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By

Joo Ho KAaNG! and Hyoung Gu BAIK

1. Introduction

The investigation of invariant subspaces is the first step in the attempt
to understand the structure of operators. We will investigate bounded linear
operators on Hilbert spaces which have the simplest possible invariant subspace
structure. In this paper, we are going to study some strictly lower triangular
operators which are shown to be unicellular under certain conditions.

We introduce a simple but key result which transforms the problem of
establishing whether a vector is cyclic for an operator to that of determining
whether a related operator is one-to-one. We first introduce some definitions.
Let A be a Hilbert space and A an operator on 4. Let M denote a subspace
of 4. M is invariant under A means that AxeM for all x&eM. The collec-
tion of all subspaces of 4 invariant under A is denoted by Lat A. The operator
A is unicellular if the collection Lat A is totally ordered by inclusion. 1If X is
a subset of 4, the span of x is the smallest subspace containing X and denoted
by span X. If x4 then span {x, Ax, A%x, ---} is easily seen to be invariant
under A. The vector x is cyclic for A if span {x, Ax, A%x, ---}=4 and M is
a cyclic subspace for A if span {x, Ax, A%x, ---} =M.

Let A be a bounded operator with |A| <1 on /%, and let {e,, e, e, ---} de-
note the standard basis for /°>. Let x be a column vector in (.. Then A"x is
a column vector in {* for each n=1, 2, ---. Then we have an infinite matrix
[x, Ax, A%x, ---]* which will be denoted by S.(A4). The matrix S;(A) is a
bounded linear transformation on /2.

Let A be a bounded operator with |A]<1 on {* represented by a strictly
lower triangular matrix. Let M, be the subspace span {e,, ¢,.1, @n.s, -} for
each n=0, 1, 2, ---. Then every M, is invariant under A4, and {M,|n=0,1, 2, ---}
is totally ordered by inclusion ;
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P=M,DOM,DM,D ---.

Hence A is unicellular if its only invariant subspaces are {0} and M,, n=0, 1,

2, -+, i.e. the collection Lat A of all subspaces of /> which are invariant under
Ais {{0}, M,|:=0,1, 2, ---}. Let M be a subspace of /> and M*= {35, ¢neys:
N.terms

2ia=0 CnenEM}. If welet xy=(0,---, 0,1, xy,y, )€ and M, ,=span{xy, Axn,
Alxy, ---} then Mz, =(Ker (S;,(A))* and always MxzC(Ker S;,(A)*.

LEMMA 1.1. Let A be a strictly lower triangular operator on [*. Then
(U*N AUMYU*N =U*N A"Py for every n, N=0, 1, 2, ---, where U is the unilateral
shift on [* and Py the orthogonal projection on My.

PROOF. Let N be a non-negative integer. For n=0, U*¥=U*"Py. We
assume that (U*Y AUY)"U*N¥=U*¥ A"Py. Then
(U*N AU UV =(U*N AUNYU*N AU )"U*N
=(U*N AUY)U*¥ A" Py, by induction hypothesis
=U*N APy A™Py
=U*¥ AA"Py, since A is strictly lower triangular

—_—U*NA"“PN. O

LEMMA 1.2. Let A be a strictly lower triangular operator with || A<l on

N.terms '
i, N a non-negative integer and let xy=(0, -+, 0, 1, xy,y, - )EMy. My is a
cyclic subspace for A, i.e. My=M;,, if and only if Syxvg (U*N AUY) is one-
to-one.

PrROOF. My=M,,, i.e. My is a cyclic subspace for A, if and only if
(Ker S; ,(A)*=My if and only if (Ker S;,(A)*CMz. Let yeis

L —
XN Yo

Sen(A)y=| A%x 5t Y

00 1 xp4y Yo
0---0 0 = b
0
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Sey(A)¥=0 if and only if

1 xy4 In
O * * yN+1
0=|0 0 * y

0

U*N x vt kY
U*N Ax nt Vw1
=|U*NA%xp' | | Tnsz |-

By [Lemma 1.1, U*¥Arxy=U*¥ A"Pyxy=U*Y AUY)"U*"xy for each n=0, 1,
2, ---. Hence (Ker S, (AN*C My if and only if Sy, (U*Y AU") is one-to-one.
O

THEOREM 1.3. Let A be a strictly lower triangular operator with | A
<1 and U the unilateral shift on [>. Then A is unicellular if and only if for
any x=(1, x,, ---)c?, S, (U*NAUY) is one-to-one for every N=0, 1, 2, ---.

