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THE L,-WELLPOSED CAUCHY PROBLEM
FOR SCHRODINGER TYPE EQUATIONS

By
Akio BAaBA

§ 1. Introduction.

We study the Cauchy problem for a Schrodinger type operator
1 =» ) 2
P=P(x, t, Doy, D)=Di+ 33 (Di—ay(x, ) +e(x, 1),

where a(x, )=(a(x, t), .-+, a(x, 1), c(x, HE&CY[0, Tol; B=(R")), (T>0), D=
—10/0t, D;=—1id/0x; and a;(x, t)=a¥(x, t)+iak(x, t) (a%(x, t) and aj(x, t) are real
valued functions in R»XR;). Hence $=(R") denotes the set of C>-functions
whose derivatives of any order are all bounded and g(x, 1) C¥[0, To]; X)
(=0, 1, 2, ---) means that the mapping: [0, To] 2t—g(x, t)& X is k-times con-
tinuously differentiable in the topology of X.

In this paper we give a sufficient condition for the Cauchy problem

” { P(x,t, Dy, D)u(x, t)=f(x, t) (x, )eR"x [0, T] (T>0),
*

u(x, 0)=uqx) xE R

to be L,-wellposed.

We say that the Cauchy problem (%) is L,-wellposed if there exists T >0
such that for any initial data u,=H, and for any f(x, t)C¥[0, T]; H,) there
exists a unique solution u(x, )& CH[0, T]; L.)NC¥[0, T]; H,) satisfying

G, O, CO{luolz,+ [ 17C, lzdsh  tel0, 71,

where L,=L,(R™), and H, is the Sobolev space which defined by H,={veS’;
{D>*e Ly(R™)}. Here, S’ is the dual space of the rapidly decreasing functions
S, and <(D.)? is the pseudo-differential operator of symbol <(&)* ({&>=+1+[&[?).

When the coefficients a;(x)=a%(x)+ial(x) (=1, ---, n) are independent of
t, Mizohata [3], [4] proved that the condition

(C o) su

p
020, zERT, 08T -1
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S ai(x—sw)w;ds| <o
0 j=1
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is necessary for the Cauchy problem (x) to be L,-wellposed. S*-! denotes the
unit sphere in R*. He also proved (C,) and the following condition

la| =1,

(Ca) max{ sup S:|Dgaj(x+sa))ld8}<°° ,

1sjsn \z€RM, wesSN-1

are sufficient for the Cauchy problem () to be -L,-wellposed. Takeuchi

proved that if there is €,>0 such that a;(x)=a%(x)+7ai(x) (=1, ---, n) satisfy
Da 1 < C“ ll
[ ] z@(ﬂI:WW (all a),
(T)

1 DI <L (lalzD),

for x& R", then the Cauchy problem (x) is L,-wellposed.

In the present paper we give a sufficient condition for the Cauchy problem
(*) to be L,-wellposed.

THEOREM. Suppose that there are e,, €,>0 such that

Co
<—x>T,;; (Ia]=0),
| Dai(x, t)| < C
(S) e UalzD),
R Ca
]Dgaj(x,t)léagﬁg (lal22),

for (x,t)eR*x[0, T,] and j=1, -, n. Then the Cauchy problem (%) is L,-
wellposed.

We can see from the above that the condition for a%(x) in (T) is
removed for |a|=1.

To prove our [Theorem|, we reduce the operator P to an operator of which
imaginary part of first order term vanishes identically, by use of pseudo-differ-
ential operator of type S} .. To do so, we need some properties of a solution
of a characteristic equation for P. In §2 we investigate the characteristic
equations, in § 3 conjugate P by a pseudo-differential operator e/(x, D) of type
S0 and in §4 prove that the Cauchy problem () for P with a}=0 is L,-
wellposed.

§2. Properties of characteristic curve.

We consider a characteristic equation for P
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(21) Al(x’ E; t)’*‘é/lr(x,' E; t)+a§(x, t S)AE(X’ E; t)+a1<x’ Z S):O:

where

af(x, t, =3 a¥(x, D6, al(x, 1, = S allx, D8,
a{z‘f(x’ t; S)Z(Jé a,;a,xl(x) t)sjr Ty éaﬁ-l’n(x’ t)él) ’

xg=Nxk  (x SR,
The characteristic curve (x(2), E&)=(x(», 5, 1), &, 7, t)) for [2.1) is defined by
i=§,  x(0)=y,
{ f=a¥(x, 1,8, &0)=n,

where =0x(t)/0t, £=0&(t)/ot.
Put

(2.2)

Ay, m; y=—| a’(x(s), 5, &)ds.

