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FOURTH ORDER SEMILINEAR PARABOLIC EQUATIONS

By

Tomasz DEOTKO

1. Introduction.

The aim of this paper is to give a simple proof of the existence of a smooth
solution to the semilinear parabolic equation with fourth order elliptic operator :

(1) ut:_szAZu_l"f(t) X, U, Ug, uxx>:: L(t’ X, u)!
xcQCR" 2 is a bounded domain, t<[0, Tmax), Tmax<-+o0, where A*=A-A,
u. is a vector of partial derivatives (u;,, -+, #.,) and u., stands for the Hessian
matrix [uz;2,), 3, 7=1, -+, n. We consider (1) together with initial-boundary
conditions
(2) u(O) x)=uo(x), xe‘Q’
3) --a—Zt:a(Au)=O when x<=0Q.

on on

Schematically we may write (3) as B,u=B,u=0.

In recent years a rapidly growing interest has been evinced in special
problems such as the Cahn-Hilliard or the Kuramoto-Sivashinsky equations
covered by our general form (1). Recently weak solutions for these special
problems were considered in Temam’s monograph [12]. The methods used
here are an extension of those in previous papers [5, 6] devoted to the study
of second order equations. General scheme of our proof of local existence
(construction of the set X, considerations following is similar to the classical
proof of the Picard theorem for solutions of ordinary differential equations.

2. Motivation.

We have two tasks in this paper. In PartI we prove local in time classical
solvability of (1)-(3). We cannot expect global (that is in an arbitrarily large
time interval) solvability of (1)-(3) under the weak assumption of local Lipschitz
continuity of the nonlinear term f only (because of the possible rapid growth
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of f with respect to u, u, or u,,). However, the technique and estimates
developed in reaching our first task allow immediate verification in Part II for
a special problem (Cahn-Hilliard or Kuramoto-Sivashinsky equations) of global
Lipschitz continuity of i1ts specific nonlinearities, which in turn guarantees
global solvability of this problem. Using our technique it is possible (see e.g.
[6] to find effective estimates of the life time of solutions to various problems
with blowing-up solutions, blowing-up derivatives, etc.. The last may be of
special interest for the numerical calculations as an indication of how long the
solution of the approximated problem exists.

3. Assumptions.

Let us assume that 02<=C*+" with some p<(0, 1), the function f is locally
Lipschitz continuous with respect to its arguments ¢, u, u.,, Ugyz; @, 7=1, -+, n)
and locally Holder continuous with respect to x (exponent pg) in the set
[0, TIX2Xx R*"*"*, When n>3, for existence of the Holder solution to (1)-(3)
we need additionally to assume that the partial derivatives f., fu, fu, fumj ful-
fill the assumptions just mentioned for f (here and in what follows we use
the simplified notation for partial derivatives, e.g. f. denotes 0f/dt). By
“Holder solution” of (1)-(3) we mean the classical solution of the problem being
Hoélder continuous together with all the derivatives appearing in (1). The initial
function u,=C**(Q) fulfills the compatibility conditions required for a smooth
solution :

Ouo_ 0(Auo) _
on_ on

0 for x<aQ,

moreover, when n>3

0L, x, us) _0(AL(0, x, u,)) _
on o on -

0 for x=08,

4. Basic estimates and inequalities.

It is well known that a system (A?, {B,, B,}, 2) defines a “regular elliptic
boundary value problem” in the sense of [7], p. 76 also [11], pp. 165, 221, 273.
Moreover, our considerations will remain valid for boundary conditions other
than (3); e.g. for the Dirichlet condition:
ou

U= ~
2 on

The system (A% {Bj}, B;}, 2) also defines a regular elliptic boundary value

3" n=u=0, =0 on 0%,



Fourth order semilinear parabolic equations 391

problem. It is known ([7], p. 75), that for such problems the Calderon-Zygmund
estimates are valid i.e.:

4 vV Jiviwt ey =c(lA]ra+vlnrw),

1<P<oo €0
where v is an arbitrary C*2) function satisfying homogeneous boundary con-
ditions; B,v=B,v=0 on 0f2. We need a version of such an estimate valid for
second order elliptic operators (known also [9] as “the second fundamental in-
equality for elliptic operators”):

5) lvllwe 2y =< cp, r(|AV] L2y +VIIL7 @),
where ¢=1, p>1, veW?*?(Q) and dv/on=0 on 0£2. The second terms on the
right sides of (4), (5) will be replaced by [z')l——:l IQ]“SQv(x)dxl.

