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COMPLETE MAXIMAL SPACE-LIKE HYPER-
SURFACES IN AN ANTI-DE SITTER
SPACE OF DIMENSION ¢4

By

Soon Meen CHOI

Introduction.

Let R%*' be an (n+1)-dimensional Minkowski space and S7*!(c) (resp.
H1*Y(c)) an (n+1)-dimensional de Sitter space (resp. an anti-de Sitter space) of
constant curvature ¢. The class of these indefinite Riemannian manifolds of
constant curvature ¢ and with index 1 is called a Lorentz space form, which is
denoted by M?*(¢). A submanifold M of a Lorentz space form M7*!(c) is said
to be space-like if an induced metric on M from that of the ambient space is
positive definite. After the study of Calabi and Cheng and Yau about
the Bernstein type property for maximal space-like hypersurfaces in a Minkowski
space R?*!, complete space-like hypersurfaces with constant mean curvature in
a Lorentz space form have been studying by many geometers. As standard
models of not totally umbilic space-like hypersurfaces with constant mean cur-
vature in a Lorentz space form M7*'(¢) there exists a class of hypersurfaces
H¥c)XM™ *(c,), where k=1, ---, n—1, where H™(c) (resp. M™(¢)) is an m-
dimensional hyperbolic space (resp. a space form) of constant curvature ¢. In
the case of k=1, it is called a hyperbolic cylinder. In particular, when it is
maximal, ¢, and ¢, satisfy ¢,=nc/k and c,=nc/(n—Fk).

Now, for a complete minimal hypersurface in S**!(1) with constant scalar
curvature, Chern pointed out that it seems to be interesting to study the dis-
tribution of the value of the squared norm of the second fundamental form,
and Peng and Terng and Cheng partially realized the aim in S*(1).
- Relative to the problem the similar case for space-like hypersurfaces with con-
stant mean curvature H of Mi(c) is recently classified by Aiyama and Cheng
[2]. Numbers S, and S. are defined by
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where h=3H and S,<S_<S.. They prove that a 3-dimensional hyperbolic
cylinder is the only complete space-like hypersurface with non-zero constant
mean curvature, constant scalar curvature and S>S_.. However, there are no
informations about the case S<S_. The purpose of this paper is to investigate
the case S<S_ in the maximal hypersurface and to prove the following theorem
which is the Lorentz version in H4(¢) about Chern’s problem.

THEOREM. Let M be a 3-dimensional complete maximal space-like hypersur-
face with constant scalar curvature in an anti-de Sitter space H4(c). If —kc<S
< —3c, k=2.64, then M is congruent to the hyperbolic cylinder H(c,)X H*c,).

1. Preliminaries.

Let (M, g) be a space-like hypersurface in an (n41)-dimensional Lorentz
space form M7*'(c). We choose a local field of orthonormal frames e, ---, e,
adapted to the Riemannian metric induced from the indefinite Riemannian metric
on the ambient space and let w,, ---, @, denote the dual coframes on M. The
connection forms {w;;} on M are characterized by the structure equations

doi+ JwAw;=0, oy+w;;=0,
(1.1) dw;;+ S 0 ANwp; =825,
QtJZ—'%' D Ryrnwr Ny,

where £;; (resp. Ry;:;) denotes the Riemannian curvature form (resp. components
of the Riemannian curvature tensor R) of M. The second fundamental form
a with values in the normal bundleu is given by a=—3 h;;w,w;e,, where ¢, is
a unit time-like normal vector and the mean curvature H of M is given by
H=h/n=3 h;;/n.