Then we can prove the following

LEMMA 2.1. Assume that the conditions (S) in Theorem are valid. Then the
solution of (2.2) satisfies the following properties.

¢y x(y, 9,1, &, n HEC(R"X[O0, Tol).
(ii) There is a constant C such that
, CHitpl=1x(y, n, H—yI=Clinl,
CHnl=I&, n, OI=ZClnl, (3, 3, HER"X[0, T.].
(iii) There are T >0 (T<T,) and C>0 such that

¢ 16y, 9, 9)l ‘ N
SO<x(y, 7, S)>1+62d5§6, (v, 9, HER" %[0, T].

(iv) There is T>0 (T £T,) such that for |la+pl=1
B, 7,0, &Ry, p, e BY[0, T1; S3.oNBi[0, T]; Si.0),
where x{B(v, 7, )=03DEx(y, 0, ), &B(y, 7, H=05DEE(y, 7, 1), B[O, T]1; X) is
the set of symbols of which k-th derivatives are bounded in X for t[0, T] and
S;s is the symbol class of pseudo-differential operator which defined by S}'s=

{p(x, )= C=(R*™); | p¥)(x, E)| S C, p(&pm-riai+0iBr in R}, for some p and &
between 0 and 1.
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(v) There exist T>0 (T<T,) and C>0 such that

- |0x(y, 9, 1), &, 1, 1) on
C's o <C, (3, 7, HER™X[0, T].

(vi) There is T>0 (T <T,) such that
Ay, n, HE BYO, T1; S3.INBHO0, T1; Sh.o).

PROOF. (i) This fact is well known (see [1], Chapter 1, Theorem 4.2).
(ii) From we have

21601 ;1600 = 351801

<216M116()]
<2181 %), D,
which shows
6011601 exp | |[1a%x(s), 9)1ds]
=Clgl.
Similarly, we obtain
d . :
180"z 21601 16
= —21&0)1* a%(x(®), 1)
and
16012160 exp | — | a%x(s), 9)1ds]

=C'|nl.
Therefore, we can get
Cinlzlé®|I=C-nl.

From and the mean value theorem, there exists a 8 (0<#<1) such that
12
xO=y,+{ 8, 7, 9ds

=yl+t$j(y: /B Ot):
for j=1, ---, n. Therefore we get
Cltpl=lx@)—yl=Clipl.

(iii) From (ii) we have
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160y, 7, 1
Z/ERS"BEER"SO {x(s)yrtee

t1&(y, 1, )|
=yeRSnl:lR;|mSo {x(s)prtez

t1€(y, 1, s)]
yeRn.smslSo {x(s)yi*ee d

t1§(y, 7, )|
=" g?s)fz {yeRn. lsrylillzmx/fﬁSo {x(s)yr*ee ds}+c )

ds+

When |79:|/I9|=1/~n, we have

| Si N4 S:agt(X(S), S, S(S))ds
ll’]‘_“ﬂi: [9]
1
=CT=370

for T<1/24/7C. Hence we obtain |&|2|7|/2v/7A. Put a:S:&(r)dr.
Since x(y, 7, s):y—}—S:&(f)dr, we have

¢ 6§y, n, s)] ¢ Clyl
bocato 7, s)s>l+=2d8§g°<y+ S'og(zzdrywds
éSl <yt+co>1+ez 1513(7!)1 do

IA

Swo “#*—‘<yi+o_>l+52 dO’éC’/ .

This completes the proof of (iii).
(iv) Taking the derivative of with respect to v,

{ xyZEy ’

2.3) - .
ey:aﬁz(x; t $)><xy+a§(x, t)Xsy ’

where

(651(0/83’1 551(t)/3yn)
aen(t)/ayl aen(t)/ayn
af.(x, t, §)Xx,

(a’i,x,(x, t, &) - af ., (x, 8, $)) (axl(t)/ﬁyx axl(t)/ayn)

35(1)/3ys - 3xn(8)/dyn

af,z(x,t,8) - a% . (x, t, 8§
and
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Qe ) @l (e D)\ 60Dy, - E1/3y,
a,g(x,t)xey:(. e )( ot )

a&n(t)/ayl o aEn(t)/ayn

a{axn(x: t) - aﬁzn(xy t)
Let

pt)=~1x,O*+16,B1*,

where | x, ()| ={2% ;=110x(8)/0y;1%}' 7%, 1§, ={ZF j=1106:2)/0 y;12}'/2
Then we have

d =2 2y 4 :
G e0r=Z1x, 01+ 18,0

<207, ]| 2,1 +21&,116,)]

<2|x, 116,01 +21&,1(1a%(x, 8, &)| x|+ ak(x, )X &, )
<2pt*{14 | af.(x, t, &)1+ af(x, D]}
<2CpE>*{1+a(t)}.