Further, we need a version of the interpolation inequality for intermediate
derivatives [1], p. 75: For Q2CR™ having the uniform cone property, ¢,>0
fixed, there exists a constant K=K (&, m, ) for every veW™* ), such that
(6) Y v liv|3.2§5'|vlﬁz,p+cs'|U|3.p

0Leseg Osjsm—

la|=7

claim an estimate ([1], p. 108);

/
where Ivlj,zz{ 2 S;.)lDﬂfvizdx}1 | &'=2K?** and C.=2K%c-*m-». We also

(7) 3 v Il Loy < Cllvllwi, peys pi>n,

C>0 veWl, pd

where 2C R™ has the cone property. Finally ([8], p. 37), when 02<=C™, then

®) 1wliw k. 2> = C 019 m. 0 1017505

with p=q, p=r, 0501 and k—n/p=0(m—n/q)—(1—80)n/r.

Part I. General theory.

5. Local solvability of the problem (1)-(3).

Let us note that, due to Lipschitz continuity of f, uniqueness of the Holder
(and weaker) solution of (1)-(3) is guaranteed. The proof, in which we con-
sider the difference of two solutions, is very similar to that of and
will be omitted.

We define the range of arguments of the nonlinear function f; let t=0,
x=Q, veR, p=(p., -, pa)=R"™, g=[g;;1=R™* and set
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@ Xe={t, %, v, 0, 0; 100, T), 8, (101 S 1p.l*+ B lgul?) =R}

where T and R are fixed positive numbers. The expression bounded in (9) by
R corresponds, for the composite function f(t, x, u, u,, uz,) in (1), to W==(2)
norm of u. Let us denote the Lipschitz constants, inside X, for f with respect
to t, v, ps, qi; (5, =1, -+, n) by L,, Ly, L,, L; respectively (e.g. L; is suitable
for each ¢y, i, j=1, -, n). Also let |f(t, x, 0,0, 0)|<N for t=[0, T], x=2.

We shall start with the formulation of necessary to present the
main result of Part I; [Theorem 1. Because the proof of this lemma is very
technical, it will be left until the Appendix.

LEMMA 1. As long as the Hilder solution of (1)-(3) remains in X, the fol-
lowing estimates hold ; when the dimension n<3, then

(10) lut, ')||§Vz,w(g)§v(ggu%dx+Nz|~Q|>+Cysgu2dx,
also
an Jaet, Wyn, anm-wgr =¥ | uidx+N*1Q1)+C.J urdx

for the space dimension n=4. Here v<=(0, v,] (vo given in (55)), C, increases
when v decreases and || denotes the Lebesgue measure of 8.

We are now ready to formulate :

THEOREM 1. For two arbitrary positive numbers r, R and initial function
u, satisfying the condition

(12) y[SQU(o, x, uo)dx+N2|Q|]+C,Sgu3(x)dx§r2<1i"

(the constants v and C, were chosen in Lemma 1) there is a time T,, 0<T,<T,
such that the Holder solution of (1)-(3) corresponding to u, exists at least until
the time T,.

COMMENT. Condition (12) defines certain neighbourhood of the.zero func-
tion in W>=(2) to which u, should belong. When u, has too large norm we
shall transform the problem (1)-(3) onto equivalent one for the new unknown
function v:=u—u,;

1" v =—e A+ f(t, X, v, Vs, Vez)
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with F(t, x, v, Ve, Vez) = —e®A2uo+ f(t, X, v4+uo, W+Ue)z, (V+1Uo)zz) and homo-
geneous (zero) initial and boundary conditions corresponding to (2), (3). The
estimate for the transformed problem reads

12) | LBt SO, 5, o, tor, Uoe)TdE N QIS RY,

and is evidently fulfilled, provided »>0 is chosen sufficiently small. All the
results obtained for u and (1)-(3) stay valid for v and the transformed problem.