The Gauss equation, the Codazzi equation and the Ricci formula for the
second fundamental form are given by

(1.2) Rijr1=¢(0110;1—0:10;1)—heyhje+hinhjy,

(1.3) hije—hir;=0,

(1.4) hijpi—hijin=—2hrjRrini— 2 hir Rojiu

(1.5) hijhim—Rijemi=—22 Arsa Rritm— 2 hira Rejim— 2 Rigr Rekim

where hije, hijer and hijem denote components of the covariant differentials
Va, V2a and Via of a, respectively. ,
We denote by R;; components of the Ricci curvature tensor Ric. The Ricci
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tensor R;; and the scalar curvature r are given by
(1.6) Rij=(n—1)cd;;—hhy+2 hiwhey,
1.7 r=n(n—1)c—h*+2> hy?,

Now, we compute some local formulas under the assumption that the mean
curvature of M is constant. First of all, by making use of and by taking
account of the Codazzi equation the Gauss equation and the Bianchi
equation, it is well known that the Laplacian of the second fundamental form
is given by

(1.8) Ahi,--:c(nh“——h&-j)—hz hikhkj+f2hij:

where f,=3h;;%. For simplicity we put fm=3 A, e 2, he,_,i for any
positive integer m. In particular, we denote by S the square of the length of
the second fundamental form e, i.e., S=f,. By utilizing [1.8), the Laplacian
of the non-negative function S can be determined as follows:

(1.9) S AS= kit + 2 koAb =5 hipst—h fot S(S+ne)—ch?.
On the other hand we easily see that

1

—Z"‘Ahijkzzz hijel? +2 higrlhige .

By a similar and direct computation to the argument above we have
Ahijr=2Z hir R+ hirr Rej+ 23 hijr Rrs
_2 h'rsR‘rijsk—E herriku'—Z hirRrjkss
— MarsRrijs—2 2 hjraRess—2 2 Rirs Regis
where R;;, denote components of the covariant differential VRic of the Ricci

tensor Ri¢c. Thus one finds

PROPOSITION 1.1. Let M be an n-dimensional space-like hypersurface with
constant mean curvature in a Lorentz space form M%1*'(c). Then we have

(1.10) —;—AS: |Va |2 —h f3+S(S+nc)—ch?,

(1.11) %AIVO(I": |V2a |t 4+ {S+(2n+3)c} |Va|?+3A—6B—3hC+ —g— IVS|2,

(1.12) —é—AfF—hf4+<s+nc>fs—chs+2c :

(1.13) L Afi=—hfH(Sno)fimchfyt2A+B,
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where we have put

‘4:2hij2hiklhjkl; B:-Zhijkhirshjrhks and szhijkhijlhkl-

REMARK. The equation (1.11) is obtained by Treibergs in the case
where the ambient space is a Minkowski space. These equations are recently
obtained also by Aiyama and Cheng [2].

The generalized maximum principle due to Omori [9] and Yau and a
Lorentz version due to Nomizu of Cartan’s formula for isoparametric hyper-
surfaces are next introduced. A space-like hypersurface in a Lorentz space
form is said to be isoparametric, if all principal curvatures are constant.

THEOREM 1.2. Let M be an n-dimensional complete Riemannian manifold
whose Ricci curvature is bounded from below. Let F be a C3-function bounded
from above on M. For any positive number ¢ there exists a point p in M such
that

F(p)>supF—e, |VF(p)I<e, AF(p)<e,

where VF denotes a gradient of the function F.

THEOREM 1.3. Let M be an isoparametric space-like hypersurface in a

Lorentz space form M1 (c). Let A,, -+, A, are all constant distinct principal
curvatures of M with multiplicities m,, --- , m,, respectively. Then we have

m —_—
= A4

2. Isoparametric hypersurfaces.

This section is concerned with isoparametric space-like hypersurfaces in
Hi(c). Let M be a 3-dimensional space-like hypersurface with constant mean
curvature in a 4-dimensional anti-de Sitter space Hi(c). For any point x in M
we can choose a local field {e,, ---, es} of orthonormal frames in such a way
that h;;=4;0,;, where 4; denotes a principal curvature. Without loss of generality
we may assume that

A=A,

PROPOSITION 2.1. There does not exist an isoparametric space-like hyper-
surface in an anti-de Sitter space Hi(c) with distinct principal curvatures with
each other.