PROOF. If A is unicellular, then Lat A={0} U {M,}5=. Let x=(, x,, --)*

N.terms

e/ and N be a fixed non-negative integer. Then UYx=(0, ---, 0, 1, x,, --)'&/?
and Mywv,=span{U¥x, AU"x, ---} is an invariant subspace of [ for A and My~
=M, for some n. Clearly, My~v,=My. Hence My is a cyclic subspace for A
and U*¥U%¥x=x. Therefore S,(U*¥ AU¥) is one-to-one.

Conversely, we assume that for any x=(1, x,, ---)!e/{?* S,(U*¥ AU¥) is one-
to-one for every N=0,1, 2, ---. Let M be an invariant subspace of /2. We
need to show that M is {0} or M, for some non-negative integer n. Assume
that M+ {0}. Let N be the least index of non-zero entries of all elements of
M. Then 0EN<oo, MCMy and M contains a vector x of form (0, ---, 0, 1,
Xys1, o). From the assumption S (U*¥ AUY) is one-to-one. Hence My is a
cyclic subspace for A, i.e. My=M,CM. Hence My=M. 0O

Now we need some properties of strictly upper triangular matrices in oder
to determine whether they are one-to-one. The following Theorem leads to
results on unicellularity.

THEOREM 1.4 [6]. Let T and S be bounded operators on a Hilbert space 4
represented by upper triangular matrices with respect to a fixed orthonormal
basis. Assume that all diagonal entries of T are non-vanishing, and that all
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diagonal entries of S are 0. If T is invertible and S is compact, then T+S is

one-to-one.

COROLLARY 1.5 [6]. Let C be a strictly upper triangular matrix on a Hil-
bert space ¥ with an orthonormal basis {e,}n=o. Let Cy be an upper triangular
matrix whose first N super-diagonals are zero, and the other super-diagonals are
same as C. If each of the N super-diagonals of C has entries converging to
zero, and Cy is a compact operator for some N, then I+ C is one-to-one.

2. Some Triangular Operators
In this section, we investigate the unicellularity of some strictly lower tri-

angular operator by using the results established in 1.

LEMMA 2.1 [4]. If A is the unilateral weighted shift operator with the
weight squence {a,}, then |A*||=sup,|IL4 an.il, k=1, 2, ---.

LEMMA 2.2. Let A be the unilateral weighted shift operator on I* with the
weight sequence {a,} and m a non-negative integer. If a, |0, then U,(A)=
=1 n™ A" s a bounded operator on [%.
PROOF. Let {e¢;|7=0, 1, 2, ---} be the given orthonormal basis in /2. Then
0 j<n
A"ejz ]
(wj/wji_n)ej_n j=n for each n=1, 2, -
where w,=II#= @, and w,=1. So

(A™M)pj=<CA" ¢y, er)
{ Wi/Wj-n k=j—nz=0

0 otherwise.
It follows from that ||A*|=w, for each n=1, 2, ---. For a fixed
non-negative integer m,
m m
lim D Waer iy (’”rl lim 2+ —0<1.
n-s00 nvws, n—co n n—oo n

IUn(Al=] 3 nmA"< 33 nm| A= 3 nmwa<oo .
So U,(A) is bounded operator on /2. [J

LEMMA 2.3. Let A be a strictly lower triangular matrix on [* with respect
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to the orthonormal basis {e,} where the first lower diagonal entries are nonzero.
That is,

0
ai,, 0
A=| Q2,0 G2, 0

Q30 a3 Gs32 0

where a;,; ;#0 for each i=0, 1, 2, ---
i=Zj+n

Then for i<j+n—1 (A");;=0 and for
(An>ij:

kn-1-1
2 ai.kn_l( >
kp-1=j+(n-1) k-

Ap 1 kg
g=Ttn-gy Fr-1Fn-2
( ( k3-1

el 2 ey

[P SR

k2-1
(03, armaa5)) )
where (A™);; is the (i, j)-component of A™ for n=1, 2, ---.

PROOF.

Since A is a strictly lower triangular matrix acting on /2, A" is a
strictly lower triangular matrix acting on /* for each n.