The proof of is divided into several steps. We start with two
simple a priori estimates for [|u(?, «)llzecoy and ||u.(¢, -)llr2c0) valid while u re-
mains in X.

LEMMA 2 (First a priori estimate). As long as u remains in X, we have an
estimate

(13) SQuZ(t, x)dxge”[g u0<x)dx+M<1 *”)},

c=c(Ls, L, Ls, N, &) being a constant.

PROOF. Multiplying (1) by » and integrating over {2, we get:

—é—%Sguzdx:—szg.QA?uudX-I-Squdx-

Integreting by parts, noting (3)
—-825 Azuudxz—szg (Auydx,
2 2
from the Lipschitz continuity of f inside X and the Cauchy inequality we find:

(14) ng(t, X, U, Uy, Ugz)UdX

=Sg[f(t, X, Uy Uz, Uze)— f(E, 2,0, Uz, uzz)+f(E %, 0, uz, uzs)
_f(ty X, O) 0: ux.z)+ +f(t, X, Oy O’ O)Judx

N L4n L5n2
+[L3+2 + 5

Estimating the first term on the right side of through (5) with p=r=2,
and choosing 7=y, sufficiently small that

]SQ za’x—l— 2.
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¢ .fomax {L,, Ly} =¢*,
we finally get

1d¢ N Lo Lyn?
el < o
7 a’tS!)u dx =[L3+ 7 o, T or,

which is equivalent to [13). The proof is completed.

+ sZ]SQuzdx +~]2Y |21,

We proceed to the next a priori estimate :

LEMMA 3 (Second a priori estimate). As long as the solution u remains
in X;

(15) Sgu%(t, x)dxg[SgLﬁ(O, X, u,,)dx+z—f(1-e—clt)]801t,

where ¢y,=c¢,(Ls, Ly, Ly, ¢) and co=cy(L,, &) is proportional to ci'.

ProoOF. The difference quotient wu,(t, x)=h*(u(t+h, x)—u(t, x)) (h>0 is
fixed) solves the equation:

(16) Une=—Aupn+h [ flectsn—fle=2].
Multiplying by u,, integrating over 2 and by parts, we find that:
1d

—z—a—tsgu%dx=——sz SQ(Auh)zdx

+h“Sa[f(t+h, x, ult+h, x), us(t-+h, x), waalt+h, )
—f(ty x’ u(t+h: x)y u.t(t+h’ x)) u.tz(t+h) x))+
—f@t, x, u(t, x), u (t, x), uz(t, x))Jurdx

s—et| Quprdr+ L] L Sutedx+ L) Sute.dz+1119]]

1
+§<1+L3+L*+L5)Sguﬁd"’

making use of the Lipschitz conditions and Cauchy inequality and, in particular,
an estimate :

h“‘SQEf(H—h, x, u(t+h, x), uz(t+h, x), uz(t+h, x))
—f@t, x, u(t+h, x), u(t+h, x), u.(t+h, x))Jurdx

7 1 7 1
< . 2 _ 2 -1 ]2 il 2
=3 SQlex+2rSQu,,dx 5 L1|Q|+2rgauhdx .
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Noting that u, fulfils the same boundary conditions as u did, by (5), for r=7,
we find that

an ] i DdrSrPU Lot Lt Lotreet)| uit, odx+70L219),

which leads to an estimate
(18) S i, x)a’xg[g w20, x)dx+ 9—2(1—e—vxt)]eclt,
Q Q2 Cq

with ¢;=y5"(1+ L3+ L,+ Ls+78%), co=7,L2|2]. Passing in with A to 07,
noting that for the smooth solution we consider u, tends to u; when A—0* and
u¢(0, x) will be found from (1) with ¢=0, we justify [I5). The proof is com-
pleted.

For the time being we restrict our considerations to space dimension n=3,
higher dimensions will be treated in the Appendix. For n<3 we will now
specify the value T, mentioned in the formulation of [Theorem 1.

