^{\infty}(t, \cdot)\Vert_{L2(R^{3})}$

$=\frac{2}{\sqrt{c_{2}}}$ I $\phi-\phi_{0}\Vert_{L2(R2)}+\Vert w_{\phi_{0}}(t, \cdot)-w_{\phi_{0}}^{\infty}(t, \cdot)\Vert_{L2(R\S)}$

$\leqq\frac{2\epsilon}{\sqrt{c_{2}}}+\Vert w_{\phi_{0}}(t, \cdot)-w_{\phi_{0}}^{\infty}(t, \cdot)\Vert_{L2(R3)}$ .

Since $\phi_{0}\in \mathcal{D}(R^{2})$ , there exists $t_{0}>0$ such that for any $t\geqq t_{0}$

$\Vert w_{\phi_{0}}(t, )-w_{\phi_{0}}^{\infty}(t, )\Vert_{L2(R3)}<\epsilon$ .

Thus (3.29) holds for any $\phi\in L^{2}(R^{2})$ . This completes the proof of Theorem
3.6. $\square $

In order to state our main theorem in this section, we recall some relations.
When $f\in \mathcal{H}$ and $g\in D(A^{-1/2}),$ $h=f+iA^{-1/2}g\in \mathcal{H}$ . Let $f_{1j}^{St}$ and $\hat{g}_{1j}^{Sl}$ be the Fourier
transforms of $f$ and $g$ with respect to the generalized eigenfunction $\psi_{1j}^{St}$ of $A$ ,

respectively. Then

$\hat{h}_{1j}^{Sl}(\eta)=f_{1j}^{Sl}(\eta)+i\frac{1}{c_{St}|\eta^{\prime}|}\hat{g}_{1j}^{St}(\eta)\in L^{2}(R^{3}, C^{3})$

and the Stoneley components $v_{1j}^{Sl}(t, \cdot)\in L^{2}(R^{3}, C^{3})(]\in M)$ of the solution $v(t, x)$

of the elastic wave propagation problem defined by (1.12) and (1.13) can be
represented in the form (3.5):

$v_{1j}^{Sl}(t, x)=1Ri\rightarrow m\infty.(\frac{1}{2\pi})\int_{|\eta^{\prime}|\leqq R}e^{i(\eta^{\prime}s\iota^{|\eta^{\prime}|)-c_{0}}}x^{r}\cdot-tcJ^{|\eta^{\prime}||x_{3}|}$

X $U(\eta^{\prime})C(\phi_{1j}^{St}(\eta^{\prime})\oplus 0_{1\times 1})Q(\eta^{\prime})\sqrt{}|\eta^{\prime}|k_{1}^{s_{j}\iota}(\eta^{\prime})d\eta^{\prime}$ , $j\in M$,

where $\phi_{1j}^{Sl}(\eta^{\prime})$ and $k_{1j}^{St}(\eta^{\prime})$ be the functions defined by (3.2) and (3.3), respectively,
$i$ . $e.$ ,

$\psi_{1j}^{Sl}(x_{3}, \eta)=\frac{|\eta^{\prime}|}{\xi-ic_{0j}|\eta^{\prime}|}e^{-c_{0J^{|\eta^{\prime}|||}}}x_{3}\phi_{1f}^{St}(\eta^{\prime})P_{j}(\eta)$ ,

$\hat{h}_{1j}^{Sl}(x_{3}, \eta)=\frac{\sqrt{}\overline{|\eta^{\prime}|}}{\xi+ic_{0j}|\eta^{\prime}|}k_{1j}^{St}(\eta^{\prime})$ .

By (3.4),
$k_{1j}^{Sl}(\eta^{\prime})\in L^{2}(R^{2}, C^{3})$ ,

and
$U(\eta^{\prime})C(\phi_{1j}^{s\iota}(\eta^{\prime})\oplus 0_{1x1})Q(\eta^{\prime})k_{1j}^{s\iota}(\eta^{\prime})\in L^{2}(R^{2}, C^{3})$ .

Taking as $\phi$ in Theorem 3.6 each component of the matrix function
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$U(\eta^{\prime})C(\phi_{1j}^{Sl}(\eta^{\prime})\oplus O_{I\times 1})Q(\eta^{\prime})\hat{h}_{1j}^{s\iota}(\eta^{\prime})$ ,

then we obtain the following main theorem in this section.

THEOREM 3.7. We assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ , Dis $(c_{s\gamma}^{2})>0$ .

Let $v_{1j}^{St\infty}(t, x)(]\in M)$ be the functions defined by

(3.34) $v_{1j}^{St\infty}(t, x)=\frac{G_{St}(r-c_{St}t,\theta,x_{3})}{\sqrt{r}}x^{\prime}=r\theta,$ $r=|x^{\prime}|\geqq 0,$ $\theta\in S^{1}$ ,

where

(3.35) $ G_{St}(\tau, \theta, x_{3})=1Ri_{\rightarrow\sqrt{2\pi i}^{1}}m\infty.--\int_{0}^{R}e^{i|x_{3}|}\nu\tau- c_{0j}\nu$

$\times U(\nu\theta)C(\phi_{1j}^{St}(\nu\theta)\oplus O_{1x1})Q(\nu\theta)\sqrt{\nu}\hat{k}_{1j}^{St}(\nu\theta)\frac{1}{\rho(x_{3})}d\nu$ .

Then we have

(3.36) $\lim_{t\rightarrow\infty}\Vert v_{1j}^{St}(t, \cdot)-v_{1j}^{s\iota_{\infty}}(t, \cdot)\Vert_{dl}=0$ .

$v_{1j}^{Sl\infty}(t, x)\in \mathcal{H}$ is called asymptotic wave function for Stoneley component $v_{1j}^{Sl}(t, x)$

of the solution $v(t, x)$ .

\S 4. Transient Free ( $P$ , SV, SH) Waves

This section deals with the $P$ , SV components $v_{1j}^{\pm}(t, x)(]\in M)$ and the SH
components $v_{2k}^{\pm}(t, x)(k\in N)$ defined by (2.19) and (2.22), (2.21) and (2.24), respec-
tively. It is shown in Section 5 below that each such components are transient
and free in the sense that they behave like a diverging cylindrical wave when
$ t\rightarrow\infty$ . The proof of these statements are based on asymptotic approximations
of $v_{1j}^{\pm}(t, x)(J\in M)$ and $v_{2k}^{\pm}(t, x)(k\in N)$ for large $t$ which are derived in this
section.

In this section it is assumed as in Section 3 that the initial data $f(x)$ and
$g(x)$ are real-valued functions. We study mainly the asymptotic behavior for
large times of the component $v_{1p_{1}}^{+}(t, x)$ , because the other components $v_{1p_{1}}^{-}(t, x)$ ,
$v_{1j}^{\pm}(t, x)(j\in\{s_{1}, p_{2}, s_{2}\})$ and $v_{2^{\pm}k}(t, x)(k\in N=\{s_{1}, s_{2}\})$ can be handled in a quite
similar way.

If $f\in \mathcal{H},$ $g\in D(A^{-1/2})$ , the component $v_{1p_{1}}^{+}(t, x)$ has the following spectral
integral representation
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(4.1) $v_{1p_{1}}^{+}(t, x)=1.Ri\rightarrow m\infty.(\frac{1}{2\pi})\int_{|\eta|\leqq R}e^{i\eta^{\prime}}(x^{\prime}\cdot- tc_{p_{1}}|\eta|)U(\eta^{\prime})$

$\times C(\psi_{1p_{1}}^{+}(x_{3}, \eta)\oplus 0_{1\times 1})\hat{h}_{1p_{1}}^{+}(\eta)d\eta$ .

Here $U(\eta^{\prime}),$ $C$ are the matrices defined by (2.1), $\hat{h}_{1p_{1}}^{+}(\eta)$ is defined by (2.22), and
$\psi_{1p_{1}}^{+}(x_{3}, \eta)$ is a generalized eigenfunction of $A_{1}(\eta^{\prime})$ .