Where a(t)= I agz(x(t); t) E(t)) | .
Therefore

%p(t)éCp(t)(Ha(t)).
Since p(0)=(|x,(0)|241£,(0)|))'*=+'n, we get
0(t)= p(0) exp [Cgia(s)ds]z v exp [CS:a(s)ds] |

By (iii) and (S) we have

¢ Clé(y, n, s)] ds<C'’

S:a(s)dszs()(x(y’ n, syt T

Thus we have p(t)<C which yields |x,[, |§,|<C. Similarly, [x,1{, |§,|<C.
For {=1 we suppose

- xBO. el 1680, 9, DISC
for 1< |a+B| <l It follows from
0,05 D% (y, 1, )=0,0;D5é(y, 7, 1).

We put f(y, », h)=a%.(x(y, 1, 1), t, (3, 3, 1)) and g(y, 5, HY=a¥(x(y, 7, 1), D).
Then we have
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0,02 D8E(y, 3, )y=08DE(f X x,+g X&)
= 3 Cu%f43(y, n, OX0EDE % (y, 9, t)

altal=q
B2+p2=4
+ .2 CHigigaB(y, 1, )x08' DEE (v, 1, 1),
B31g=p
where
14 ||
(a) < - >
If(ﬁ)(y: 7}; t)] =caﬁ <x<t)>1+52 ’
280 7 DI =Cap i
= Cx(@)yt+ee
Let

o)=1{10,x%(y, 5, OI*+ 10,68y, 5, 1)|*}'/2.
Then we have

d . d
C—i—tp(l‘)2 Ia x(B, 9, OI° + 7 13y5§§§(y, 7, DI

<219,x8(3, 7, 018,23, 7,01 +218,EB(, 7,01 18,8, 7, 0]
<2402 +25(){ Ca®)+C'a®)s1)}.

Consequently,

pw=| (Calsnds+| (1+Cals)a(s)ds

t
=C+ |+ Catsna)ds.
Therefore, by Gronwall’s inequality we have

5()< C exp [S 1+C’ a(s))ds]g
which implies
10,28, 7, DI, 10,68y, 5, HI<C.
Similarly, we obtain
10,8 (v, 7, DI, 10,68, 5, DIZC.
Thus x{#(y, », t) and &{%(y, 5, t) are in BY[0, T]; S5.,) and implies that
2y, n, t) and §E(y, », t) are in BY([0, T]; Si,o). This completes the proof
of (iv).
(v) Let
<8x(t)/ay ax(t)/an)
0&(t)/0y  9&(t)/dn
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I 0
X(O):( ) .
0 I

Then taking the derivative of with respect to y and n we have
0 1
af(x@),t,8)  af(x@®), 1)

where

X (t)=< )X H=ABDX (@),

where X(1)=0X(t)/0t.
On the other hand,

S‘ |AGs)| dsch:<1+a(s))ds§c.,

where |A(t)|={2%4-1(a(t)?*}/? and ay(8) (7, j=1, ---, 2n) are components of
AQ).

Consequently,
d . .
T, FX()1*P=2X®)X(t)
=—21AM1X()1*%,
and
X®1Z1XO] exp|—{ 141 ds]
=ClX0O0)|=C".
Similarly,
d . .
EIX(?.‘)I =2X@®)X()
<Z2IAMI 1 X®I1*,
and

1X®151XO)] exp| {141 ds]

=C|X0)|=C".

This completes the proof of (v).
(iv) We have

~ n t
g =2 5 caglarDrex, 1, 9 98880, 7. 9ds,

Cap
<x(y, p, sHIFe’

|0g'DE'a’(x(y, 3, s), S)I <
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Then

~ t
TG, 7, 0] SCas @)+ Dds=C.

It implies (vi). \
Let y(x, & 1), 7(x, &, ) be the inverse functions of x(v, %, ), §(y, 5, t) and
put

(2.4) Alx, &; )=A(y(x, & 1), 7(x, & ;).
LEMMA 2.2. Assume that the condition (S) in Theorem is valid. Then there
is T>0 (TLT,) such that
(i) ¥(x, & 1), n(x, § HEC=(R**x[0, T])
(i) ¥, &0, 2iB(x, & He BU0, TT; S8 INBU0,T]; Sb.0), (la+B121)
(iii) 10gD8x(y(x, &, 1), n(x, &, 1), )|=Calt—sl, (lal21, ail §)

(v) Alx, & He 3Y[0, T]; S§.dNBI[0, TT; Sb0)
Capt, (lal=1)
| A8 (x, &, 1) é{
COﬁ’ (lal :0).

i.e. Alx, &;H)ES).,.