PROOF. Let M be an isoparametric space-like hypersurface in Hi(¢) and
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A1, 4, and 2, distinct principal curvatures. By we have
6_12122 c*“‘2123
=0,
22'—‘21 + 23‘_21

from which combining with A,+4,+4;=h it follows that we have
AP —h22+(22:45+3c)A,—ch=0,
Similarly the following equations are given by the Cartan-Nomizu formula :
A3 —h22+ 22,25+ 3¢)2,—ch=0,
2.1) A2* —h 2+ (2254, +3¢)A.—ch=0,
¥ —hAs®+(22,A.+3¢)As—ch=0.
The first and the second equations of [2.1) and the assumption A,#24, give us
(A2 4414+ 2.2)— h(A,+42)+3¢=0.
So, by the equation we have
A1As+ A2 A3+ 434, =3c .

Accordingly we obtain S=h%—6¢. It is seen by Cheng and Nakagawa that
the estimate of the above bound of the squared norm S is given as S<S,,
from which combining with S=h%—6¢ it follows that we have c¢(h®—9¢)=0, a
contradiction. [

REMARK. In the case of the sphere S*%c), there exists an isoparametric
hypersurface in S*¢) with distinct principal curvatures with each other.

3. Proof of Theorem.

In this section we shall prove the main theorem in the introduction. Let
M be a 3-dimensional complete maximal space-like hypersurface in an anti-de
Sitter space Hi(c) and let 4,, 4, and 4, be principal curvatures. Without loss of
generality we may assume that
MA=H=12s.

As is easily seen, the fact that the scalar curvature » is constant is equivalent
to the property that the squared norm S of a is constant. By the assumption
of the theorem and by the definition of the function f; we have

21+/12+23:O »
3.1 A2+ A2+ A2 =S=constant,
113+223+233=f3 .
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PrROOF OF THEOREM. First of all we notice that the assumption 0<S means
that M is not totally geodesic. Suppose that f; is constant. From the assump-

tion of the theorem, M is isoparametric. So, by Proposition 2.1 two of principal
curvatures 4,, 4, and A, are equal. By a theorem due to Abe, Koike and Yama-
guchi [1], M is congruent to the hyperbolic cylinder H'(¢,)X H*c.) and S=—3c.

Next, we show that if 0<—2.64c<S<—3c¢, then f; is constant. We sup-
pose that f; is not constant. Then S<—3c. First we suppose that there does

not exist a point ¢ at which fy(¢)=0. By the continuity of the function f,
we may suppose that f, is negative without loss of generality. By the Gauss
equation the Ricci curvature is bounded from below and the function f; is
bounded from above by 0, and so we can apply to f,. For any
positive number ¢ there exists a point p in M such that

3.2) IVfs(p) <e, Afs(p)<e, fao(p)>sup fi—e.

By the first and the second equations of (3.1), solving the problem for the con-

ST!
|f3|§\/€)

where the equality holds if and only if two of principal curvatures are equal.

ditional extremum we lead to

Since f, is not constant, we get
S‘s

(3.3) —\/——<sup fs=0.
6 M

We observe from (3.1) and [(3.3) that 4,, 4, and 4; are mutually distinct on M’'=
{(xeM: f(x)#—+/S%/6}. By taking account of the assumption that 3} 4;;=0
and 3 h;;?=S=constant, the exterior differentiation implies

(3-4) Ehtikzoy Elihiik:O

for any index k£ at any point x in M. Also we define numbers 0d,(x) (=1, 2,
3) by