We now recall that $\psi_{1p_{1}}^{+}(x_{3}, \eta)$ has the following form:

(4.2) $\psi_{1p_{1}}^{+}(x_{3}, \eta)=\left\{\begin{array}{l}\psi_{1p_{1}}^{I+}(x_{3},\eta),\\\psi_{1p}^{ll+_{1}}(x_{3},\eta),\end{array}\right.$ $x_{3}^{3}>0x<0$

,

(4.3) $\psi_{1p_{1}}^{I+}(x_{3}, \eta)=\left\{\begin{array}{l}e^{i\xi x_{3}}\alpha_{1}(\eta)+e^{-i\xi x_{3}}\alpha_{2}(\eta)+e^{- i\xi_{s_{1}}(\eta\lambda_{p_{1}})x_{3}}\alpha_{3}(\eta),\\0,\end{array}\right.$ $\xi<0\xi>0$

,

(4.4) $\psi_{1p}^{ll+_{1}}(x_{3}, \eta)=\left\{\begin{array}{l}e^{i\xi_{p_{2}}(\eta^{\lambda_{p_{1}}})x_{3}}\alpha_{4}(\eta)+e^{i\xi_{s_{2}^{(\eta}},\lambda_{p_{I}})x_{3}}\alpha_{5}(\eta),\\0,\end{array}\right.$ $\xi<0\xi>0,$

.

Here $\alpha_{i}(\eta)(i=1, \cdots, 5)$ are bounded continuous $2\times 2$ matrix functions of $\eta=$

$(\eta^{\prime}, \xi)=(\eta_{1}, \eta_{2}, \xi)$ and

(4.5) $\xi_{s_{1}}(\eta, \lambda_{p_{1}})=\{\pm_{l\sqrt{}}\frac{\sqrt{}^{c_{2}^{2}}c_{s}^{p_{1}}\frac{}{1}|\eta|^{2}-|\eta^{\prime}|^{2}}{|\eta^{\prime}|^{2}-\frac{c_{p_{1}}^{2}}{c_{s_{1}}^{2}}|\eta|^{2}}$

,
$c_{p_{1}}^{p_{1}}|\eta|<c_{s_{1}}^{s_{1}}|\eta^{\prime}|c|\eta|>c|\eta|$

,

(cf. [8, (4.9), (4.10)]).

Then $v_{1p_{1}}^{+}(t, x)$ has for $x_{3}<0$ the form

(4.6) $v_{1p_{1}}^{+}(t, x)=1_{R\rightarrow\infty}i.m.(\frac{1}{2\pi})\int_{|\eta|\leqq R.\xi>0}e^{i(x^{\prime}\cdot\eta^{\prime}-tc_{p_{1}}|\eta|)}$

X $U(\eta^{\prime})C(\psi_{1p_{1}}^{l+}(x_{3}, \eta)\oplus 0_{1\times 1})\hat{h}_{1p_{1}}^{+}(\eta)d\eta$ ,

and the decomposition

(4.7) $=1_{R\rightarrow\infty}i.m.(\frac{1}{2\pi})\int_{|\eta|\leqq R.\xi>0}e^{i(x^{\prime}\cdot\eta^{\prime}+\xi x_{3}-tc_{p_{1}}|\eta|)}U(\eta^{\prime})C(\alpha_{1}(\eta)\oplus 0_{1x1})\hat{h}_{1p_{1}}^{+}(\eta)d\eta$

$+1_{R\rightarrow\infty}i.m.(\frac{1}{2\pi})\int_{|\eta|\xi R,\xi>0}e^{i(x^{\prime}\cdot\eta^{\prime}-\xi x_{3}-tc_{p_{1}}|\eta|)}U(\eta^{\prime})C(\alpha_{2}(\eta)\oplus 0_{1x1})\hat{h}_{1p_{1}}^{+}(\eta)d\eta$

$+1_{R\rightarrow\infty}i.m.(\frac{1}{2\pi})\int_{|\eta|gR,\xi>0}e^{i\eta^{\prime}(\eta,)x_{3}-lC|\eta|)}(x^{\prime}\cdot-\xi_{s_{1}}\lambda_{p_{1}p_{1}}U(\eta^{\prime})C(\alpha_{3}(\eta)\oplus 0_{1xI})\hat{h}_{1p_{1}}^{+}(\eta)d\eta$

$=V_{1}(t, x)+V_{2}(t, x)+V_{3}(t, x)$ if $x_{3}<0$ .

Since we can decompose $v_{1p_{1}}^{+}(t, x)(x_{3}>0)$ into a sum of integral expression of
type $V_{3}(t, x)$ using (4.4), we consider $v_{1p_{1}}^{+}(t, x)$ only in $R_{-}^{3}=\{x=(x^{\prime}, x_{3}),$ $x^{\prime}\in R^{2}$ ,

$x_{3}<0\}$ .
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First we consider $V_{1}(t, x)$ . Let $Y(\xi)$ be the Heaviside function of $\xi(i$ . $e$ .
$Y(\xi)=1$ for $\xi>0$ and $=0$ for $\xi<0$) and put

(4.8) $\Phi(\eta)=Y(\xi)U(\eta^{\prime})C(\alpha_{1}(\eta)\oplus 0_{1x1})\hat{h}_{1p_{1}}^{+}(\eta)$ .

Then $\Phi\in L^{2}(R_{+}^{3}, C^{3})$ . As in Section 3, we can extend the result obtained for
$\Phi\in \mathcal{D}(R_{+}^{3}, C^{3})$ to the result for $\Phi\in L^{2}(R_{+}^{3}, C^{3})$ by using the fact that $\mathcal{D}(R_{+}^{3}, C^{3})$

is dense in $L^{2}(R_{+}^{3}, C^{3})$ . Therefore it suffices to consider the integral

(4.9) $W_{1}(t, x)=\frac{1}{2\pi}\int_{R^{3}}e^{i(x^{\prime}\cdot\eta^{\prime}+x_{3}\xi-tc_{1}|\eta|)}\phi(\eta)d\eta,$ $\phi\in \mathcal{D}(R_{+}^{3})=\mathcal{D}(R_{+}^{3}, C)\subset \mathcal{D}(R^{3}, C)$ .

Then

$\frac{\partial}{\partial\xi}(x^{\prime}\cdot\eta^{\prime}+x_{3}\xi-tc_{1}\sqrt{}|\overline{\eta}^{\prime}\overline{|}^{2}\overline{+\xi^{2}})=x_{3}-tc_{1}\frac{\xi}{\sqrt{|\eta^{\prime}|^{2}}\mp}-<0\overline{\overline{\xi}^{2}}$

if $x_{3}<0,$ $\xi>0$ and $t>0$ .

This means that the phase function has no stationary point on $supp\phi(\eta)$ and
therefore we can see integrating by parts with respect to $\xi$ that $W_{1}(t, x)$ tends
to zero when $ t\rightarrow\infty$ for fixed $x$ and uniformly an each compact set $K\subset R^{\underline{3}}$ . In
order to find the asymptotic behavior of $W_{1}(t, x)$ as $|x|\rightarrow\infty$ , we introduce
spherical coordinates

$\eta=\nu\omega$ , $\nu=|\eta|\geqq 0$ , $\omega\in S^{2}$ .
We find

(4.10) $ W_{1}(t, x)=\frac{1}{2\pi}\int_{0}^{\infty}\nu^{2}e^{-ic_{1}t\nu}J(x, \nu)d\nu$ ,

where

(4.11) $ J(x, \nu)=\int_{S^{2}}e^{i\nu x\cdot\omega}\phi(\nu\omega)d\omega$ .

By Theorem 3.1 we have

(4.12) $J(x, \nu)=(\frac{2\pi}{i\nu r})e^{i\nu r}\phi(\nu\theta)+(\frac{2\pi}{-i\nu r})e^{-i\nu r}\phi(-\nu\theta)+q(x, \nu)$ ,

where
$ x=r\theta$ , $r=|x|\geqq 0$ , $\theta\in S^{2}$ ,

and

(4.13) $|q(x, \nu)|\leqq\frac{M_{0}}{|\nu r|^{2}}$ for $|\nu x|>0$ .

Note that if $x\in R^{\underline{3}},$ $\phi(\nu\theta)=0$ because $\theta_{3}<0$ and $supp\phi\subset R_{+}^{3}$ . Now we define
following Wilcox’s procedure [10]

(4.14) $ G_{1}^{\pm}(\tau, \theta)=\int_{0}^{\infty}e^{\pm i\nu\tau}(\pm i\nu)\phi(\pm\nu\theta)d\nu$ ,
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then we have

(4.15) $W_{1}(t, x)=\frac{G_{1}^{-}(r+c_{1}t,\theta)}{\gamma}+q_{1}(t, x)$ ,

where

(4.16) $ q_{1}(t, x)=\frac{1}{2\pi}\int_{0}^{\infty}\nu^{2}e^{-ic_{1}l\nu}q(x, \nu)d\nu$ .

