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HARMONIC FOLIATIONS ON THE SPHERE

By

Zhi-Bo L1

Introduction.

Let M be a compact orientable manifold and let & be a harmonic foliation
on M with respect to a bundle-like metric. Kamber and Tondeur [4] proved
a fundamental formula for a special variation of &, and making use of it they
proved that the index of a harmonic foliation F on the sphere S™ (n>2) for
which the standard metric is bundle-like is not smaller than ¢+1, where ¢ is
the codimension of ¥. On the other hand, Nakagawa and Takagi [6] proved
that any harmonic foliation on a compact space form M™(c¢), ¢=0, for which
the normal plane field is minimal is totally geodesic. Here a complete Rie-
mannian manifold of constant curvature is called a space form and an n-dimen-
sional space form of constant curvature ¢ is denoted by M™(). However a
formula in [6] contains an error, and hence the above result is yet open.

The purpose of this paper is to study a harmonic foliation on the sphere.
We use the method of Nakagawa and Takagi [6] to calculate the divergence
of a vector field and obtain a formula of Simons’ type. Then, after Chern, do
Carmo and Kobayashi [2] it is proved that a harmonic foliation ¥ of codimen-
sion ¢ on an n-dimensional unit sphere satisfying S<(n—q)/(2—1/¢) for which
the normal plane field is minimal, is totally geodesic or n=4, ¢=2, where S
denotes the square of the norm of the second fundamental form of each leaf.
Moreover, was also prove that if S<(n—¢q)/(2—1/q) or K=(¢—1)/(2¢g—1) for a
harmonic foliation & of codimension ¢ on the unit sphere with respect to a
bundle-like metric, here K denotes the sectional curvature of leaves, then & is
totally geodesic. Thus they have been completely classified by the theorem
due to Escobales [3].

The author would like to express his thanks to Professors Nakagawa and
Takagi for their valuable suggestion and encouragement during the preparation
of this paper.
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1. Preliminaries.

Let (M, g) be an n-dimensional Riemannian manifold and ¢ a foliation of
codimension ¢ on M. We may choose a suitable Riemannian metric on the
tangent bundle T (M) of M and decompose T(M) as the direct product FPF*,
where F* is called a normal plane field. For any vector field X on M we
decompose it as

X=X"+X",
where X’ (resp. X”) is tangent (resp. normal) to &.
We define two tensors A and 2 of type (1, 2) on M by

(1.1) AX, Y)==NpX"), (X, V)= pX")"

for any vector fields X and Y on M, where ¥V denotes the Riemannian connec-
tion with respect to g. The restriction of i to each leaf of & is identified
with the second fundamental from of the leaf.

After Reinhart [7] we define the second fundamental from B of the normal
field g+ by

(1.2) B(X, Y):%{A(X, Y)+AY, X))

for any vector fields X and Y on M.
The following convention on the range of indices will be used throughout
this paper:

i, ]" k, __—_1’ e, D
«, ‘8’ 7, :p+1’ Tt P‘HJ:n ’

where p=n—q denotes the dimension of . The summation 3} is taken over

all repeated indices, unless otherwise stated. We take a local orthonormal

frame field {e4} in (M, g, &) such that e,, -+, ¢, are tangent to ¢ and hence

¢p+1, **, €, are orthogonal to . The dual coframe field is denoted by {w4}.
The structure equations of M are given as follows:

{ dws+ZwisNwp=0,

wap+wps=0,

(1.3)

dwap+Zwac Nwcg=R245,

(1.4) )
Rup= _72RABCD(UC/\Q)D ,
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where w4z is the connection from with respect to wa, £z denotes the curva-
ture form of M and R.gcp are its components, which are the Riemannian cur-
vature tensor with respect to g.
The Riemannian connection ¥V on M is given by

(1.5) Ve e3=2wcp(ea)ec
It follows from and that
{ h(ei, e;)=2wai(e;)eq ,

Aleq, eg)=>wasep)e; .