(3.5) S APhr(x)=0,(x)

for any index k. Then equations and (3.5) can be regarded simultaneous

equations with 3 unknown hy,:(x), hs2x(x) and hssx(x), and the unique solution
is given by
hisp(x)=a;(x)0:(x)

for index 7, k=1, 2, 3 at any point x in M’. For any positive number e(<sup
fs++/5%/6) in [3.2), let M, be the connected component containing the point p
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in of {xeM: fyux)>sup f,—e}. Then M, is contained in M’. Since all
principal curvatures 4;, 4; and 4; satisfy

3.6) ;1 =~S

by (3.1), it follows from that there exists a positive number c¢,=c,(p, ¢€)
such that |a,(x)| <c, for any point x in M, and =1, 2,3. Furthermore we
have [0,(p)| <e/3 at the point p in M satisfying and we also have

1
3.7) |hiik(p)|<'§cle
for any indices 7 and k2. By we have

Afs=3{(S+3¢)fs+234:hi;:2 =3(S+3c) fs+ 224+ A+ hij0°
=3(S43¢) fs+12(A,+ 22+ As) 1125 +6 Ek (221+1k)hiik2+623ihiiiz,
i i

from which combining with [3.2), (3.6) and (3.7) it follows that we have

e>Af5(p)>3(S+3¢)fo(p)—14+/Sce® .

Thus there exists a positive constant ¢,=1/34-14/34/Sc,%¢ such that

(SH+3c)fs(p)<cae,

where ¢, converges to 1/3 if ¢ tends to zero.

For any convergent sequence {&,} such that &,—0 (m—oo) and >0, there
exists a point sequence {p,} such that the sequence {fs(pnm)} converges to
sup fs by from which together with the last inequality we have a positive
constant ci(m)=cy(S, e,) such that

(S+3c)fs(pm)<ca(m)em .

It implies that supy fs=0 because S-+3c¢ is negative and hence, by means of
the supposition that the function f; is negative we have

(3.8) sup f,=0.
M

Now, under this condition we observe the estimation of the function |Via]|.
Since |Va| is constant by [1.10) and the assumption, (1.11) means that the value
of |V2a| is determined by the function A—2B. So, in order to obtain the
estimate of the lower bound of the function we have
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3(A=2B)=2(A*+ A2+ A2 —24;8;— 2858 s — 24 A1) 1"
= X {22422+ 22— Qi+ 254 2:) ) higs®

i2jEk#l

+3 2 (A2 —44A0)h13x*—3 2 AlPhyi®

i+k

=253 htjk2+3t2h (A2 —44;2, —2S)h 12— 2 BAE+2S)h i
*

Accordingly it follows from this equation, [(1.10), (3.6) and (3.7) that there exists
a positive constant ¢;=(41/3)Sc,* such that

3.9) 3(A—2BXp)>—25*(S+3c)—cse®.

On the other hand, in order to estimate the value of |V?a| from itself, we shall
analyze the detail of its term. First we put

(310) tuzhtﬁj—hﬂji .

Then the Ricci formula and the Gauss equation imply
3.11) tiy=A— AN c—2:45).

Hence the direct calculation implies

(3.12) 22 =8%+4cS?4-6¢*S—2f4®

i#f
because of n=3, H=0 and f,=S?%/2. Moreover we obtain
S hijit= S bt D (hjry—ti,)t= Z(h __1_ti.)2+i Nt
s} ijij ] ijtj < ijij ij &5 ijij 2 i 4 = ij -
Thus, because of Jh,;;.,2=33i.; hjis? it is reduced to
1 2 3
(3.13) D hiynt=3 ‘%(hmr—'z—tu) +z‘ #thijz .

This is the estimation of the lower bound of |Via]|.

Taking account of and combining (1.11) with (3.8), [3.12) and

we get
3.14) S(S+3c)(S+9¢)+25%S+3c)+cse?
1 2 3 3
23 tgj (hiﬂj'—?t”) (p)+ ZS(SZ+4CS+6C2)*— ’EEZ .