From (4.13), we get the estimate

(4.17) $|q_{1}(t, x)|\leqq\frac{M_{1}}{|x|^{2}}$ , for $|x|\geqq 1$ .

By the same argument as in Section 3 which is due to Wilcox, one shows that

(4.18) $I_{t}i_{\rightarrow}m_{\infty}\Vert W_{1}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}})}=0$ .

As for $V_{2}(t, x)$ , it suffices to consider $W_{1}(t, x^{\prime}, -x_{s})$ for $x_{3}<0$ . In fact,

(4.19) $ W_{2}(t, x)=\frac{1}{2\pi}\int_{R_{+}^{3}}e^{i(x^{\prime}\cdot\eta^{\prime}-x_{3}\xi-lc_{1^{1}}\eta|)}\phi(\eta)d\eta$ , $\phi\in \mathcal{D}(R_{+}^{3})$

$=\frac{1}{2\pi}\int_{R^{3}}e^{i(x^{r}\cdot\eta^{\prime}+x_{3}\xi-tc_{1}|\eta|)}\phi(\eta^{\prime}, -\xi)d\eta^{\prime}d\xi$

$=W_{I}(t, x^{\prime}, -x_{3})$ .
Note that if $x\in R^{\underline{3}}i.e$ . $x=r\theta,$ $\theta_{3}<0$ , then $\phi(-\nu\theta^{\prime}, -(-\nu\theta_{3}))=0$ . Hence we
find

(4.20) $W_{2}(t, x)=\frac{G_{2}^{+}(r-c_{1}t,\theta)}{r}+q_{1}(t, x^{\prime}, -x_{3})$ ,

where

(4.21) $ G_{2}^{+}(\tau, \theta)=\int_{0}^{\infty}e^{i\nu\tau}(-i\nu)\phi(\nu\theta^{\prime}, -\nu\theta_{3})d\nu$ .

In this case, we can also show that

(4.22) $\lim_{l\rightarrow\infty}\Vert W_{2}(t. \cdot)-W_{2}^{\infty}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}})}=0$ ,

where

(4.23) $W_{2}^{\infty}(t, x)=\frac{G_{2}^{+}(r-c_{1}t,\theta)}{r}$ , $ x=r\theta$ .

Next we consider the following integral

(4.24) $ W_{3}(t, x)=\frac{1}{2\pi}\int_{R_{+}^{3}}e^{i(x^{l}\cdot\eta^{\prime}-x_{3}\zeta(\eta)-tc_{1}|\eta|)}\phi(\eta)d\eta$ , $\phi\in \mathcal{D}(R_{+}^{3})$ ,

where
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(4.25) $\zeta(\eta)=\left\{\begin{array}{l}-\sqrt c_{2}^{2}|\eta|^{2}-|\eta^{\prime}|^{2},\\i\sqrt{}|\overline{\eta}\prime|^{2}\overline{-c_{2}^{2}|\eta|}^{2},\end{array}\right.$

$c_{2}|\eta|>|\eta,$
$|_{1}c_{2}|\eta|<|\eta^{\prime}$

.

We take a $C^{\infty}$ partition of unity $\{\chi_{1}\chi_{2}\chi_{3}\}$ in a neighborhood of $supp\phi(\overline{\Omega}\subset R_{+}^{3})$

such that

(4.26) $0\leqq\chi_{j}(\eta)\leqq 1$ $(J^{=1},2,3)$ , $\chi_{j}\in C_{0}^{\infty}(\Omega_{j})$ ,

$\chi_{1}(\eta)+\chi_{2}(\eta)+\chi_{3}(\eta)=1$ on $\Omega$ ,

$\Omega_{1}=\{\eta$ ; $|\eta|^{2}>\frac{|\eta^{\prime}|^{2}}{(c_{2}^{2}-\epsilon)}\}$ ,

$\Omega_{2}=\{\eta$ $;-\frac{|\eta^{\prime}|^{2}}{c_{2}^{2}+2\epsilon}<|\eta|^{2}<\frac{|\eta^{\prime}|^{2}}{c_{2}^{2}-2\epsilon}\}$ ,

$\Omega_{3}=\{\eta$ ; $|\eta|^{2}<\frac{|\eta^{\prime}|^{2}}{c_{2}^{2}+\epsilon}\}$ ,

where $\epsilon$ is a sufficiently small positive constant. Using this partition of unity,

we decompose $W_{3}(t, x)$ as follows:

(4.27) $ W_{3}(t, x)=\sum_{j=1}^{3}\frac{1}{2}\overline{\pi}\int_{0_{j^{e^{i(x^{\prime}\cdot\eta^{\prime}-x_{3}\zeta(\eta)-tc_{1}|\eta|)}}}}\chi_{j}(\eta)\phi(\eta)d\eta$

$=\sum_{j=1}^{3}W_{3j}(t, x)$ , respectively.

First consider

(4.28) $ W_{31}^{f}(t, x)=\frac{1}{2\pi}\int_{0_{1}^{e^{i(\overline{c}_{2}^{2}||-||-tc_{1}|}}}x\cdot\pm x_{3}\chi_{1}(\eta)\phi(\eta)d\eta$

Making the change of variables $(\eta^{\prime}, \xi)\rightarrow(\eta^{\prime}, \lambda),$ $\lambda=\sqrt{c_{2}^{2}|\eta|}2\overline{-|\eta|^{2}}$ , we get

(4.29) $W_{31}^{\pm}(t, x)=\frac{1}{2\pi}\int_{\{(\eta^{\prime.\lambda});\eta^{\prime}\in R2.\lambda>0|}e^{i\lambda-t\frac{c}{c}1}(x^{\prime}\cdot\pm x_{s_{2}}\eta^{\prime}$

$\times J(\eta^{\prime}, \lambda)\chi_{1}(\eta^{\prime}, \xi(\eta^{\prime}, \lambda))\phi(\eta^{\prime}, \xi(\eta^{\prime}, \lambda))d\eta^{\prime}d\lambda$ ,

where

(4.30) $J(\eta^{\prime}, \lambda)=\frac{\partial(\eta_{1},\eta_{2},\xi)}{\partial(\eta_{1},\eta_{2},\lambda)}=\frac{\lambda}{c_{2}^{2}\xi}$ , $\xi=\xi(\eta^{\prime}, \lambda)=\frac{1}{c_{2}}\sqrt{\lambda^{2}-(c_{2}^{2}-1)|\eta^{\prime}|^{2}}$ .

This transformation is non-singular on a suitable neighborhood of $supp^{\chi_{1}}\phi$ .
Noting that

$J(\eta^{\prime}, \lambda)\chi_{1}(\eta^{\prime}, \xi(\eta^{\prime}, \lambda))\phi(\eta^{\prime}, \xi(\eta^{\prime}, \lambda))\in \mathcal{D}(\{(\eta^{\prime}, \lambda);\eta^{\prime}\in R^{2}, \lambda>0\})$ ,

we see that (4.29) is an integral of the same type of (4.9) and (4.19). Therefore
we can show that
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(4.31) $\lim_{t\rightarrow\infty}\Vert W_{3I}^{+}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}})}=0$ ,

and

(4.32) $I_{t}i_{\rightarrow}m_{\infty}\Vert W_{31}^{-}(t, \cdot)-W_{31}^{-\infty}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}})}=0$ .

Here

(4.33)
$W_{31}^{-\infty}(t, x)=\frac{G_{31}^{+}(r-\frac{c_{1}}{c_{2}}t,\theta)}{r}$

, $ x=r\theta$ ,

and

(4.34) $G_{31}^{+}(\tau, \theta)=\int_{0}^{\infty}e^{i\nu\tau}(-i\nu)J(\nu\theta^{\prime}, -\nu\theta_{3})$

$\times\chi_{1}(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3}))\phi(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3}))d\nu$ .
Next consider

(4.35) $ W_{33}(t, x)=\frac{1}{2\pi}\int_{R_{+}^{S}}e^{i\eta^{\prime}\eta+x_{3\overline{||-c_{2}^{2}}}}(c_{1\eta^{\prime}}TT_{1^{2}}\chi_{3}(\eta)\phi(\eta)d\eta$

Making use of spherical coordinates in $(t, x)$-space:

(4.36) $t=r\theta_{0}$ , $x_{j}=r\theta_{j}(]=1,2,3)$ , $r=\sqrt{t^{2}+|x|^{2}}\geqq 0$ , $\theta\in S^{3}$ .
We write the integral in (4.35) as follows:

(4.37) $W_{33}(t, x)=\frac{1}{2\pi}\int_{R_{+}^{3}}e^{i\theta^{\prime}}r\cdot\eta^{r-c_{1}\theta_{0}}$ .

