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ON THE LONG-RANGE SCATTFRING FOR ONE- AND
TWO-PARTICLE SCHRODINGER OPERATORS
WITH CONSTANT MAGNETIC FIELDS*

By

Hirokazu IWASHITA

1. Introduction
In this paper we prove the asymptotic completeness for the following 1-
particle Schrédinger operator with a constant magnetic field BER®, B+#0:
1 1 2
H_H0+V_—?:-(p——2—3><r) LV,
where r&R?® and p=—iV,. The real-valued smooth function V(r) is a long-
range potential, that is, we impose the following decay condition on V(r):

(V) As |r|—oo,

(L.1) V() |+ 18 V()| =0(1).

Moreover, for some 0,>0,

(1.2) 10. V(NS C<rip~7%,

(1.3) V(N <Ciirid~t%  for any integer [=0.

Here r,=r-B/|B|, and r, denotes the component of  perpendicular to B ;
0, and 0, denote the partial differentials with respect to the variables », and
ri, respectively. We use <r)> for (14 |r|%)!? throughout this paper. As will be
easily seen from below, V(r) is allowed to include short-range parts with some
local singularities.

In the absence of magnetic fields, scattering theory is quite well understood
for 2-body Schrodinger operators with a large class of long-range potentials
and, recently, the long-range scattering for constant electric fields have been
intensively investigated by several authors (cf. [5, 8, 9, 16]). On the other
hand, the asymptotic completeness for long-range Schrodinger operators with
constant magnetic fields was first proved by Avron-Herbst-Simon in [17; they
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treated only azimuthally symmetric potentials, though their results contains the
case for potentials unbounded along the directions prependicular to the magnetic
fields. They employed a general argument of Kuroda (see also [4]) to
reduce the completeness to the existence of modified wave operators. After we
had completed this work, we learned the work of Ekaba [13]. Her restriction
on the long-range potential V: [0°V (r)| S Co{¥>7'%'"¥, 1,>0, is stronger than
ours and the approach is based on the estimates of the growth of the angular
momentum BXr-p, that is, on the fact that scattering states do not essentially
propagate in the space-time region |r,|=1¢|” with some v<y,.

We shall now state our main result in this paper. For simplicity we write
z=r, and p,=—id,. Let

(1.4) W(@)=V(")lri=0,

and let X(s)eC=(R!') such that 0<X<1, X(s)=1 if |s|=2, and =0 if |s|<]1.
Define

X, z)=x(1—°%—§9 2), W, D=t W)
Then the smooth function W(t, z) satisfies

|a£a§W(t, Z)l éclk<(ty Z)>—l—k_al ’

for some positive 8,<d,. Let S(t, &) be a solution to the Hamilton-Jacobi equa-
tion :

at St &=+ 52+w(t 2t 8), éeR

(see [10, 12]). Let H,.=H,—(1/2)p:.

THEOREM. Assume that the condition (V) is obeyed. Then, the modified
wave operators . defined by

Qi___s_ lim eitH g=iS ¢ p)~ttHg,

{—~too

exist and are complete.

The present work is new in the sense that all the results for the 1-particle
operator obtained in this paper remain true for a 2-particle system H(%k) with
the center-of-mass removed (see [2]):

H(k)=H(k)+V(r—pg)

1 1 2y
Zp[p Z(ml—{—mz)er] Q—MIBX” 2M i+Vr—8),
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where m, and m, stand for the masses of the first and the second particle, re-
spectively, p the reduced mass, and M the total mass; we have denoted by 7
the relative coordinate of the two particles and by p the conjugate momentum.
The parameter 2=R?® is the total pseudomomentum and B=FkxB/|B|?*. The
Hamiltonian H(k) is derived under the condition of the total charge zero (see
also [3, 7]).

Note also that this paper covers such a potential that is not azimuthally
symmetric and slowly decays as |r|—oo along the direction perpendicular to B.
For example, if B=(0, 0,‘ B) and r=(x, y, z), then a function

V(r)=[log {1+ x*+2)(1+y*+2)} 17 K> %,  §,>0

satisfies the condition (V) and the property mentioned above.