Therefore, in order to investigate the range of S, it suffices to estimate the
lower bound of the first term of the right hand side in the above inequality.
However, by the direct computation there exists a positive constant c,=c,(S, ¢)
such that
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(3.15) z(h...._it .)2>(h s —ca
' F\t 2 ij 1212 — 2323 1€ .
In fact, we have
1 2 1 2 1 2
g}j(hijij_é‘tij> z(hlzm_?tw) +(h2323_§‘t23) + -

1
:(h1212—h2323)2+2h1212h2323_(t12h1212+t23h2328)+ Z(t122+t232)+ v

1 1 1
:<h1212—h2323)2+2(h1212“' ‘gtzs)(hzszs— §t1z>+ Z(tlz—tza)z‘l‘ .

By we see tp—ts=—(S+3c)i,. Because of (3.8) there exist sufficiently
small numbers ¢,, ¢; and &; such that ¢, ¢; and ¢; converge to zero as & tends
to zero and

S S
==y [Gten Mp=en =[G
Accordingly, there exists a positive constant c;=cs(S, ¢) such that
[t1a—tas| <Cs€ .

Since the function |V?a| is bounded by (1.11), its upper bound depends only on
S and ¢ and we have

E (hijij— ‘;—tu)z(p)

1

1
>(h1212—'hzszs)2(1)) +2<h1212_ —2't12)<h2323— —2— tzs)(p)“‘c4$+ e
1

= (hsass—hasss(0) 42 orm— g s ) Baasa— 5 Lo J(P)— e+ -

=(h1212—Pases)*(P)+ {(h2121 - ”%tm)‘f‘(hzzsz_ %tsz)}z(ﬁ)"‘cﬁ-i' e

= (h 1212“}12323)2(?)‘—‘045

for some positive integer c,=c4(S, ¢).
Accordingly we need next the estimate of the lower bound of the first term
of the above relation. We notice that 33h;;,°=6h,:5°. Moreover we get by

and 3.7)
3.16) 5 b (5)<2hus*(9)+ T etsts— §S<S+3c>+—gcfaz.

Differentiating S=3 h;,? twice, we have 3}; Aihiisr+ 205 heje®=0 for k=1, 2, 3.
So there exists a positive constant cs=c4(S, ¢) such that
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g hij(p)> \/% (Rr12z—hssaz)(Pp) —cCet

because |V2a| is bounded, from which together with it follows that there
is a positive constant c¢,=c,(S, ¢, €) such that

(huzz—hszsz)(p)<— l/%s—(sﬁ-?)C)-i-qu .
Furthermore, by we have a constant cs=cs(ey, €2, €3, S, ¢)=c(S, ¢, ¢€)
such that

tzs(p)> —C\/%“-i-CgS .

Thus, combining above two inequalities we have
2S

3.17) (h 1212“’12323)(17):(hlzlz—hszsz)(p)—tzs(l)) <= \/T(25+3C)+ Cy€

for a certain constant co=cy(c., cs)=cy(S, ¢, ¢). Because of 25S+3¢>0, we can
suppose that the right hand side of the above inequality is negative for a suf-
ficiently small positive number e¢. Thus we can get the lower bound of the
first term of the right hand side of [3.15). Combining some results obtained
above, we can show the existence of the zero point of the function f,;. In

fact, from [3.14), and the above equation (3.17) we have
S(S46¢)(195+42¢)> —c108
for a certain constant c¢,,=c1,(¢Cs, C4, C;) and any positive number e, that is,
S(S+6¢)(195+42¢)=0,

which shows S<—42¢/19, a contradiction. Thus there is a point ¢ such that

fs(g)=0.
Before proving the theorem we give some formulas at the point g. First,
the values of principal curvatures at that point are given by

S S
21:—\/5, /2230, 23:\/‘5.