Then

(4.38) $p(\theta, \eta)=\theta^{\prime}\cdot\eta^{\prime}-c_{1}\theta_{0}|\eta|-i\theta_{3}\sqrt{|\eta^{\prime}|^{2}-c_{2}^{2}|\eta|^{2}}$, $\eta=(\eta^{\prime}, \xi)$ ,

is a complex phase function such that ${\rm Im} p(\theta, \eta)>0$ on $supp^{\chi_{3}}(\eta)\phi(\eta)$ when
$\theta_{3}<0$ . Since

$\frac{\partial p}{\partial\eta_{k}}=\theta_{k}-c_{1}\theta_{0}\frac{\eta_{k}}{|\eta|}i\theta_{3}\frac{(1-c_{2}^{2})\eta_{k}}{\sqrt{|\eta\prime|^{2}-c_{2}^{2}|\eta|}2}$ , $k=1,2$ ,

$\frac{\partial p}{\partial\xi}=-c_{1}\theta_{0}\frac{\xi}{|\eta|}+i\theta_{3}\frac{c_{2}^{2}\xi}{\eta^{-}\prime\overline{|^{2}-c_{2}^{2}|\eta|^{2}}}\overline{\sqrt{|}}$ .

We find that

(4.39) $\sum_{k=1}^{2}|\frac{\partial p}{\partial\eta_{k}}|^{2}+|\frac{\partial p}{\partial\xi}|^{2}=\sum_{k=1}^{2}(\theta_{k}-c_{1}\theta_{0}\frac{\eta_{k}}{|\eta|})^{2}+c_{1}^{2}\theta_{0}^{2}\frac{\xi^{2}}{|\eta|^{2}}$

$+\theta_{3}^{2}\frac{(1-c_{2}^{2})^{2}|\eta^{\prime}|^{2}+c_{2}^{4}\xi^{2}}{(1-c_{2}^{2})|\eta\prime|^{2}-c_{2}^{2}\xi^{2}}\geqq\exists\delta>0$

on a suitable neighborhood of $supp^{\chi_{3}}\phi$ . Then for the operator $L$

(4.40) $L=(i\sum_{k\Rightarrow 1}^{2}|\frac{\partial p}{\partial\eta_{k}}|^{2}+|\frac{\partial p}{\partial\xi}|^{2})^{-1}(\sum_{k=1}^{m}\frac{\partial\overline{p}}{\partial\eta_{k}}\frac{\partial}{\partial\eta_{k}}+\frac{\partial\overline{p}}{\partial\xi}\frac{\partial}{\partial\xi})$ ,
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we have

(4.41) $e^{irp(}\theta_{\eta)},=\frac{1}{r}L[e^{trp(\theta.\eta)}]$ ,

where $\overline{p}$ denotes the complex conjugate of $p$ . Using repeatedly this relation,

we find

$ W_{33}(t, x)=\frac{1}{2\pi r}\int_{R_{+}^{3}}L[e^{irpt^{\theta}\cdot\eta)}]\chi_{3}(\eta)\phi(\eta)d\eta$

$=\frac{1}{2\pi r}\int_{R_{+}^{3}}e^{irp(\theta.\eta)}{}^{t}L(\chi_{3}(\eta)\phi(\eta))d\eta$

$=\frac{1}{2\pi r^{l}}\int_{R_{+}^{3}}e^{rp(\theta.\eta)}({}^{t}L)^{l}(\chi_{3}(\eta)\phi(\eta))d\eta$

Here ${}^{t}L$ denotes the transpose operator of $L$ . From this expression, we get

the estimate

(4.42) $|W_{33}(t, x)|\leqq\frac{M_{p.\phi.l}}{(t^{2}+|x|^{2})^{l/2}}$ ,

where $M_{p.\phi.\iota}$ is a positive constant. Taking $l>[n/2]+1$ , we deduce from the
estimate (4.42) that

(4.43) $\lim_{t\rightarrow\infty}\Vert W_{33}(t, \cdot)\Vert_{L^{2}tR^{\underline{3}})}=0$ .

Now consider $W_{32}(t, x)$ . From (2.19), we see that the linear operator

$L^{2}(R_{+}^{3}, C^{3})\ni Y(\xi)\hat{h}_{1p_{1}}^{+}(\eta)\vdash\rightarrow v_{1p_{1}}^{+}(t, \cdot)\in L^{2}(R^{\underline{3}}, C^{3})$

is continuous uniformly in $t\in R$ . From (4.9) and (4.19), we have

$\Vert W_{1}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}})}=\sqrt 2\overline{\pi}\Vert e^{-itc_{1}|\eta}|\phi(\eta)\Vert_{L^{2}(R_{+}^{3})}$ ,

$\Vert W_{2}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}})}=\sqrt{}\overline{2\pi}\Vert e^{-itc_{1}|\eta|}\phi(\eta)\Vert_{L^{2}(R_{+}^{3})}$ .

From these relations, it follows that the linear operators

$L^{2}(R_{+}^{3}, C^{3})\ni\hat{h}_{1p_{1}}^{+}(\eta)-V_{1}(t, \cdot)\in L^{2}(R^{\underline{3}}, C^{3})$ ,

$L^{2}(R_{+}^{3}, C^{3})\in\hat{h}_{1p_{1}}^{+}(\eta)\leftrightarrow V_{2}(t, \cdot)\in L^{2}(R^{\underline{3}}, C^{3})$ ,

are continuous uniformly in $t\in R$ . Hence the linear operator

$L^{2}(R_{+}^{3}, C^{3})\ni\hat{h}_{1p_{1}}^{+}(\eta)\vdash\rightarrow V_{3}(t, \cdot)\in L^{2}(R^{\underline{3}}, C^{3})$

is also continuous uniformly in $t\in R$ and we have

$V_{3}(t, x)=W_{32}(t, x)$ for $\phi(\eta)=x_{3}(\eta)U(\eta^{\prime})C(\alpha_{3}(\eta)\oplus O_{1x1})\hat{h}_{1p_{1}}^{+}(\eta)$ .

Thus for arbitrary $\delta>0$ , there exists a $R>0$ for which
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$\Vert W_{32}(t, x)\Vert_{L^{2}(R^{\underline{3}}\cap\{x;|x|\geq R\},C^{3})}<\delta$ for $\forall t\in R$ .

Taking $\epsilon$ small enough, we have from (4.26) and (4.27)

I $ W_{32}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}}\cap(|x|\leq R\}.C^{3})}x;<\delta$ .
Note that

$\Phi(\eta)=Y(\xi)U(\eta^{\prime})C(\alpha_{i}(\eta)\oplus 0_{1x1})\hat{h}_{1p_{1}}^{+}(\eta)\in \mathcal{D}(\{\eta\in R_{+}^{3} ; \eta^{\prime}\neq 0\}, C^{3})$

when
$\hat{h}_{1p_{1}}^{+}(\eta)\in \mathcal{D}(\{\eta\in R_{+}^{3} ; \eta^{\prime}\neq 0\}, C^{3})$ ,

and define $v_{1p_{1}}^{+\infty}(t, x)$ by

$v_{1p_{1}}^{+\infty}(t, x)=\frac{G_{2}^{+}(r-c_{p_{1}}t,\theta)}{r}+\frac{G_{31}^{+}(r-c_{\epsilon_{1}}t,\theta)}{\gamma}$ , $x\in R^{\underline{3}}$ ,

where $G_{2}^{+}$ and $G_{31}^{+}$ are the functions defined by (4.21) and (4.34) for $\phi(\eta)=\Phi(\eta)$

$\in \mathcal{D}(t\eta\in R_{+}^{3} ; \eta^{\prime}\neq 0\}, C^{3})$ . Then we conclude that