Our strategy is similar to that of and is to see the asymptotic com-
pleteness from the point of view of propagation and non-propagation estimates.
We follow the idea of Sigal for propagation estimates. We do not use,
anywhere, the exponential decay property of the eigenfunctions for H,, ; both
in the proof of the existence of wave opeartors and in that of inverse wave
operators, we use the non-propagation estimate (see [Theorem 2.4l and the remark
following it) that is our essential result. Our non-propagation estimate is much
simpler than that of and, in the case of a l-particle problem, is based on
the mechanics of classical particles and the commuativity of two operators, the
pseudomomentum and the free Hamiltonian:

[p+%3><r, (p~———;—B Xr)2]=0.

In the case of a two-particle problem, the estimate is a direct consequence of
the property of the domain D(H(k)).

2. Nonpropagation estimates

For simplicity of the arguments below, we may restrict ourselves to the
magnetic field B=(0, 0, B), B>0. Then we write r=(r, 2)=(x, 3, 2), p=
(p.J.) pz):(p.‘c: py, pz), and

Hy=H, QId+1dQH,, on L*RZ% ,)QRQL¥R}),

J— l 2
HOIl_' 2 pz;

HOLz—é—(pJ_——;—BXr)Z
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1 B B
=— ?Az y+—8-“(x2+y2)—'§(_ypr+xPy) .

Let g, be the set of pure point spectrum of H,, given by
.C_ro={%(2n+l)ln=0, 1, 2, }

Define A=(1/2)z:p.+ p.-2) and

dist(4, (—oo, AANT,) if 22%,
d(2) ={ .
otherwise.

Then, under the conditions (1.1) and (1.3) we have (cf. [7])

LEMMA 2.1. (1) For every ¢>0 and A= R', there exist an open interval I,
containing A, and a compact operator K such that the Mourre estimate holds:
(2.1) E(HY[H, A]JE(H)z2(d(A)—¢&)E (H)+K,

where E (H) is the spectral projection for H associated with interval I.

(2) The set a,(H) of point spectrum of H is discrete in R'\d,.

(3) Define T=0,(H)\JT,. Let I be a compact interval in R'\T and for
any integer n>0, let s>n—1/2. Then there exists a constant C>0 such that

sup KD {(H—(Axie) D N<C.

0<ksl, A€l

A direct consequence of Lemma 2.1 is

LEMMA 2.2. Let f(A)CYR\T). Then, for any s, s’ with 0<s’<s, there
exists C>0 such that

(2.2) [<z>~te™"*® fF(HX2>* | = C<t)~*" .

With the Mourre estimate in mind we can apply the argument of
Skibsted [15, Exs. 1, 2] to obtain the following minimal velocity estimates.

LEMMA 2.3. Let A>B/2 and 2¢ 9. Let I be a compact interval containing
A such that INT=empty. Then there exists a constant m>0 such that for any
FEC=(R") supported in I and for any s>s’>0,

22
(2.3) F(t—gm)e‘“” FIHXZ>=0@"")  as t—oo,
where F(S) denotes the projection onto the set S.

THEOREM 2.4. Suppose that the condition (V) is obeyed. For any compact
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interval ICR\T, let $=F (H)p<= L*(R?) and ¢=D(|p|)N\D(|r|'**), ¢>0. Then
there exists a positive constant Cg4, independent of t such that for any t€R',

(2.4) lrie " g <Cy .
PROOF. We first note that
B B
2.5) | Hoy pa— 53 |=| Hoo 7+ 52 ]=0.

We will only show that [ye **#¢| is bounded in t=0. The case /<0 and the
boundedness of |[xe *#¢| can be verified in a similar manner. We set ¢;=
e""Hg and IH)=||(p.—(B/2)y)¢:||*>. Since ||Hy¢:|| is bounded in ¢, we see that
I(p+(B/2)y)p:| is also bounded. So, to prove the boundedness of |yg.|, it
suffices to show that I({) is bounded 1n {.