In the definition (9) of X we have introduced the time interval [0, T], for
which the Lipschitz constants for f were chosen. Next, from Lemmas 2, 3 we
have increasing with ¢ estimates (13), (15), which together with (10) in Lemma
1 give:

(19) lu(t, ')H%Vz,wcmév[sgu%dx-l-]\“l.QI]+CuSgu2dx

gu[(SQU(o, x, w)dx+ g—z—(l—e‘cl‘))e°1‘+N2|Q|]
1

N|L2|

c

+C,,e”[§gu%(x)dx+ (1——e‘”)].

The estimate (19) is valid as long as u remains in X. But the right side of
(19) increases with ¢, starting for =0 from a value not exceeding »? (compare
(12)). Defining T, as equal to min{T, r}, where z is the time for which the
right side of (19) reaches the value R?, we are sure that u(t, -) remains in X
for t=<T, and n<3. Moreover, the composite function f(t, x, u, U, tz,) is
uniformly Lipschitz continuous (constants L,, L,, L,, L;) and bounded in Qr,=
[0, Ty1x 2.

The remaining part of the proof of Theorem 1 for n<3 is based on esti-
mates of solutions of linear 2b-parabolic equations (here b=2) in W™ Qr,)
space (see [10], Chapt. VII, §10). As a consequence of Theorem 10.4 reported
there (with m=1, b=2, t=4, s=0, /[=0; hence [+t=4), we have:

(20) usWy*(Qr,) with arbitrary g&(1, ),
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which means boundedness of the W} * norm of u;

(2D) 2 2 |DIDiullLacqr)<+oo.
j=0 4 J

Ts=

In particular v, L%Qr,) and uxixj.thlELq(QTo) for any g=(1, o).
To obtain a priori estimates for the Hélder solution of (1)-(3) we shall use
the following :

LEMMA 4. For n<3, under our basic assumption that f is locally Lipschitz
continuous with respect to t, u, u,,, Uziz; (6, =1, -, n) and Holder continuous
(exponent p) with respect to x and that uOEC““‘(Q) satisfies compatibility con-
ditions

ou, 0(Au
@) =g
the solution u will be estimated a priori in the Holder space C'*F/94+2(Qr ),
A=min {2/9, p}.

0 for x<=08,

OUTLINE OF THE PROOF. As a consequence of [20) with ¢=2n+2 we find

that u, u,, u,,=L****Qr,) which, with the use of the Sobolev theorem, ensures
that

(23) usCV1¥Qr,).
Since as a consequence of u,sL=0, T,; L*(82)), then by and (1)
52A2u=—u¢+f(-, cy U, Uy, urz)ELw(O; To; LZ(Q))

and further, by the elliptic regularity [7, 11], uL>0, T,; W**2)). Again by
the Sobolev theorem (in dimension n<3) W4 2)C C*+/»(Q), hence

(24) us L=0, T,: Ca(Q)).

Using Lemma 3.1, Chapt. II of subsequently to u., and then to u.,.; (7, j

=1, ---, n), in the presence of we find that u,,eC"*'*Qr,), more-
over

(25) Uz gz, ECYVAQr,) .

Finally, from the Lipschitz, Holder continuity of f inside X and the com-
posite function f(¢, x, u, u,, u,,) belongs to CV'*#(Qr)) for p’=min{1/2, pu}.
From Theorem 10.1, Chapt. VII of [10] (with [—s=4, t+s=4 and [+t=4+7):

USCHEDEQ,), = min{%, #'}‘ ,

(here the letter C is used instead of H in [10]), and we have the required esti-
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mate of u in the Holder space. The proof of is completed.

Until now a number of a priori estimates for the hypothetical solution of
(1)-(3) have been given. With these estimates, however, the proper proof of
existence of the Holder solution to (1)-(3) based on the Leray-Schauder Principle
(“method of continuity”) is standard and will be omitted here (compare e.g.
[10, 5]). The proof of for n<3 is thus finished.

Part II. Applications.
6. Global existence of solution for the Cahn-Hilliard equation.