(4.44) $\lim_{t\rightarrow\infty}\Vert v_{1p_{1}}^{+}(t, \cdot)-v_{1p_{1}}^{+\infty}(t, \cdot)\Vert_{L^{2}(R^{\underline{3}}.C^{3})}=0$

when $\hat{h}_{1p_{1}}^{+}(\eta)\in \mathcal{D}(\{\eta\in R_{+}^{3} ; \eta^{\prime}\neq 0\}, C^{3})$ .
For general $\hat{h}_{1p_{1}}^{+}(\eta)\in L^{2}(R_{+}^{3}, C^{s})$ , we can show that (4.44) also holds. In

fact, from the continuity of linear operators

$L^{2}(R_{+}^{3}, C^{3})\ni\hat{h}_{1p_{1}}^{+}(\eta)\rightarrow v_{1p_{1}}^{+}(t, \cdot)\in L^{2}(R^{\underline{3}}, C^{3})$ ,

$L^{2}(R_{+}^{3}, C^{3})\ni\Phi(\eta)\rightarrow v_{1p_{1}}^{+\infty}(t, \cdot)\in L^{2}(R^{\underline{3}}, C^{3})$ ,

$L^{2}(R_{+}^{3}, C^{3})\ni\hat{h}_{1p_{1}}^{+}(\eta)\rightarrow\Phi(\eta)$

$=Y(\xi)U(\eta^{\prime})C(\alpha_{i}(\eta)\oplus 0_{1x1})\hat{h}_{1p_{1}}^{+}(\eta)\in L^{2}(R^{\underline{3}}, C^{3})$ ,

and from the fact that $\mathcal{D}(\{\eta\in R_{+}^{3} ; \eta^{\prime}\neq 0\}, C^{3})$ is dense in $L^{2}(R_{+}^{3}, C^{3})$ by the

same argument in Section 3.
Therefore, the principal result of this section states as follows:

THEOREM 4.1. We assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ .
Let $v_{1J}^{+\infty}(t, x)(j\in M)$ be the functions defined by

(4.45) $v_{1f}^{+\infty}(t, x)=\left\{\begin{array}{l}\frac{G_{s}^{+_{1}}(r-c_{s_{1}}t,\theta)}{r}+\frac{G_{p_{1}}^{+}(r-c_{p_{1}}t,\theta)}{r},\\\frac{G_{s}^{+_{2}}(r-c_{s_{2}}t,\theta)}{r}+\frac{G_{p}^{+_{8}}(r-c_{p_{2}}t,\theta)}{r},\end{array}\right.$ $x_{3}^{3}>0x<0$

,

for $t\in R,$ $x=r\theta,$ $r=|x|\geqq 0,$ $\theta\in S^{2}$ , where if $l=j$, then
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(4.46) $G_{l}^{+}(\tau, \theta)=1_{R\rightarrow\infty}i.m.\int_{0}^{R}e^{i\nu\tau}(-i\nu)Y(-\nu\theta_{3})U(\nu\theta^{\prime})C$

$\times(\alpha(\nu\theta^{\prime}, -\nu\theta_{3})\oplus 0_{1x1})\hat{h}_{\iota j}^{+}(\nu\theta^{\prime}, -\nu\theta_{3})\frac{1}{\rho(x_{3})}d\nu$ ,

and if $l\neq j$ , then

(4.47) $G_{l}^{+}(\tau, \theta)=1.Ri\rightarrow m\infty.\int_{0}^{R}e^{i\nu\tau}(-i\nu)J(\nu\theta^{\prime}, -\nu\theta_{3})\chi_{1}(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3}))$

$\times Y(\xi(\nu\theta^{\prime}-\nu\theta_{3}))U(\nu\theta^{\prime})C(\alpha(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{s}))\oplus 0_{1\times 1})$

$\times\hat{h}_{1j}^{+}(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3}))\frac{1}{\rho(x_{3})}d\nu$

for $\eta=\nu\omega,$
$\nu\geqq 0,$ $\omega\in S^{t}$ . Here $\alpha\prime s$ are bounded continuous $2\times 2$ matrix functions,

(4.48)
$J(\eta^{\prime}, \lambda)=\frac{c_{l}\lambda}{c_{j}\sqrt{\lambda^{2}-(\frac{c_{f}^{2}}{c_{l}^{2}}-1)|\eta^{\prime}|^{2}}}$

,

and $\chi_{1}$ satisfies
(4.49) $0\leqq\chi_{1}(\eta)\leqq 1$ , $\chi_{1}\in C_{0}^{\infty}(\Omega_{1})$ ,

$\Omega_{1}=\{\eta;|\eta|^{2}>\frac{|\eta^{\prime}|^{2}}{\frac{c_{j}^{2}}{c_{l}^{2}}-\epsilon}\}$

.

Then we have

(4.50) $\lim_{l\rightarrow\infty}\Vert v_{1j}^{+}(t, \cdot)-v_{1j}^{+\infty}(t, \cdot)\Vert_{d!}=0$ .

$v_{1j}^{+\infty}(t, x)\in \mathcal{H}$ are called asymptotic wave functions $P,$ $SV$ components $v_{1j}^{+}(t, x)$ of
the solution $v(t, x)$ .

Moreover let $v_{2k}^{+\infty}(t, x)(k\in N)$ be the functions defined by

(4.51) $v_{2k}^{+\infty}(t, x)=\left\{\begin{array}{l}\frac{G_{l}^{+_{1}}(r-c_{\iota_{1}}t,\theta)}{r}\\\frac{G_{s}^{+_{2}}(r-c_{s}}{r}2\underline{l,\theta)}\end{array}\right.$ $x_{3}<0x^{3}>0$

,

for $t\in R,$ $x=r\theta,$ $r=|x|\geqq 0,$ $\theta\in S^{2}$ , where if $l=k$ , then

(4.52) $G_{\iota}^{+}(\tau, \theta)=1_{R\rightarrow\infty}i.m.\int_{0}^{R}e^{i\nu\tau}(-i\nu)Y(-\nu\theta_{3})U(\nu\theta^{\prime})C$

$\times(0_{2x2}\oplus\beta(\nu\theta^{\prime}, -\nu\theta_{3}))\hat{h}_{2i}^{+}(\nu\theta^{\prime}, -\nu\theta_{3})\frac{1}{\rho(x_{3})}d\nu$ ,

and if $l\neq k$ , then

(4.53) $G_{l}^{+}(\tau, \theta)=1Ri\rightarrow m\infty.\int_{0}^{R}e^{i\nu\tau}(-i\nu)J(\nu\theta^{\prime}, -\nu\theta_{3})\chi_{1}(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3}))$

$\times Y(\xi(\nu\theta^{\prime}, -\nu\theta_{3}))U(\nu\theta^{\prime})C(0_{2x2}\oplus\beta(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3})))$

$\times\hat{h}_{2k}^{+}(\nu\theta^{\prime}, \xi(\nu\theta^{\prime}, -\nu\theta_{3}))\frac{1}{\rho(x_{3})}d\nu$
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for $\eta=\nu\omega,$
$\nu\geqq 0,$ $\omega\in S^{2}$ . Here $\beta\prime s$ are bounded continuous functions, and $J$ and

$\chi_{1}$ are defined by (4.48) and (4.49), respectively. Then we have

(4.54) $\lim_{t\rightarrow\infty}\Vert v_{2k}^{+}(t, \cdot)-v_{2k}^{+\infty}(t, \cdot)\Vert_{3f}=0$ .

$v_{2k}^{+\infty}(t, x)\in JC$ are called asymptotic wave functions for $SH$ component $v_{2k}^{+}(t, x)$ of
the solution $v(t, x)$ .

REMARK. As to $v_{1j}^{-\infty}(t, x)(!\in M)$ and $v_{\overline{2}k^{\infty}}(t, x)(k\in N)$ , we obtain similar
asymptotic wave functions by obvious modification.

Proof of Theorem 4.1 is the same as the proof of Theorem 3.7.

\S 5. The Asymptotic Energy Distributions for Large Times

In this section we calculate asymptotic energy distributions of the solutions
of the elastic propagation problem when $ t\rightarrow\infty$ , by using the asymptotic wave
functions $v_{1}^{S_{j}t\infty}(t, x)$ , $v_{1j^{\infty}}^{\pm}(t, x)(]\in M)$ , $v_{2k}^{x\infty}(t, x)(k\in N)$ which constructed in
Section 3 and 4.