Thus the only components hfc (resp. AZp) of h (resp. A) which may not vamsh
are

(1.6)

1.7) h=wqi(e;), (resp. Als=wailep)).
Moreover the connection form w,; are given by
(1.8) Wai=2 e+ 2 Adpwp
The foliation & is said to be harmonic or minimal if 33h%=0. The foliation &
is said to be totally geodesic if h$=0. The normal plane field ¥+ is said to be
minimal if Tr B=3>YAi,e;=0. The normal plane field ¥+ is said to be totally
geodesic if B=0. The Riemannian metric tensor g is bundle-like (see Molino
[5]) if and only if
1.9) Alp=—A}a.
This is equivalent to that B=0. Since the distribution w,=0 is integrably by
definition, it yields
(1.10) h&=h$; .
Now, for a tensor field T=(T4i4) on M, we define the covariant derivative
TBr--BsC by
(1.11) T4 frcwe=dT§lfr— DT aiiga-194a+14ray,

— 2T 3187 0By y-BDCBy, -
Then, from the definition of (hfcp), (Afcp) and [(1.8), it follows that we have
(112) z]k—‘ Zh lk:
(1.13) hz]a zhszﬁa »
(1.14) hés;=h%u=h&hE;,
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(1.15) higr=A§=2h% A%,
(1.16) hfre=hicp=Aésp=0,
(1.17) Alap=—2 A} Al
(1.18) Aljp=—2AkrAlg,
(1.19) Alar=—3Apahb:,
(1.20) Abje=—2DAkshb,
(2.21) Alp;=3Aaphl;,
(1.22) Abpe=2DAbpAls,
(1.23) Afip=Afcp=A%;p=0.

Moreover, by the exterior derivatives of and by means of 1.15)
and [1.18), we have

(1.24) hip—h&i=Raij,
(125) fis—hiss+Adjp—Aks;=Raisp,
(1.26) h?ﬁr—h?r,5+Agz,3r—Agzrﬁ=RaiﬂT-

Next, the Ricci formulas for the second covariant derivatives of h are
given by

(127) thDE_ th'DE:E(th’RAFDE"" h?‘CRBFDE'{' thRCFDE) .

2. The divergence of a vector field.

Let (M, g) be a locally symmetric Riemannian manifold and & be a har-
monic foliation on M. We consider a global vector field v=3v.e4 on M de-
fined by

ve=h$h e, v,=0.

We calculate the divergence dv of v as follows: First, noting 3Af=0, we

have

(2.1) Sver=2hGh e+ D hGh G+ ShGhEGAGA T,
+ShthEhEh i+ ShihEhERS,,

(2.2) SWaa=2V1 Ak .

To calculate h{;::, we take tye exterior derivative of (1.24):
d(h?jk—h?kj)zdRatjk .
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Then, noting R,:;x:=0, it yields

(2.3) hip—hGn=(h e —hGDhsu—S{(h§ s —h§e )Rl
+(hfor—h)hfi4(h$s—his)hf)
— SR nijehsu+(Raginhfi+Raspahfi+Raijshf) .

Remark. In [6] this formula is wrongly derived.

Now, interchanging 7, ;7 and %, [ in we have also
(2.4) hiyey— hfn; =S (A= hE) G~ S{(hfu—hFu)hfs
+(hgi— hisp)hfs+(hfip— his)his}
— SR mi1ih% s+ D(Rapiihly+Rarsihfi+Rarighty),
from which together with it follows that we get
(2.5) h$jpi—h§i;=(the right hand side of
—(the right hand side 0f(2.4))

+(hSsi—hiay) .
Noticing that

(2.6) hi;=hu;,

and, by means of the Ricci formula for h$;, we can derive the following
equation from (2.5):

2.7 h$pi—hg;=(the right hand side of
—(the right hand side of
+3(Rapjhbe+Rimpuhmr+Remjhhi) .
Putting /=% in (2.7) and noting 3J4$,=0, we have
(2.8) h&pe—hie;=2(ATs—h B hin— 2 (h%5e—hGr)hE
+ S hie b+ 22 (hGri—hGu)hE— S hishl;
+23Rimjrhos — 22 Raprihfi+235Rapsn b
+3Rmrrihmj—ZRarephfi+ 2 Remiehim .
It can be easily seen in [6, Lemma 2.2] that
(2.9 Shia=—2hihfing; .