Similar to we have 33; h;:,=0 and 3, A,h;.=0 at the point g. The fol-
lowing relations can be verified from these equations and the value of principal
curvatures at that point:

(318) hukzhssk; h22k=_2h11k
for every k. By substituting (3.18) into A, it gives
(3.19) Zhijkzz 6h,232+16h1112+-5—-h2222+16h3332=—~5(5+30).

2
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Furthermore we see
(3.20) izjhijf;«—:l,)—S(S—i-Bc).

In order to prove it suffices to notice that

?.} h1122=2h1232+8h1112+ %‘h2222+8h3332 .

From and the last equation we have

3.21) 3 h's —--—g—S(S+30) .
We are now in position to prove the theorem. Since f;(¢)=0, we have
(3.22) D hy; 2>32(h ; ——1—1.‘ )2+ §—S(SZ+4cS+6c2)
. ijkl = = ijij 2 i 4

by [3.12) and [3.13). By [(1.13) and f,=(1/2)S? we obtain 2A+ B=—(1/2)S*S+3c),
from which combining with (1.11) it follows that

2 hige®=S(S+3c)(S+9¢)—3(A—2B)
=S(S+3¢)(S+9¢c)—4(2A+ B)+5(A+2B)

=3S(S+3¢)*+5(A+2B).
Thus we have
(3.23) 3S(S+3¢)2+5(A+2B)=3 %(him——%tﬁy—{—%S(Sz+4cS+6c2).

Since we have
(3.24) l‘m:tzg:_\/-sz'c

at that point ¢, we can estimate the first term in the right hand side of (3.23)

by the similar method to that by which the estimation of is given and
we have

1 2 2
(3.25) Z (htjij"’"gtij) g(hmm“'hzszs) ’

i#j

where we used [3.24). Differentiating S=3 h,;%, we have 33 Aihiins+ 2.5 hije’
=0 for k=1, 2, 3. Substituting the value of principal curvatures into the above
equation we obtain

<
(3-26) \/’2_(h11kk_h33kk)=2hijk2
1,7

for k=1, 2, 3. In particular, by we have



90 Soon Meen CHOI

‘S'(huzz-haazz): 2 hipts— iS(S—}-BC) .
2 i.j 5
Thus we have

hiss—hasas= igia—issss—tas < —Y%(sﬂlsc).

By assumption, 6S+13¢>0. Since the right hand side is negative, it follows
from (3.23), [(3.24) and [(3.26) that

. A/2S 2 3 e 2
3.27)  35(5+43¢) +5(A+ZB)23{T(65+13c)} + 5 S(S*+4cS+6¢?).

We shall next estimate the second term of the left hand side in (3.27).

Since we get

A+2B=32;h;;3*+233 AiAjhi= % DA+ A+ Ae) % "

1
:“{ > (1i+1j+2k)2hijk2+3i§(221+2k)2hiik2+92Zizhiiiz}

3 lizfFr+i

=3 (22i+2k)2hiik2+3 S A:2hit,
ixk

we have by A4-2B=S(4h;,2+ hs2?+4h;s5%), and hence we obtain

2 5
A+2B< gS(lGhluz‘*‘ 5 h2222+16h3332) .

It follows from the last inequality together with that we have
A+2BS— 2 S¥S+30).

By (3.27) and this inequality we have
S(1915%4+36¢S—1236¢3)<0,

which shows that the range of S is contained in [0, —k,c], where —k, is a
positive root of the equation of order 3 and %4,=2.64. This is a contradiction.
Therefore the function f, is constant and hence, by the first discussion,

the theorem is completely proved. [

REMARK. In their paper Ki, Kim and Nakagawa proved recently the
following theorem: Let M be an n-dimensional complete maximal space-like
hypersurface in an anti-de Sitter space H7*'(¢). If the scalar curvature of M
is constant, then there exists a positive number 2 which is depending on only
the dimension such that if —kc<S<—3c¢, then M is congruent to the hyper-
bolic cylinder H(¢,)X H" *(¢;). In the case of n=3 in the above theorem we

see £=2.98.
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