Proor. (i) It is well known the proof of the differentiability of solutions
with respect to parameters (see [1], Chapter 1, Theorem 4.2).

(i) Set
F:(x(y: 7])'—‘)6) .
&y, n)—§
OF (%, 8 oF _
oy, ) dy, n)" ox,8&

By the implicit function theorem,

da(y, 0F \1 oF
ag—,g?(am) *(ate, 9
:(?(x, O\
oy, n)
Thus the conclusions of (ii) follow from (iv) and (v) of Lemma 2.1.
(iii) Since x(y(x, §, ), n(x, &, 1), t)=x, we have for |a|=1,

Then,

—1.
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10 Dix(y(x, &, 1), (x, &, 1), 5)]

os DE{x+| #(5(x, & 1), 0(x, & 1), D)de}|

= |orpe{[ecrx, & 0, w(x, & 1, D} |
<Caslt—s|.
(iv) The estimate (iii) and (S) imply
| DEdE A(x, &, )
=|DEFA(y(x, & 1), 9(x, & 1), D)

= | D23g| a’(x(5(x, & 1, 9(x, &, 0, 9), -E6(x, & 1), 7(x, & 0, 9)ds

IA

t [(t—s)5(s)] t ds '
Caﬁ{goﬂ<x(s)>2“1 ds+gom}§caﬁt if lalzl,

&) ds
<Cas Cx(s)yre ds+|, (s

}SCos if lal=0.

This implies (iv).

§3. Transform by .
Let o(K)(x, &; H=e1=&D and o(K)(x, &; H=e 4= &5, Where A(x, &; ¢t is
given in [2.4) Then, we have

o(K-K)(x, &; t)=Os——SSe‘”’"/e"’"'5*’1“>e""+”'5;"dy577 ,

:1+S1 M OS_SSQ"iu-V{—D;A(x, 5-{—77, t)}e"/’(x-f'*v;t)

01yi=1

XL A(x+ 80y, &; t)el=+0v-604 ydpda
=14+0a(R)(x, §; 1),

where
1
o(RYx, §; )=\ 3 Os—||e="7{—DpA(x, g4 7; pe-tenemo
A
XL A(x+0y, &; Hel=+0v-ED4yd9d6 .
Here
(7772(27:)‘"d77=(27r)""dm o dn.,
and

OS—SSe"'U"'a(y, )dydn= lgr_g SSe‘””YX(sry, eya(y, n)dydy,
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for XS in R?" such that X(0, 0)=1. Then we can get the following Proposi-
tion 3.1 from @iv).

PROPOSITION 3.1. Assume that the same condition (S) as in Theorem is valid.
Then, for any a, B8 (lal=1) we have

3.D |78 (x, &; I =ZCapt, ([0, T]),

where r(x, &; H=a(R)(x, &; ).

From and the Calderén-Vaillancourt theorem, we obtain |R(x, D.; )|z,
<1 for t=[0, T], if we take T >0 sufficiently small. Hence we can define

(3.2) Q(x, Dy )= jﬁ (—R(x, Dy; O)Y

which converges in the sense of L, norm. Moreover by virtue of estimates of

the symbols of multiple products of pseudo-differential operators we can show
that is convergent in the symbol class S} ..

PROPOSITION 3.2 (Kumano-go [2]). Let gi(x, & (=1, -, v+1) be in S} ..
Define for v=0

(3.3) Puiilx, &)
LY . v+1 ) ;
=OS—SS exp(—zg‘.1 y’-n’)- I gs(x+5", E+n)dy' - dydy' - dy,
where ¥°=0, y/=y'+ --- +y/, (j=1, -+, v), p**'=0 and y’, ’&R". Then there
is C>0 independent of v such that
v+1
(3.4) | poei(x, &)I gC”*‘j];[1 lg; 15, ne=2[n/2+1],

for x, E& R™.