In this section, as in Section 3 and 4, it is assumed that $f(x)$ and $g(x)$ are
real-valued functions.

THEOREM 5.1. Suppose that the solution $u(t)$ of (1.12) and (1.13) defined by
(1.14) has the property

$\lim_{l\rightarrow\infty}\Vert u(t)\Vert_{jr}=0$ ,

for any initial data $f\in D(A^{1/2})\cap \mathcal{H},$ $g\in \mathcal{H}\cap D(A^{-1/2})$ . Then, for the solution $u(t)$

of (1.12) and (1.13) with initial data

(5.1) $f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ ,

we have

(5.2) $\lim_{t\rightarrow\infty}E(u, R^{3}, t)=I_{t}i_{\rightarrow}m_{\infty}\Vert u(l)\Vert_{B}=0$ .

PROOF. From the condition (5.1) and (2.8),

$A^{1/2}u(t)=A^{1/2}e^{-itA^{1/2}}(f+iA^{-1/2}g)=e^{-itA^{1/2}}(A^{1/2}f+ig)\in \mathcal{H}$ ,

$\frac{d}{dt}u(t)=-iA^{1/2}e^{-ilA^{1f8}}(f+iA^{-1/2}g)=-ie^{-itA^{1/f}}(A^{1/f}f+ig)\in ff$ .

Thus $(d/dt)u(t)$ is the solution of (1.12) for $f^{\prime}=A^{1/g}f\in \mathcal{H}$ and $g^{\prime}=A^{1/g}g\in D(A^{-1/2})$ .
Then by assumption
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$\lim_{t\rightarrow\infty}\Vert A^{1/2}u(t)\Vert_{3!}=0$ and $\lim_{\iota\rightarrow\infty}\Vert\frac{d}{dt}u(t)\Vert_{\Re}.=0$ .

Hence

$\lim_{l\rightarrow\infty}E(u, R^{3}, t)=\lim_{t\rightarrow\infty}(\Vert\frac{d}{dt}u(t)\Vert_{\mathcal{H}}^{2}+\Vert A^{1/2}u(t)\Vert_{jr}^{2})=0$ . $\square $

Let $f\in D(A^{1/2})\cap \mathcal{H},$ $g\in \mathcal{H}\cap D(A^{-1/2}),$ $Dis(c_{S\gamma}^{2})>0$ , and $v(t, x)$ be the corre-
sponding solution of (1.12) and (1.13). We define the asymptotic wave functions
$v_{1jl^{\infty}}^{s\iota}(i, x)(l=0,1,2,3)$ by

(5.3)
$v_{1jl}^{St\infty}(t, x)=\frac{G_{Sl}^{\iota}(x^{\prime}-c_{Sl}t,\frac{x^{\prime}}{|x|},x_{3})}{|x\prime|^{1/2}}$

, $x^{\prime}\neq 0$ ,

(5.4) $G_{St}^{0}(\tau, \theta, X_{3})=1_{R\rightarrow\infty}i.m.\frac{1}{\sqrt{2\pi l}}\int_{0}^{R}e^{i\nu\tau-c_{0j}\nu|x_{3}|(-ic_{St}\nu)}$

$\times U(\nu\theta)C(\phi_{1j}^{St}(\nu\theta)\oplus O_{1x1})Q(\nu\theta)\sqrt{\nu}\hat{h}_{1j}^{St}(\nu\theta)\frac{1}{\rho(x_{3})}d\nu$ ,

(5.5) $G_{St}^{l}(\tau, \theta, x_{3})=1_{R\rightarrow\infty}i.m.\frac{1}{\sqrt 2\overline{\pi i}}\int_{0}^{R}e^{i\nu\tau-c_{0j}\nu|x_{3}|}(i\nu\theta_{\iota})$

$\times U(\nu\theta)C(\phi_{1j}^{St}(\nu\theta)\oplus O_{1x1})Q(\nu\theta)\sqrt{\nu}\hat{h}_{1j}^{St}(\nu\theta)\frac{1}{\rho(x_{3})}d\nu$ ,

$(l=1,2)$

(5.6) $G_{\dot{S}t}^{3}(\tau, \theta, X_{3})=1.Ri\rightarrow m\infty.\frac{1}{\sqrt{2\pi i}}\int_{0}^{R}e^{i\nu\tau-c_{0j}\nu|x_{3}|(\sigma c_{0j}\nu)}$

$\times U(\nu\theta)C(\phi_{1j}^{St}(\nu\theta)\oplus O_{1x1})Q(\nu\theta)\sqrt{\nu}\hat{h}_{1j}^{s\iota}(\nu\theta)\frac{1}{\rho(x_{3})}d\nu$ ,

where $\sigma$ is 1 or $-1$ according as $x_{3}<0$ or $x_{3}>0$ . Then we have

THEOREM 5.2. Assume that

$f\in D(A‘/2)\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-}‘/2)$ , Dis $(c_{s\gamma}^{2})>0$ .
Then

(5.7) $\lim_{t\rightarrow\infty}\Vert-\partial\frac{\partial}{t}v_{1j}^{St}(t, \cdot)-v_{1}^{S_{j}t_{0}\infty}(t, \cdot)\Vert_{\ovalbox{\tt\small REJECT}}=0$ , $j\in M$,

(5.8) $\lim_{t\rightarrow\infty}\Vert\frac{\partial}{\partial x_{k}}v_{1j}^{St}(t, \cdot)-v_{1jl^{\infty}}^{St}(t, \cdot)\Vert_{\iota}9r=0$ $l=1,2,3$ , $j\in M$.

The proof of Theorem 5.2 is the same as that of Theorem 3.2 except for
obvious modifications.

The calculation of asymptotic energy distributions are based on the next
lemma.
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LEMMA 5.3. Assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ , Dis $(c_{\iota\gamma}^{2})>0$ .
Let

(5.9) $B(t, \theta(t))=\{x\in R^{3} ; c_{Sl}t-\theta(t)\leqq|x^{\prime}|c_{Sl}t+\theta(t), x_{3}\in R\}$ ,

where $\theta(t)$ is any functions of $t\in R$ which satisfy

(5.10) $ 0\leqq\theta(t)\leqq\infty$ for $\forall t\in R$ .
Then we have

(5.11) $E(v_{1}^{s_{j^{t\infty}}}, B(t, \theta(t)), t)$

$=\int_{R}\int_{-\theta(t)}^{\theta(l)}\Vert G_{St}^{0}(r, \cdot, x_{3})\Vert_{L^{2}(S^{1})}^{2}dr\rho(x_{3})dx_{3}$

– $\int_{R}\int_{-\theta(t)}^{\theta(t)}\int_{S^{1}}\sum_{k.l=1}^{3}M_{kl}G_{St}^{k}(r, \theta, x_{s})\cdot G_{St}^{l}(r, \theta, x_{3})d\theta drdx_{3}$ .

PROOF. From the definition of the energy (1.15)

(5.12) $E(v_{1f}^{Sl\infty}, B, t)=\int_{B}(|v_{1j0}^{St\infty}|\rho(x_{3})-\sum_{k,l\Leftarrow 1}^{3}M_{kl}v_{1jk}^{St\infty}\cdot v_{1jl^{\infty}}^{St})dx$ .

By the change of variable $r-c_{Sl}=r^{\prime}$ , the first term of the right-hand side of
(5.12) is

$\Vert v_{1j0}^{Sl\infty}(t, \cdot)\Vert_{J}^{2}.r$

$=\int_{-\infty}^{\infty}\int_{cl9(t)}^{cl9(t)}ss\iota\iota+-,\int_{S^{1}}|G_{St}^{0}(r-c_{St}t, \theta, x^{3})|^{2}d\theta dr\rho(x_{3})dx_{3}$

$=\int_{-\infty}^{\infty}\int_{9(l)}^{9tt)}-1\int_{S^{1}}|G_{Sl}^{0}(r, \theta, x_{3})|^{2}d\theta dr\rho(x_{3})dx_{3}$ .