It is simple to conclude from the considerations of Part I, that if we are
able to assure global in a time interval [0, T,] Lipschitz continuity of the
function f(¢, x, u, u,, u,,) (and its derivatives when n>>3), then the solution
(being as smooth as the data allow) exists at least for t<[0, T,]. Obviously
we cannot expect such global Lipschitz continuity for general f in (1) (perhaps
of a very complicated nature), but we may prove it for a number of special
problems such as the Cahn-Hilliard equation. Here we will follow the presenta-
tion of this ;:quation in [12], p. 147. Let us consider;

(26) ur=—e"Au+A(F(u)),

x€QCR", n<3, together with conditions (2), (3). Here F is a polynomial of
the order 2p—1 (moreover p=2 if n=3),

2p-1
@7 F= 3} ap?,  peN, pz2,
with positive leading coefficient; a@,,-,>0. The prototype was F(u):ﬁu“—au
with 8, a>0.

Since A(F(u))=F'(u)Au-+F”(u)|Vu|? is locally Lipschitz continuous (F', F”
are locally bounded), then the assumptions of Part I are satisfied (provided that
u,, 082 are smooth and (22) is filfilled) and we have free local in time existence
of the Holder solution to [26), (2), (3). However, if we can justify, using a
priori estimates, Lipschitz continuity of

(28) @ %, u, Uz, U )=AFu)=F'(uw)Au+F"(u)|Vu |?

in [0, T,] (T,>0 will be fixed from now on), we will have proved the exist-
ence of the global Holder solution to the Cahn-Hilliard equation. We need to
estimate a priori ||u(?, -)|lr= and ||Au(t, )|z~ for t=[0, T,]. These two
estimates are in order simple consequence of the one given in [12], p. 156:
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(29) NACF(u)llfecor = R 1A% 2c)

where k>0 and ¢<[0, 1) are constants independent of u (dependent on the
special form of F, k also on |Vl zecoy). We have:

LEMMA 5. For a sufficiently regular solution of the Cahn-Hilliard equation
(n<3) the two a priori estimates are valid :

(30) Nut, -)— il Loy = c(||Auollfecoy +mt)/?,
with a:IQI“SQuo(x)dx, also
(31) NAu(t, Hlr=wr=C(ltollws 225, T1)

where C is a positive function increasing with respect to both arguments.

PrROOF. We start with the proof of [30) Because of (3), integrating
over £ we find that

d%sgu(t, %)dx=0,

hence the mean value # is preserved in time. Multiplying [26) by A’z and inte-
grating over 2 we get:

32) L1 awpdv=—et| (Qurdx+{ AP
2 52 2 2 1 2
s(~e+5)| @uurdr+ ;| [AF@)Pdz
<

- %SQ(A"u)de + 2’22 [1 +({ )de)"] ,

where was also used. The right side of is a function of z: =SQ(A2u)2dx,

having the form (—e®z+(k/e®)z’+(k/e*) and therefore must be bounded from
above, say by m, for z=0. Hence:

(33) Sg(Au)de gSQ(Auo)zdx—i—th .

Since, for n<3, as a consequence of (7) and (5)
(34) lu(t, )—allre=cllAu(t, )L ,

we have [30). Note the slow growth of the right side of of the order t'/%.
To obtain we shall consider first u, in L% {). Formally we proceed
as in the proof of Lemma 3, but now without using implicit Lipschitz constants.



Fourth order semilinear parabolic equations 399

—:12—g—tgguﬁdx_—_——szgg(Auh)zdx—I—SQEA(F(u))]huhdx
<Auh>2dx+SQ<F<u>>hAuhdx

_—
< ——szsg(Auh)zdx+SQF’(a)uhAu,,dx .
As a consequence of [(30); | F'(u)| <K, hence

d
asguidx§—szgg(Auh)zdx+(K/s)2ggu,%dx ,

and, for h—0%
(35) Sgu%(t, x)dx§S9[——52A2uo+A(F(uo))]2dx exp [(K/e)] .

Finally, from
(36) e Au=—u,+F'(u)Au+F"(u)|Vu|?,
where from [30), F/(u) and F7(x) are in L=([0, T\1X2), Au is in

L=0,T,; L¥2)) as a result of [33), u, is in L=(0, T,; L¥2)) as follows from
(35} Hence, as a consequence of the Sobolev inequality and (5)

IVullzscor <const. (|Aullzcr+12]), n=3,

also |Vu|2= L=, T,; L¥R2)). We have now verified that the right side of
belongs to L=(0, T,; L¥)), thus A>uc L=0, T,; L¥f)), which from (7), (4) for
n<3 means that AueL>([0, T.]x2). Also |Vu| is bounded in [0, T,]X Q2.
The proof of is completed.