Define p,.:(x, D.; )=(—R(x, D.; t))**'. Then it’s symbol p,.,(x, &; ) is
given by (3.3) with ¢;=—r(x, §; 1) (=1, ---, v+1). Moreover p,(§(x, &; 1) is
given by (3.3) with qurégﬁ(x, &;t) Ca’=a, 2p’=P). Therefore we have by
virtue of

CH (|7 [ (Reprany)”™ if lat+B >y,
| prer(B(x, &; 1) é{ .
C (47| Quprany) TRy H-1e B if |a+-B] <y
for x, £ R™.
From we have |7|{) <C.t (t=[0, T]). Hence
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o la+81 0
|20 60| S a@l+_ D 1l
v=0 y=0 v=la+g1+1

<Cas(14+ B (Cty)=Cis, [0, T
if T is sufficiently small, which implies
Qx, &5 D=3 pvus(x, &3 D+1€ BUT0, T1; 8N BKIO, TT; Sho).
Now we can construct the inverse K-!' of K(x, D.;t) as follows

K(x, D, ; )'=(14+R(x, D,; ) K(x, D.; 1),

where K=e-4<=&5_ The symbols of K-'(x, D,;t) is in @%[0, T]; S )N
B0, T]; Si.0).
Put u(x, t)=Kv(x, t). We have

Pu(x, t)y=P-Kv(x, t)
=[eteteresolp, A+ 6D A—iah + Dt F@—aly
Fet s BDA—a 4= 3 DD A—a)—5 3 (aBr}
2 P J j 2 ~ NG j 2 F=! Jj

x0(&, t)dE .

On the other hand,
1 = Ry 2
K{Di+5 3 (D=afuiz, 1
:KO{D¢+—;—' jé(D?—.?a’fD,-*—(a? Z—Dja’} }'U(x, t)
: 1 2
:Seiz-€+A(.r.E.t)(Dt+_2_ leeg)i)(e, tde

—jélﬁ(a’}(x, HDHv(x, t)+% éKo((a’})*-D,a?)v(x, 1),

and
a(K-afDy)(x, §; 1)

E]

05— {[e-trretemernoaniety, ngdydy

I

j

3Y el E0al(x, D+ 3 B (AT EOND(N(x, DE )+, &3 1),
Jj= = =

where



The L,-wellposed Cauchy problem 247

=2 En 3 S:vl:—q{Os—SSe‘W'v(e"“'5*”;”)‘”a§-‘m(x+0y,t)éjdyﬂn}dﬂ s

o( B K- )x, & = 33 05— |[e-tvretntemnaiiat y, ) dydy
J=1 j=1

jz} ez E0(aB(x, D)2 4ci(x, £; 1)

I

and
n 1 .
alx, & D=3 2 S Os—SSe-w'v(eAwf+v:=>)<r><af;(x+0y, Y, d yd 9 d8.
: Jj=1 (7I=1J0
Therefore we have
K"laPoKv(x, t):{Dt—f—% él(Dj—'a?)z}U(x, t)""E(X; -Dx; t)U(x, ),
=
where
(3.5) &(x, D.; tu(x, t)
:K_luSem-5+A<z.e;z>(_,-){/15(x, E;+E- A (x, &; D+aB(x, t, &)

Ae(x, &; O+al(x, t, H)}0E, )dE
+Ktob(x, D, ; Hu(x, t)

3 32 Dyaf, Dux, g K oes(, D Do, D

+ J;l K-loSezx.&+/1(x.E,t){c(x)_{__z_(DjA_aj)z_l_EDj(DjA_aj)__E_(a?)z}
x0(E, t)d§.

LEMMA 3.3. Assume that the condition (S) in Theorem is valid. Then
&(x, &; 1) is in B[O, TT; S5, 0N B0, T]; S3,0)-

PRoOOF. Note that the first term of the right side of (3.5) vanishes because
of and it is evident that the terms in (3.5) except b(x, &; t) are in
BU[0, TT; S8.ooN8X[0, T]; St o). Hence it suffices to prove that b(x, &;t) is
in %[0, T7; SS.oNBX[0, T]; Sio). By [Lemma 2.1 (iii), Cemma 2.2 (iii), (iv)
and e V' 1={y> D D" e V' 1={n> D »*e V"7, where (D,)’=1—-A,, {D,’=
1-A,, we have
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X S:{Os__Sg<y>—2l<Dv>21<77>-2[<Dy>2le-iy-ﬂag—a' Dg"ﬂ'(e"("e‘”“”,)(r)
x3g DY af(x+0y, 1)-Edydy}do |

<Cus [[fir-ncpen{[[ AN g e ds

o Lx(s)Hia o {x(s)Hi*e
1§1+1
{x+0y>1*ee dydydf
, . B )
<Clps Sg<y>-2l+z<ﬂ>-zl+1dyd’7so<x|(§§~;z)|rsl dsx (t <S’)C(>|15+|e;+ )
ééaﬂ-

Here we take /=[n/2+2] and we use the inequality
(t—s)(1&1+1) < {(t—s)§>
Cx(s)H<aprttee _<x+S:E(y, 7, r)dz'><x>