By introducing the spherical coordinates $x^{\prime}=r\theta,$ $r=|x^{\prime}|\geqq 0,$ $\theta\in S^{1}$ , and by the
change of variable $r-c_{Sl}t=r^{\prime}$ , the second term of the right-hand side of (5.12) is

$-\sum_{k.l=1}^{3}\int_{B(t,\theta(t))}M_{il}v_{1jk}^{Sl\infty}(t, x)\cdot v_{1jl}^{Sl\infty}(t, x)dx$

$=-\sum_{k.\iota=1}^{3}\int_{c_{St^{l-\infty}}}^{\infty}\int_{c_{St}l-\theta(t)}^{9(t)}1\int_{S^{1}}M_{kl}G_{St}^{k}(r-c_{St}t, \theta, x_{3})\cdot G_{St}^{l}(r-c_{St}t, \theta, x_{3})d\theta drdx_{3}$

$=-\sum_{k.l=1}^{3}\int_{-\infty}^{\infty}\int_{-9(t)}^{\theta(l)}\int_{S^{1}}M_{kl}G_{St}^{k}(r, \theta, x_{3})\cdot G_{St}^{l}(r, \theta, x_{3})d\theta drdx_{3}$ .

Thus we have (5.11). $\square $

The following theorem shows that asymptotic energy distributions concern
the asymptotic concentration of energy in expanding spherical region $B(t, \theta(t))$ .
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THEOREM 5.4. Assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ , Dis $(c_{\iota\gamma}^{2})>0$ .
Let $\theta(t)$ satisfy (5.10) and also

(5.13)
$\lim_{l\rightarrow a}\theta(t)=\infty$ .

Then

(5.14) $\lim_{l\rightarrow\infty}E(v_{1j}^{s\iota}, B(t, \theta(l)), l)=E(v_{1f}^{s\iota}, R^{S}, 0)$ ,

and hence

(5.15) $\lim_{\iota\rightarrow\infty}E(v_{1f}^{Sl}, R^{s}\backslash B(t, \theta(t)), t)=0$ .

Proof. From the triangle inequality

$|E(v_{1j}^{St}, B, t)^{1/2}-E(v_{1f}^{Sl\infty}, B, t)^{1/f}|\leqq E(v_{1j}^{St}-v_{1f}^{s\iota_{\infty}}, B, t)^{1/g}$ .
Theorem 5.1 implies

$\lim_{l\rightarrow\infty}E(v_{Ij}^{Sl}-v_{1j}^{Sl\infty}, B, t)^{1/2}\leqq\lim_{l\rightarrow\infty}\Vert v_{1j}^{Sl}-v_{1j}^{St\infty}\Vert_{B}=0$ .

Lemma 5.3 implies

$\lim_{t\rightarrow\infty}E(v_{1j}^{St\infty}, B, t)^{1/2}=\int_{R}\int_{-\infty}^{\infty}\Vert G_{Sl}^{0}(r, \cdot, x_{3})\Vert_{L^{f}(S^{1})}^{2}dr\rho(x_{3})dx_{3}$

$-\int_{R}\int_{-\infty}^{\infty}\int_{S^{1}}\sum_{\iota.\iota=1}^{3}M_{il}G_{St}^{k}(r, \theta, x_{s})\cdot G_{St}^{l}(r, \theta, x_{3})d\theta drdx_{3}$

$=E(v_{1f^{c}}^{s}, R^{s}, 0)$ .
This gives (5.14) and (5.15). $\square $

The next corollary shows the transiency of the Stoneley components $v_{1f}^{St}(t, x)$

$(j\in M)$ in the sense that the energy in any bounded region tends to $0$ for $ t\rightarrow\infty$ .

COROLLARY 5.5. Assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ , Dis $(c_{\iota\gamma}^{2})>0$ .
Let $K\subset R^{3}$ be any bounded set. Then we have

(5.16) $\lim_{l\rightarrow\infty}E(v_{1f}^{s\iota}, K, t)=0$ .

Proof. By the boundedness of $K\subset R^{S}$ , there exists $r>0$ such that

$K\subset\Omega_{r}=\{x\in R^{\theta}, |x|\leqq r\}$ .
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In theorem 5.4, if we take

$-\theta(t)=r-c_{St}t\geqq-c_{Sl}t$ ,

then
$K\subset\Omega_{r}\subset R^{3}\backslash B(l, \theta(t))$ for $\forall t\in R$ .

Hence
$0\leqq E(v_{1j}^{St}, K, t)\leqq E(v_{1}^{S_{J}l}, R^{3}\backslash B(t, \theta(t)), t)$ ,

so (5.16) follows from Theorem 5.4. $\square $

The main result of this paper is the following theorem. This theorem
shows that the energy of the Stoneley components $v_{1j}^{Sl}(t, x)(1\in M)$ of $v(t, x)$

is asymptotically concentrated along the interface $x_{3}=0$ .

THEOREM 5.6. Assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ , Dis $(c_{s\gamma}^{l})>0$ .
Then we have

(5.17) $\lim_{l\rightarrow\infty}E(v_{1}^{S_{j}t}, (C^{-}(\theta)\cup C^{+}(\theta))\cap B(t, \theta(t)),$
$t$) $=E(v_{1j}^{Sl}, R^{a}, 0)$ , $j\in M$,

where

(5.18) $C^{-}(\theta)=\{x\in R_{-}^{8} ; -\theta(|x^{\prime}|)<x_{3}<0\}$ ,

(5.19) $C^{+}(\theta)=\{x\in R_{-}^{3} ; 0<x_{3}<\theta(|x^{\prime}|)\}$ ,

(5.20) $B(t, \theta(t))=\{x\in R^{\delta} ; c_{St}t-\theta(t)\leqq|x^{\prime}|\leqq c_{Sl}t+\theta(t), x_{3}\in R\}$ ,

(5.21) $\theta(t):\lim_{t\rightarrow\infty}\theta(t)=\infty,$
$|\theta(t)|<2c_{Sl}t$ ,

(5.22) $\theta(|x^{\prime}|):\lim_{|x|\rightarrow\infty}\theta(|x^{\prime}|)=\infty$ , monotone increasing function.

Proof. It suffices to show that

(5.23) $\lim_{t\rightarrow\infty}E(v_{1j}^{Sl\infty}, R^{3}\backslash (((C^{-}(\theta)\cup C^{+}(\theta))\cap B(t, \theta(t)),$
$t$) $=0$ .

Because the triangle inequality and Theorem 5.1 imply

$\lim_{t\rightarrow\infty}|E(v_{1j}^{Sl}, K, t)^{1/2}-E(v_{1j}^{St\infty}, K, t)^{1/2}|=0$

for any $K\subset R^{3}$ . Note that

(5.24) $R^{s}\backslash (((C^{-}(\theta)\cup C^{+}(\theta))\cap B(t, \theta(t)),$ $t$)

$=\{(\{x\in R^{\underline{3}}, x_{3}\leqq-\theta(|x^{\prime}|)\}\cup\{x\in R_{+}^{3}, \theta(|x^{\prime}|)\leqq x_{3}\})\cap B(t, \theta(t))\}$

$\cup\{|x^{\prime}|\leqq c_{Sl}t-\theta(t), c_{Sl}t+\theta(t)\leqq|x^{\prime} , x_{3}\in R\}$

$=G_{\iota}\cup G_{2}$ ,
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and

(5.25) $E(v_{1j}^{St\infty}, G_{i}, t)=\int_{0_{i}}(|v_{1f0}^{St\infty}|\rho(x_{3})-\sum_{k.t=1}^{s}M_{kl}v_{1jk}^{Sl\infty}\cdot v_{1jl}^{St\infty})dx$ , $i=1,2$ .

We consider the first term of the right-hand side of (5.25). By the change of
variable $r^{\prime}=r-$ Csrt,

$\Vert v_{1f0}^{Sl\infty}(t, \cdot)\Vert_{j\zeta(G_{1})}^{2}=\int_{ct-\theta()}^{c}s_{l}s^{\iota^{l}}+\theta(t)\int_{S^{1}}(\int_{\theta_{(f)}}^{\infty}+\int_{-\infty}^{-\theta(r)})|G_{St}^{0}$ ($r-$ Csrt, $\theta,$
$x_{s}$) $|^{2}\rho(x_{3})dx_{3}d\theta dr$

$=\int_{-9(l)}^{+9(t)}\int_{S^{1}}(\int_{\theta(r+c}^{\infty}St^{t)}+\int_{-\infty}^{-\theta(r+c}Sl^{t)})|G_{Sl}^{0}(r, \theta, x_{3})|^{2}\rho(x_{s})dx_{3}d\theta dr$ .