For n<3 we have thus verified existence of the global Hdlder solution to

(26}, (2), (3).

REMARK 1. The polynomial form of Fin is rather restricting. Under
a weak assumption only;

37) 3 v ——STF(z)dng,

M>0 reER 0

evidently satisfied by any F admitted by other authors [2, 3], we have the time
independent estimate

(38) lut, -)—allfzcy=cslVu(t, -)l|Z2co =const.

= c{Vudl b+ 2| | F@azdx+ M0 ]}
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¢; being a constant in the Poincaré inequality. Estimate is a simple con-
sequence of and the existence of a Liapunov functional for the solution of

26}, (), 3);
d

(39) 2, St x| [ F@dzax]<0.

7. Kuramoto-Sivashinsky equation.

Considering [12], p. 137, let us study the problem
(40) ulz_vuxzzz—uxr_‘;—(ux)zy

t=0, xe[—L/2, L/2], equipped by the space-periodic boundary conditions

o’u L u L )
(41) a—;,<t, __E‘ - axj (t’ E)’ ]—0’ ]-) 2) 37
(42) u(0, x)=us(x) for xe[—%, %]

We note that as a consequence of (all the unspecified integrals here are
taken over [—L/2, L/2]);

Suz(t, x)dngu”(t, x)dx=Su“,(t, x)dx =Su“”(t, x)dx=0
since, e. g.
L L
(43) Sux(t, odr=u(t, 7)—u(t, — 5 )=0.
With this observation it is easy to check that the expression
1/2
(44) e®rdz+[{pdx| |7, r=1,2,3,4

define equivalent norms in H*(—L/2, L/2) for functions satisfying (or first
k conditions in (41) when £<4). For space-periodic boundary conditions
the last observation replaces the Calderon-Zygmund estimates (4), (5).

For the problem [40)}-(42) the term f has the form:

(45) f(t; X, U, Ug, uzx)z—"uz.t_%(uz)z »

hence, to show global existence of the solution, we shall find a global in time
L= a priori estimate of u,. This estimate will be obtained in two steps.

First step. Estimate of S(ux)zdx.
Multiplying by u., and integrating over [—L/2, L/2] we find that:
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1

—5 S(ux)zdx:ug(umzfdx—S(um)zdx— lg(ch)z“xzdx’

2

Q..lg__

but

ot eedr=3 (1001 d5=0

because of hence applying (6) we obtain

%S(ux)zdx:——Zug(umx)zdx__S(um)zdx

g<—2»+2»>§<um>2dx+2cy§<ux>2dx
or

(46) ey, 0dz < \(worrdx exp2C.1)
< S(u”)%ix exp (2C,T)=: m?

Second step. Estimate of S(um)zdx.
Multiplying by #z::. and integrating over [—L/2, L/2] we find:

1d

47 2 dt

S(uxx)gdx—_vg(uxxxz) dx‘l‘S(uzzzydx—lS(ux) uza:zxdx ’
next, using and the Poincaré inequality we have

[
Juoruszed | Slual el o cslze

<m0< 2 ||ur.rzz”L2+ 26|Iu11“L2) .

Choosing my(8/2)=v (hence (mycs/20)=(vc;/0%), and using (6) to estimate the
third derivative in (47), we obtain

14d
2 dt

which together with and the inequality following from (7) and

VC3

INrdrs(—vt 545 ) (el dst| Cunt oz ||ward,

(48) et =S el@et, Hdx (n=1)

justify the required L=([0, T,1x[—L/2, L/2]) estimate of u,. From our general
result it is clear that there exists a global Holder solution of the problem
(42). Our considerations are completed.
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Part III. Appendix.
8. Proof of Lemma 1.
Since in fact the proof of coincides with that of

(10) lutt, e, sy( | uidx+N*1R1)+C| wdx,

we will present only the first proof. For w:=u,,,, as a consequence of (7)
with p=4, [=1, n<3:

(49) [wlzewy S Cllwlwi ey SCC w3 2o llwlY 20, »

where the inequality (8) has also been used. Now, from the Young inequality
0

(50) lwlrew= 7 llwlwe.@y+CONwll 20

(with C(d)=const. 6-7), hence from (6) we may claim

(81) ”uxtzj”L“’(!))éanu”W4.2(!2)+68”u”L2(Q) (n=3).