CLE—9)8>

<
~({t=9)&(y, 1, 0(t—9s)+s)>
=C,
1 < 1
<x+0y>1+sz<y>2 == <x+0y>l+52<y>l+sz
1
=
<x+0y>l+£2<0y>l+52
= 1 -
= <x>1+ez ’

and

1D20g A, & D1 =Ca{f, M a5t [T L)

for any a (la|=1) (see the proof of Lemma 2.2 (iv)). This completes the proof.
By we have o@)(x, &;1)eS3,. Finally put u(x, t)=Kuv(x, t),
then we can transform the Cauchy problem (x¥) to the problem
{ Kt P-Kv(x, t)=K'f,
v(x, O)=v(x) (=uyx)),

(%)
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where
K*P-K(x, D.; H=D,;+ an(Dj—a?(x, HY+é(x, Do 1),
]:

and
&(x, &; e 3Y[0, T1; S8, 0)NBI([0, T1; Sb,0).

§4. The existence theorem for Schrodinger type operators of
real valued coefficients.

Denote
P(ty= 3} (Dy—a,(x, ) +c(x, Das 1),
=
Assume that a;(x,t) are real valued and c¢(x, §;¢t) is in B¥[0, T]; S5.0N
Bi[0, T]1; Si.,o), then P(t) satisfies
“4.1) a(PX(t))—a(P@)e BYU[0, T1; S3.)N B0, T1; Sh0),
where P*(¢) is the adjoint operator of P(¢) which is defined as (P(t)u, v)r,=

(u, P*(t)v)., for any u, veS. We consider the Cauchy problem

w2 (%—z’P(t))u(x, H=f(x,t) x€R" te[0,T],

u(x, 0)=ux) xeR™.
Then we obtain the following.
THEOREM 4.1. Assume that a;(x,t) are real wvalued functions in
CU[0, T]; 8=(R™) and c(x, &;1) in BU[0, T1; S5,0)NBI[0, T]; Sbo). Then

for any ussHy(R™) and any f(x, )eC¥[0, T1; H,) there exists a unique sulution
u(x, t) of (4.2) which belongs to CY([0, T]; H)NCI([0, T]; L,) and satisfies

4.3) ) = C (ol + 1 £ )
for t€[0, T] and k=0, 1, 2.

Following the idea of Kumano-go [1], [2], we shall prove the above theo-
rem. We need several lemmas. First, we define {{,(§)}:2, as

(4.4) 2.&)=(vsin § .. Lsin é)
v v
and P,(t)=p.(x, D.; t) as

(4.5) pulx, & D=pi(x, CE8); )+c(x, &5 1),
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where pi(x, D,; )= «(D;—a;(x, 1))
Then, we consider the following Cauchy problem
Lvuv:atuv—ipu(t)uvzf(t) (te [0’ T]) ’
(4.6)

Uy|=0=1Uo.

We define the series of weight function {4,(§)};%, as

@ MO=@n={1+ 5 (vsin 2)}",

v
then we have
i) 1<A8)<min (&, vV1itm?),
J i) 108A(8)| S Aa(E) 17,
1iii) A8 —> <&  (v—>o) on RE,

(uniform convergence in a compact set),

(4.8)

In fact {,(§) satisfies

) 1C&)I=min(|§], V),
J ii) |0gQUE)I < AZA8) ',
i) Q) —>§&  (v—ooo),
(uniform convergence in a compact set).

4.9) 1

Denote by S7. the set of symbols p(x, §)€ C*(R*") satisfying

|pB(x, OIS Caph(§)m'"

for any multi-index a, 8. Then we get the following lemma.

LEMMA 4.1. For p(x, §)eS™ put px, &)=p(x, {(§). Then p(x, §) ST,
and for any a, B there is constant A, g which is independent of vy and p, we
have

v(B(x, §)| =(Ae FETTDZ N () Kb
(4.10) {ll?<,s>(x OI=(Aa, sl pl1E45)ALE)

pux, §) —> p(x, §) (uniformly) (v—co) al RIXK,,

where K. is an arbitrary compact set of RE.

Denote H; ,={ucS’; Af)*4< L,}.

LEMMA 4.2. P=p(x, D.)&ST is a continuous mapping from the Sobolev
space H; y+m to Hy , and for a constant C, , ana [=I(s, m) we have
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(4.11) (Pullz,, s<(Cs,ml pli™Mullzy, sem, ucHy, sim.
Especially for m=0 and s=0 we have

(4.12) 1Pull,<(Clp1)ulle,,  ue LlR").

LEMMA 4.3. For c(x, §; )e 8%[0, T]; ST, q,-y(é)esﬁ{ (G=1,2) and I+,
=0 we have
o(guecegan)(x, &; )e BUL0, T1; Sgrgtrt'z).