The conditions (5.21) and (5.22) implies

$\lim_{l\rightarrow\infty}\theta(r+c_{Sl}t)\geqq\lim_{t\rightarrow\infty}\theta(-\theta(t)+2_{Sl}t)=\infty$ .

Hence
$\lim_{\iota\rightarrow\infty}\Vert v_{1j0}^{St\infty}(t, \cdot)\Vert^{l}ff(G_{1})=0$ .

By the change of variable $r^{\prime}=r-c_{St}t$ ,

$\Vert v_{1f0}^{Sl\infty}(t, \cdot)\Vert_{\mathscr{J}(G_{2^{)}}}^{2}=\int_{R}(\int_{cl\theta(r)}^{\infty}St++\int_{-\infty}^{c}S\iota^{t-\theta(r)})\int_{S^{1}}|G_{Sl}^{0}(r-c_{St}t, \theta, x_{3})|^{2}d\theta dr\rho(x_{3})dx_{3}$

$=\int_{R}(\int_{-\theta_{(t)}}^{\infty}+\int_{-\infty}^{-\theta(r)})\int_{S^{1}}|G_{Sl}^{0}(r, \theta, x_{3})|^{2}d\theta dr\rho(x_{3})dx_{3}$ .

From the condition (5.21), we have

$\lim_{l\rightarrow\infty}\Vert v_{1j0}^{Sl\infty}(t, \cdot)\Vert_{Jf(G_{8^{)}}}^{f}=0$ .

The second term of the right-hand side of (5.25) can be treated similarly. This
completes the proof of Theorem 5.6. $\square $

Finally, we consider the $P$, SV, SH components $v_{1f}^{\pm}(t, x)(j\in M)$ and $v_{2^{\pm}k}(t, x)$

$(k\in N)$ . The next theorem shows that the $P$, SV, SH components behave like
free waves.

THEOREM 5.7. Assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in 3C\cap D(A^{-1/2})$ .
Then we have

(5.26) $\lim_{l\rightarrow\infty}E(v_{1j}^{\pm}, S_{\iota_{1}}(t, \theta)\cup S_{p_{1}}(t, \theta)\cup S_{\iota_{2}}(t, \theta)\cup S_{p_{2}}(t, \theta), t)$

$=E(v_{1j}^{\pm}, R^{3},0)$ , $j\in M$,

(5.27) $1_{l}1_{\rightarrow}m_{\infty}E(v_{2^{f}i}, S_{s_{1}}(t, \theta)\cup S_{s_{2}}(t, \theta), t)=E(v_{2i}^{\pm}, R^{3},0)$ , $k\in N$,
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where

(5.28) $S_{s_{1}}(t, \theta(t))=\{x\in R_{-}^{3} ; c_{s_{1}}t-\theta(t)\leqq|x|\leqq c_{s_{1}}t+\theta(t)\}$ ,

(5.29) $S_{p_{1}}(t, \theta(t))=\{x\in R_{-}^{3} ; c_{p_{1}}t-\theta(t)\leqq|x|\leqq c_{p_{1}}t+\theta(t)\}$ ,

(5.30) $S_{s_{2}}(t, \theta(t))=\{x\in R_{+}^{3} ; c_{\epsilon_{2}}t-\theta(t)\leqq|x|\leqq c_{s_{2}}t+\theta(t)\}$ ,

(5.31) $S_{p_{2}}(t, \theta(t)=\{x\in R_{+}^{3} ; c_{p_{8}}t-\theta(t)\leqq|x|\leqq c_{p_{2}}t+\theta(t)\}$ ,

(5.32) $\theta(t):\lim_{t\rightarrow\infty}\theta(t)=\infty$ .

The proof of this theorem is obtained by using Theorem 4.2 and modified
Theorem 5.4.

The next corollary shows the transiency of the $P$ , SV components $v_{1j}^{\pm}(t, x)$

$(j\in M)$ and the SH components $v_{2k}^{\pm}(t, x)(k\in N)$ in the sense that the energy in
any bounded region tends to $0$ for $ t\rightarrow\infty$ .

COROLLARY 5.8. Assume that

$f\in D(A^{1/2})\cap \mathcal{H}$ , $g\in \mathcal{H}\cap D(A^{-1/2})$ .

Let $K\subset R^{3}$ be any bounded set. Then we have

(5.33) $\lim_{l\rightarrow\infty}E(v_{1j}^{\pm}, K, t)=0$ ,

(5.34) $\lim_{l\rightarrow\infty}E(v_{2k}^{\pm}, K, t)=0$ .

Acknowledgement

The author would like to my gratitude to Professors Mutsuhide Matsumura
and Seiichiro Wakabayashi for their invaluable advices and constant encour-
agement.

References

[1] Dermenjian, Y. and Guillot, J. C., Scattering of elastic waves in a perturbed iso-
tropic half space with a free boundary. The limiting absorption principle,
Math. Meth. in the Appl. Sci. 10 (1988), 87-124.

[2] Fujita, H., Kuroda, S. T. and Ito, S., Functional Analysis, Iwanami-Shuppan, Tokyo,
1991. (Japanese)

[3] Guillot, J. C., Existence and uniqueness of a Rayleigh surface wave propagation
along the free boundary of a transversely isotropic elastic half space, Math.
Meth. in the Appl. Sci. 8 (1986), 289-310.

[4] Ito, H., Extended Kom’s inequalities and the associated best possible constants, J.
of Elasticity 24 (1990), 43-78.

[5] Kato, T., Perturbation for Linear 0perators, Springer, 1966.
[6] Matsumura, M., Asymptotic behavior at infinity for Green’s functions of first



444 Senjo SHIMIZU

order systems with characteristics of nonuniform multiplicity, Publ. RIMS,
Kyoto Univ. 12 (1976), 317-377.

[7] Matsumura, M., On properties of fundamental solutions for stationary and non
stationary wave propagation problems, functional equation 24. (Japanese)

[8] Shimizu, S., Eigenfunction expansions for elastic wave propagation problems in
stratified media $R^{3}$ , Tsukuba J. Math. 18 (1994), 283-350,

[9] Wakabayashi, S., Eigenfunction expansions for symmetric systems of first order
in the half-space $R_{+}^{n}$ , Publ. RIMS, Kyoto Univ. 11 (1975), 67-147.

10] Wilcox, C.H., Scattering Theory for the d’Alembert Equation in Exterior Domains.
Springer Lecture Notes in Mathematics, vol. 442, Springer-Verlag, 1975.

[11] Wilcox, C. H., Transient electromagnetic wave propagation in a dielectric waveguide,
Istituto Nazionale di Alta Mathematica, Symposia Mathematica XVIII (1976),

239-277.
[12] Wilcox, C. H., Sound Propagation in Stratified Fluids, Applied Mathematical Sciences,

vol. 50, Springer-Verlag New York Berlin Heidelberg Tokyo, 1984.
[13] Wilcox, C.H., Spectral and asymptotic analysis of acoustic wave propagation,

Reidei, 1977.
[14] Wilcox, C.H., Spectral analysis of the Pekeris operator in the theory of acoustic

wave propagation in shallow water, Arch. Rational Mech. Anal. 60 (1976),

259-300.

Institute of Mathematics
University of Tsukuba
Tsukuba, Ibaraki 305
Japan

Current address:
Faculty of Engineering
Shizuoka University
Hamamatsu 432
Japan


	ENERGY DISTRIBUTION OF ...
	\S 1. Introduction
	THEOREM 1.1. ...
	THEOREM 12. ...

	\S 2. Eigenfunction Expansions ...
	THEOREM 2.1. ...
	THEOREM 2.2. ...
	THEOREM 2.3. ...
	THEOREM 2.4. ...
	THEOREM 2.5. ...
	THEOREM 2.6. ...

	\S 3. Transient Gulded ...
	THEOREM 3.1. ...
	THEOREM 3.6. ...
	THEOREM 3.7. ...

	\S 4. Transient Free ( ...
	THEOREM 4.1. ...

	\S 5. The Asymptotic Energy ...
	THEOREM 5.1. ...
	THEOREM 5.2. ...
	THEOREM 5.4. ...
	THEOREM 5.6. ...
	THEOREM 5.7. ...

	References