So (A™);;=0 for 7<j.
For i=j+1, using the induction,
A=< Ae;y, ei>:< kzoakl,jekl,ei>
<

[=2]
zkankl,Kekl, e )=a;
=

(Az)ij: <A22j, ei>:<A(Aej): ey

:<A(k12=0ak1’jekl)’ ei>:k§0a kl.j<Aek1, ez>

[-=]
= 21 Q4,%,Gk,.j-
Kazo 1707

Since a.,, ;=0 for k,<j, and a, ., =0 for i<k,

i-1
A?), ;= ai . .
( )l] k1==2j+1 T, k1 klpj
Assume that

An-t i-1 kn-2"!
n- == a; _ (
( )i] kn_2=§(n—2) i.ky-9o A

Qp g by
n-g=jF(n-9) n-2 *n-8
k3—-1 ko-1

( (3 arn( 2
ko=j+2 kq1=j

Qs 2. ))))
+1 ko, k1Uky,j

Then
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(AM)y= (AP ey, eo=(A"( 3 an,en,). )

:kZOGk,.,(A"“ekl, e .
=

By the induction hypothesis,

o i-1 k4-1 3—-1
A")iy= a ( Ai k (( 2 A,k ( Aryg kyQhy b ))))
(A" k§o krd kn_l=§+(n—2) B Ena ey AN P A

1-1 ka-1 k3-1 oo
= 2 (li,kn—l(“'( 2 ah-ka( > a’ea-’%( 2 akz'klakl‘j)))m)
ky_1=k1+(n-2) ky=ky+2 ko=kj+1 k=0

Since a, +,=0 for k,<k,, and ax,. ;=0 for k£,<;, we have

A=, 3 i (A F ([ F T anan))))

kp_1=ki1+n-2 ky=k1+2 ko=k1+1 ki=j+1

i-1 k4-1 k3-1 k2-1
= P ik _(( 2 ak.k.( 2 ak,k( 2 Qpyk ak,')>)"')-
by_i=jt-1 o Fn-1 Eysj+a 4 T\, Sihe ¥ TR\ 55y, 2R LY

Thus this proof is complete. [

ko

Consider a strictly lower triangular matrix A (J|A]|<1) acting on ? with
respect to the orthonormal basis {e,}5-, which has the first non-zero lower
diagonal entries. That is,

0 ifti<y
Aij:
a; if i>7+1
where a;,, ;#0 for each /=0, 1, 2, ---.
Let wo=1 and w,=II? @isr.:. By (A" nsp, s=Wn,a/wy for
n=1, 2, --- and k=0, 1, 2, ---. For x=(, x,, x,, ---)!€?,

S

(Anx)n+s: P (An)nH, pXp

p=0

== 321 (An)n+s,pxp+ Wnes X for all s=0.
p=0 W,
So
E'l’:;(()i+l)(Ai)jkxk+Lle)j Xj_q Zé]
(Sz(A))i;= It
0 otherwise.

Let D, be the diagonal operator with the diagonal sequence {w.,},
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_ws
Wi Wy
(Cauy=] Wi

0 otherwise,

Xj g 1=0,1, 2, --- and j>{

and

DI (ANt i<
(FA)ijz :

0 otherwise.

Then SI(A)ZDA(I-*- CA+FA).

From now on, we will express S.(A)=D U+ C4+F,) as the above way, if
A is a strictly lower triangular operator such that each A,.,, . is non-zero for
n=0, 1, 2, ---, where A;; is the (7, j)-component of A.

LEMMA 2.4 [6]. {an}el?’ for 1=p<co fixed, and a, |0, then

sz(wk)j e w, - — <o for some K where w,= Hak
LEMMA 2.5 [6]. If {a,}<I? for some p with 1<p<Zoo, and a, | 0, then the
above matrix C,4 is a compact operator on [* where a,. ,=ay.

NOTATION. Let A and B be two matrices. B<A means that b;;<a;; for
all ¢, 7.

Let A and B be strictly lower triangular operators such that A,,;, ,=Bn,1.2
#0 for all n=0, 1, 2, --- and B<A and let S,(A)=D I+C4+F4) and S.(B)=
Dg(I4+Cp+Fp). Then for x=(xo, x,, X5, ---)€{* such that x,=0 for all /=
0,12, -+, C4=Cpand Dy,=Djg. Since B<A, B"<A". Moreover,

SO (ANt i<
(FA)ij: ¢
0 otherwise
and
j—ci+ny Ry, Xk -
(Fa)ey= 20%=6 (B )jkw,; 1<J
0 otherwise.
So
Fg<Fy4.

Thus we have the following Lemma."

LEMMA 2.6. Let A and B be strictly lower triangular operators such that
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B<A and Ap,;,.n=Bn1.2#0 for all n=0,1, 2, ---. Let S;(A)=DI+C,+F,)
and S,(B)=Dg(I+Cg+Fp). Then for x=(1, x,, x,, ---)*€* such that x;=0 for
all i=1, 2, -+,

(a) Fz<F, and

(b) Fpis a Hilbert-Schmidt operator if F4 is a Hilbert-Schmidt operator.