PrROOF. We take 2/>[,+n (l;=max ({;, 0)), then by Lemma 4.1 and A,(§+ %)*
SC<pALE)* we have

[(g1voceg2)(B(x, &; D)

= Dtaz{0s—{[e-rrguietmete+y, & DauOdrdn}|

<mCg | 05— [ tiD Y (<D e )

XquPE+ s (x4, &; gV (E)dydy l
<Cx0s—{[em 12 imy-riate+ i@ dydy

< C@m A |-ty hidydy

_S_C”<$>m+ll+12 ,

where a'+a’+a’=aqa.

LEMMA 4.4. For any u.=L, and any f@)eC¥ [0, T]; L,) there exists a
solution u,()e CY[0, T]; L,) of (4.6) which satisfies the energy ineqalities

(4.13) la®l e uol+| -7l f@lde  ¢[0, TD)
@18 @] sent | Ao + [ ene-rIAf@ldr ¢e[0, T1; j=1,2,3,-)

@15 | A SCrll A ual+max |4 /@1 (S0, TT5 j=0,1,2,)

AL, —ut' DI S Crlt—t" [ {1 AT uoll+ mox A2 f(DI}
(t, t/€[0, T]; ]:0; 1’ 2, ) s

(4.16)

where v, 71, Cr, Ct are constanls which are inaependent of v, and A,=2A,(D,),
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I-l=1"lz,

PROOF OF LEMMA 4.4. 1) If we fix v arbitrarily, we have px, &; )&
B0, T]; B~(R%)) (k=1,2). We note B=(R%":)=Sj (A=1), and use
4.2. Then P,(t) is an L,-bounded operator uniformly with respect to ¢t. There-
fore u,(t) to be a unique solution of the integral equation
(4.17) ()= uo—l—iS:P,,(r)u,,(z')dt-l—S: f@)dr,

which can be solved as follows;

u®=uot Zi*| (" TR - Pueueds o det | fo)de
+3 ikS‘S” S”‘"Py(m o PAre) fen)drs - doy (re=1).
k=2 0J0 0

Then we have u,(t)eCi([0, T]; L.,).
II) From [(4.6) we have

&l =2Re( 5 s, )

=Re({(P,—P¥)u,, u,)+2Re(f, u,).
By the way, from the definitions of [(4.1) and [(4.5) we have

(4.18) Jv=0(Pu)—a(PH)=CK[0, TT; S3).

Thus by and the Calderdén-Vaillancourt theorem, for a constant 7>0
which independent of v, ¢ we have

d%Huu(t)llzéZTIlu»(t)ll2+2|lf(t)|| lu®Oll @10, T]; v=1,2, --)
and
d
7 lu ON =7 DI+ F @I
Therefore we get [(4.13). Moreover from we have
& Maty=i(Park AL, Pl AT+ Me A7) Muty A f

and Py, ;=P,+[4], P,J4;7. Here, (4], P,]4;7€CY[0, T]; S3,) and by
4.3 AicA;ie BY[0, T]; S3.oNBH[0, T]; Sh.,) uniformly with respect to v and
P,, ; satisfies [4.18). Hence we get (4.14) similarly to [4.13). On the other
hand, noting
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d%Aiuyzz‘(/liPwA;f‘“rAﬁc/l;"z)/lﬁ‘“zuy—i—/li f

where ¢(A}P, A7~ CY[0, T]; S4,) and AcA;7*e BY[0, T1; S8,0N B0, T1;
}.0) (uniformly on v), we have

“% A{u,,(t)“_s_clll/l,j,”uyll—i— 1Aif] .

t
tr

we get (4.16) from (4.15). This completes the proof of

Then from this and (4.14), we get (4.15). Put u,,(t)-—u,,(t')=S diru,(r)dz'. Then

PROOF OF THEOREM 4.1. 1) First we assume that wu,< H,, f(f)&
CY%[0, T]; H,). Then it follows from that there is a solution u,(?)
of Then, from (4.9) we have

(4.19) [Auoll SN Auoll,  NAfIZIA S

for j<4, where A=<D,>.
Therefore by (4.14), (4.16) we have

(4.20) [ AZu, N C {1 A7 uoll + max 1471},
(4.21) I A (un(®)—uE NI Calt—1" [ {472 uol| 4 max 1472 £}
for j<4.

Therefore if we fix t,=[0, T] arbitrarily, then from [4.20) with ;=0,
{u,(to)}=, is a bounded sequence in L,. Hence there exists u(t))&L, and a
subsequence such that {u, }%-: of L, we have

uy,, —> u(ty) (weakly) in L, (m—o0).