We use to compute :

%J(z)zz Re (Z[H ba— %y]m (m— %y)dh)
=2Re (z'[V, pe1de (Da— —g—y)qﬁz)

=2 Re (-—Vz¢t, (Px— g‘y)¢t) ,
where we have put V,=d,V. The Schwartz inequality implies that
CIDSIV . gul+1V .l 1.
We can apply Gronwall’s inequality to get
10zexp (( 1V2ulds)(10)+ 1V .gulds)

The propagation estimate is combined with the condition (1.2) and the as-
sumption ¢=D(|7|***) to imply that |V 2@l =0(t"*7%) as t—oo for some §>0.
Hence we obtain with some positive constants Cg4 and Cy,

06 ([(0.-52)e] v ),

which completes the proof.

REMARK. (1) In the case of two-particle problems, the estimate [2.4) is a
direct consequence of the fact that |BXr|%(H(k)+7)"' is bounded.

(2) We consider a classical free one-particle Hamiltonian: &y(r, &)=
(1/2)(6—(1/2)BX7):. Then the Hamilton flow (r(¢), §(#)) for h, has the property :
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&), +(1/2)B X r(t)=constant. This is the motivation for introducing I(#) in the
proof of the theorem.

3. Asymptotic completeness

To make our contribution clear we split the proof of Theorem 1.1 into two
steps by introducing the following intermediate Hamiltonian :

H0W=H0+W )
where the function W=W(z) is given by [1.4). We note that the assertions of
Lemma 2.3 and also hold for Huw if T is replaced by Ty :=
0 o (How)\ U T,s.

As the first step, we obtain

THEOREM 3.1. The following inverse wave operators exist:

3.2.) s— lim et*Howe tH(]_E (H)),

t—+too

where E ,(H) denotes the projection onto the point spectral subspace of H.

PROOF. We shal prove the assertion only for ‘+’ case. Let / be any com-
pact interval in R"\g. If we show that the limit (3.2,) exists for any ¢= L¥ R?)
such that E;(H)p=¢ and ¢=D(|p|)N\D(|r|'*¢), ¢>0, then we can obtain the
assertion by the density argument. With V (¢, »)=X(t, z2)V(»), we compute the
derivative :

(3.3) é—i—te“HOWe'“Hgb:Z'e"H')W(How—H)e"“”¢

— it How(W(2)—W(t, 2))e'H g+ie How(W(t, 2)—V (2, r))eH
ictHW(V(, r)—V(#))e " H e
:Tl(t)+ TzU)"l‘Tz(t) .

Since (log <t))"'=o0(1) as t—oo, we can use the minimal velocity estimate
to obtain

W(2)—W(t, z)e " H{D*=0(1""?),
(V(t, r)—V(r))e HH 17 =0(1"""9)
for some 6>0, and hence
(3.4) IT:OI=0(""% and | T:()|=0@"?).

We examine T,(¢). Note that
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W, 2)—V({E, r)=V(, 0, 2)—V(Q, 7., 2)
:S:VLV(t, Or., 2)d0-7,,

and that V, V(¢ 0r,, z2)=0("*7%) by condition (1.2). Then we can apply Theo-
rem 2.4 to get

(W (2, 2)—V(#, r))e tH|| < C<Ey oflre | < C/ <Yy,
and conclude that ||T,(#)|=0("*%). Combining this with [3.4) implies that
is integrable over [0, o), and therefore the limit (3.2,) exists. Q.E.D.

The same argument as in the proof of [Iheorem 3.1 yields

THEOREM 3.2. The wave operators

s— lim e**H e tHow(] — E ,(How))

{—too

exist.
Thus it remains to prove

THEOREM 3.3. The modified wave operators

3.5) s— lim eitHowg=iS(t. pp)~itHo,

t—+too

and the inverse operators

(3.6) s— lim e*S@ ra+itHosp=ithow([— E ,( Hyw)),

t—ktoo

exist.

PROOF. Since Hy,» has a form of direct sum

Hyw=H, QId+1dRQ(Hy+W) on L¥R: ,)QL*R}),

the existence of limit can be reduced to the existence of modified were
operators for 1-dimensional Schrodinger operator H,,-+W and it is a direct con-
sequence of Hoérmander [6]. The existence of limit can be verified similary
as in Sigal [14], by using sharp propagation estimates for e *#ow and we omit
it. Q.E.D.

Now the assertion of Theorem 1.1 can be verified by combining Theorems

B.1-3.3.
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