As a consequence of (1), when u remains in X

62 | @uypdz=et| [u—ft, %, u, ws, ue)Pdx

<36~ | Tut+ £, %, 0,0, 0+(f(t, 5, 0,0, 00— f(t, %, , s, us2)1dx

<3¢ Sg[uf-l—Nz]dx+C4€"liufl%v2.2c!2> ,

where ¢,=cLs, Ly, L;). As a result of (4),

Uz gz il Eocay <20% | u 134, 2c00 +2(C 5P llu | E2cos
<2¢20°(|A%u || zecy + | ull L2+ 2 C ol llull F2cas -
Next, from (52)

4
(53) 142 o 1 S 12646%0° | (u+NDdx + G [ulrn.ecor |

+(4c?8*+2Colultecar -

As a consequence of (7) with p=n+1 and (5) with p=n+1, »r=2, we may
show that
Nl == c(lAullinrica+llullZeco))

<cs(lAul Focoy+lullfzca) .
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Summing with respect to 7, 7 or with respect to 7, 7 to get the bound for
2 Uz zlliec or |Auf=coy, respectively, we finally have
.7

lullfpe, =y <(n*+csn) - (right  side of [B3)+csllullfscey, which,  for
y:=24¢"*c%0*n®+c;n) and 0 taken so small that

1
2
gives [(10). Condition defines the value v, mentioned in Lemma 1 (v=(0, v,])

in such a way, that

(54) 12s"‘c252<nZ+c5n)93i 12| <

(55) %‘Voc,;'Ql:l.

The proof of is similar to that of with one exception, instead of
our starting point is an estimate (valid for n=4);

(56) lwllzen/n-2cr = Cllwlwi ey = CC/Jw] %g.z(g)”uﬂ lﬁca) ’

used for w=u,,., as previously. The proof of is completed.

9. Space dimensiens n>3.

We have now complete information necessary to obtain the a priori esti-
mates of u in W*=(Q) for arbitrary n. To simplify notation we denote by T,
a positive time. such that

(57) ol Looco, 7 wo oo < R,

which is equivalent to saying that u remains in X until a time 7T, (such T,>0
exists due to continuity of the Hélder solution and [1Z); we need to estimate
it). The key idea of our further proof is that estimates obtained for u will be
valid as well for u, solving the equation

Uer=—6A%uU,+ fo+ fouu+ Ei furiuuﬁ—izj} fu””utxixj .
From and Lemmas 2, 3 we have
(58) ue L0, Ty; W**"=*(Q)),

and from an estimate similar to (11), valid for u, (we need our supplementary
assumptions on f, u, to justify it):

(59) u s L=0, Ty; W=erin-2(Q)),
and, as a consequence of (1), (58) and (59)

A U=—u,+f(t, x, U, Uz, Uz)EL20, Ty; L2"-2(Q)).
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Then from the elliptic regularity theory [7, 117:
(60) ues L0, T,; Wenin-2()),
For n<5, as a consequence of (7)
W=(@)CW* =),

thus using we have verified [57). At this point we will fix the time T,
(for n=4, 5) in a similar way as previously for n<3 in considerations follow-
ing [(19).

Next, for u=6, ---, 9, using [(60), the analogous estimate for u,;

(61) u, L0, Ty; Werim-2(Q))

(requiring new assumptions on f, u,) and (1) we justify that
ues L0, T,; We2rin-2(QNC L0, T,; W2=(2)).

We shall continue this procedure for larger n.

REMARK 2. In spite of certain technical complications involved in our
proofs, the general idea of is simple. It is based on Lemmas 1, 2, 3
giving a priori estimates and on the theory of linear problems known in litera-
ture. Moreover, our a priori estimates technique offers the possibility of effec-
tive estimates (as in [6]) of the life time of solutions. As a competitive tech-
nique we should mention the semigroups theory and its generalizations; com-
pare e.g. [7, 4, 13].
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