Let {t,}=, be a dense set in [0, 7). Then by the diagonal method there exists
u(t,)e L, and we have

(4.22) Uy, (te) —> u(le) (weakly) in L, (m—0).
Then from [4.21) with 7=0, for any ¢, ¢’ {t:}71 We have

(4.23) lu@®—u@)li= Calt—t" | {| 4 uoll + max I42£1}.

For any t.=[0, T] we choose subsequence ({t.,}s=, of {¢.} such that ¢, —t..
Then by [4.23), {u(ts,)}s=: becomes a Cauchy sequence in L,(R"). Thus there
exists u(to)= L, and we have u(f; )—u(ty) in L, (s—o). Moreover for all u(f)
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we obtain [(4.23) and
Uy, () —> u(t) (weakly) in L, (m—oo0).
Thus for ¢S we have
(4.24) (A} us @), @)=(1, (1), A, 0) —> (u(t), A*@)  (m— o).
Therefore noting [(A% u,, @), )| S|4k w., @)llel, we get from [(4.20) and [(4.24),

(4.25) [(u@®), A*@)| < Co{ll A*uoll+ max I4*flitlel  (pES)

for k<4. We define ug (¢, x)= L* for'any t=[0, T] and R>0 such that
ar x(t, §)=<&>*a(t, &) (1] < R), and @p, (¢, £)=0 (|§|>R) and take the sequence
{¢;}7=1 of S as supp $C{I§| =R}, $;—r &(t, §) in L, (j—o). Then we have

@, A*g)=|ae, & @ FOdE — | @law o1de (o).

Therefore from we get
lur, eOI=Cif{llA* uoll+ max 1A* 1} (R=4).

Hence taking R—oo, we have A*u= L, and

(4.26) IA*ull S C ol A% uoll+ max 1A% fIy (k=4).

From we have similarly to [(4.26
4.27) [A*(u®)—u@ NI Colt—t' | {] A**2uol + max [A**2 1} (k22).
Thus we obtain wu(t), Au(t), A*u()e C¥[0, T]; L,).
We take ¢(t, x)=¢,(t)p.(x)= C5((0, T)X R"™) arbitrarily. Noting
L¥ ¢ —> L*p in C[{0, TJ; L.,

we have

) = . *
SSQTLu Fdxdt SSQT“ Lrpdxdt

=1im {{_ v, TEpdrdt=1im {{ L.,u, pdxds
2r Qr

m—oco m—oo

:Sggrf-gzdxdt.

Thus Lu=f (t<[0, T]). Therefore u is a solution of [(4.2). Also noting u(t),
Au@t), A2u@)eC¥[0, T]; L,) and 0,u=iP(t)u+f, we get u(®)eC¥[0, T]; L)
Cu [0, T]; H,).

I If u@®)eCi[0, T]; L)NCY[0, T]; H,) is a solution of we obtain
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the energy inequality similarly to the proof of Lemma 4.4.

Assume u,=H, and f()eCY [0, T]; Hs). Put w,.=X.(D.)u, and f.(t)=
X(D.)f(1), where X(§)=S; satisfies 2(0)=1 and X.(§)=X(e€). Then u, .=H,, f.(t)
e C¥[0, T]; H,). Therefore from I), we get the solution u.(t) of for u, .
and f.. Then by we have

ludt)—ue@Ole<e" T {|fuo s —uo o [+ T max [ fe(z)—Ffe (DI}
On the other hand when ¢, ¢’—0 we have
{ o, e—to,er[ls=[Ae(Dz)—Xe: (Dz))tholl —> 0,
max || fo(7)— fe()lle= max [X(D:)—X(D2)) f(T)]. —> 0.
£, T3 0. T3
Therefore, noting 0,u.=iPu.+ f., we can see {u.t)}oce<: becomes a Cauchy

sequence in Ci([0, T]; L)NCY[O0, T]; H,) and the limit of this series u(?) is a
solution of [4.2). This completes the proof of [Theorem 4.1.

PROOF OF THEOREM. By we can see that there exists a uni-
que solution v(x, )= CY [0, T]; H)NCU[O0, T]; L,) of the Cauchy problem (k)
with initial data u.(x) and we get the energy inequality

0 Ol = (sl + [N £, Dl )

for t<[0, T] and %£=0,1,2. Hence, we obtain the unique solution u(x, t)=
Ku(x, t) of the equation () with initial data u.(x) and by using the Calderén-
Vaillancourt theorem we get the energy inequality

G-, Ol = C O allary 1 £C, Dlir, )

for t=[0, T] and £=0, 1, 2. Thus we complete the proof of our [Theoreml
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