THEOREM 2.7. Let A be the unilateral weighted shift operator acting on [
with the weight sequence {a,} and m a positive integer. If a, |0 such that

then V ,(A)=AT+A)™? is unicellular.
PROOF. Let m be a fixed non-negative integer and let w,=TI%¢ @; and
we=1. Since
[AU+ A" ] = AY(T+ A)™
:At+miC1At+l+miC2At+2+ tee +micm{—1Ami+i-1+Amt+i,

w; . .

— when j=I, k=j—I,
(Al)jk: W

0 otherwise,

we have

mc,-_,,_,L—lZ-’; when 1<i<j—k<mi+1, k=0

(Vm+1(A)i)jk=I

0 otherwise.

Let x=(1, x,, x,, ---)*{®. Then S (V,.(A)=DU+C4+F), where D is the
diagonal operator with the diagonal sequence {w,}, C, is the operator described

in page 8, and
; . w; .-
i;fn_alx{i.j—mi—i)mi(/j—k——ia}—“lij'_xk when j>i,
Fij: kWi
0 when j<i.
By replacing 2 by k247 we get
w .
Z{e;:nax(i.j—mi)micj—kw jw_xk—i when j>7,
Fij: k-iWq
0 when j<i.

If F is a Hilbert-Schmidt operator, then F is compact. So, by
F+C, is compact, and hence S.(V ,.,1(A)=D(I+C4+F) is one-to-one by Theo-
rem 1.4. Therefore, we only need to prove that F is a Hilbert-Schmidt operator.
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We have by the Schwarz inequality that

R R T, S ()M,

i=1 k=max(i,j-mi} Wp_1W;

HM X

where M=32,|x,|?<co. By interchanging the order of summation we have

o J-1
B iRrsug

W ; 2
= niCi ( )
j=2 max{l, (j/m+1)}sk<j max{l, (j- k/m))szsk Wep_iW;

M

Bk

2
5 p) Cha(—2—)
miv“j-k
1 k<js(m+1)k max{l, (j~k/m))rsisk Wp_ ;W

3 s oY

1 j=1 max(l,(j/m))sisk We_ Wy

II
Mz

i

by replacing ;7 by 7j—k. Thus, in view of the fact that

wj+k 2 m2-7 k Ap_g ' Ap_1 2
ci( (B g, gy,

max(1, (jim)}sisk We_ W,y ”‘(] 1?2 Ay Ay
where L=39, ai<co, we get
]gl g lFijl2§LM,§1 :: ZZ;)I:; ay
<L 5 S b <o,

which implies that F is a Hilbert-Schmidt operator. In fact, it follows from
the assumption that there is a positive integer N such that ka,<1 for any
k=N, so we have for any k=N

m*

= j=o j!

—‘em2<oo, D

COROLLARY 2.8. Let A be the unilateral weighted shift operator acting on
12 with the weight sequence {a,}, m a non-negative integer, and n a positive
integer. If a, |0 such that 25—, ntai<oo, then

(@) V(n)=Z2%, A* and

(b) Wan)=37%,i™ At are unicellular.

Proor. (a) Let [x, V(n)x, (V(n)’x, 1" = Dyy(I + Cyay + Frmy). By
Dyny=D4 and Cy,,=C, Let x=(, x,, x5, ---)*cl?%. Without loss
of generality we may assume that x,=>0 for all 7. Since V(n)<V,.(4), Fyrwm<
Fy . S0 Fy, is a Hilbert-Schmidt operator by Lemma 2.6. Thus S.(V(n))
=D I+ C4+Fy,)) is one-to-one by [Theorem 1.4. Since U* V(n)UY has the
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same condition as V(n), S,(U**V(n)UY) is one-to-one for each N. Therefore
V(n) is unicellular by [Theorem 1.3

(b) Let x=(, x,, x,, ---)'e<(®* (without loss of generality, we may assume
that x;=0 for all 7), and S:(Wu(n)=Dw(I+Cw+Fw), and S:(V n.1(A)=
Dy(I+C 4+ Fy).

W a(n)=AI+2™A+3™ A%+ - +nmA*"Y)
<A+ 1 C1A+ 1 C A+

et o mnCact AP o o AP
=AU+ A=Y na(A),

we have Dy=Dy=D,, Cpy=Cy=C,4 and Fy<F,. Asin the proof of
2.7, we see that F, is a Hilbert-Schmidt operator. Therefore Fy is a Hilbert-
Schmidt operator by Lemma 2.6. Hence S.(W,(n)) is one-to-one. Since
U*"W .(n)U" has the same condition as W, (n), S.(U**W ,.(n)U¥) is one-to-one
for each N. So W,(n) is unicellular. O
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