Hence we have
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(2.10) Shihee=—2ShGhghEhE— S hEGhe(hEhE —hhE)
— SRR (WG hE—hGhE)— S hEh G hEhE
+23hghE(hsh e —hEhE)—hGhE R hE
+23Rimsrhfhar+43Rapsrhish
+23Rmerihiihf— 2 Rarrshishd; .

Now, let M be a space of constant curvature ¢(=0). For each index «a,
we denote by H, the symmetric matrix (h%;) and set

(2.11) Sap=3hEhE;.

Since the matrix S,z of order ¢ is also symmetric and it is diagonalizable, a
local field of orthonormal frames {e,} can be chosen in such a way that S.s=
S.0.5, where the eigenvalues S,’s are real-valued functions on M. We denote
by S the squence of the length of the second fundamental form A :

(2.12) S=3h{ih{;=2Sa .
From and we have
(2.13) 2= hTehie
+23Tr(H*HPH*Hf—H*H*HFH?)
—2Si+pcS.
Thus the divergence dv becomes
(2.14) 0v=2Waa+2hrhise
+2XTr((H*HPF—HPH*H*H—HPH*)]
—33S%+peS.

3. The main result.

In the present section we follow Chern, do-Carmo akd Kobayashi [2] closely.
For an nXn matrix A with components (a;;) we denote by N(A) the trace of
the matrix A*A, i.e., we put N(A)=(aq;)*% First of all, we need the following

LEmMMA [2]. Let A and B be symmetric gXq Watrices. Then
N(AB—BA)X2N(A)N(B)

and the equality holds for nonzero matrices A and B if and only if A and B can
be transformed simultaneously by an othogonal matrix into scalar multiples of A
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and B respectively, where

0 0
Moreover, if A, A, and A, are (nXn)--symmetric matrices and if
N(A.Ap—AsA)=2N(A)N(Ag), lsa, B3,

then at least one of the matrices A, must be zero.

THEOREM 1. Let (S™(c), g) be an n=(p+q)-dimensional sphere of constant
curvature ¢ and let F be a harmonic foliation of codimension q on S™(c). If the
normal plane field F*+ is minimal, then we have

Ssnms{(Z“ *lq“)S —pc}*l >0,

where *1 denotes the volume element of S™(c).

PROOF. Since the normal plane field ¥+ is minimal, we get >v.,=0 by

which implies that becomes

3.1 W= h§rhér—NHHPF—HPFH*)—3S%+pcS.

Thus we have

—0v+Shiphin = NH*HPF—HPH*)+3Sz—pcS

§2a§ﬂN(H")N(Hﬁ)+ESE—P65
=2 3 SaSs+ 2t —peS
=(25a)2+2a§ﬁ5a55—pc5
=¢*0i+q(g—1)o.—pcS
=—q(g—1)0oi—0a)+(2¢*—q)ai—pcS,

where go,=31S,=S and ¢(¢g—1)0,=232<3SaSs. It can be easily seen that
¢*(g—1)(ol—035)= %ﬁ(Sa——Sﬁ)‘;O ,

and therefore we get
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—0v+ 2 hihip<(2¢*—q)ai—pcS

-s{le-2ys-ne

By Green’s theorem we have

os( , Shingeis( | s{(2- —;—)s —pefal.

ST (e
COROLLARY. Under the condition of Theorem 1, if F is not totally geodesic
and if S<pc/(2—1/q) everywhere on S™(c), then

S=_P¢
, 1
q

and the second fundamental form of each leaf is parallel along the leaf.

Let S®™ be a unit sphere. We assume that the square length S of the
second fundamental form of each leaf is equal to p/(2—1/q¢). If the foliation
g is harmonic on S®, then each leaf of & is the minimal submanifold in M.
So, the well known theorem due to Chern, do-Carmo and Kobayashi [2] implies
that there are only two cases as follows:

1. ¢=1,

2. p=q=2.

However, by a theorem of Barbosa, Kenmotsu and Oshikiri [1] it is seen
that the case 1 does not hold for our foliated Riemannian manifold. But we
give here a direct simple proof of this fact. By definition we get

Vep+1€p+1:2wip+1(ep+1)ej=2A§+1p+1ej,
(V. 1er) =2 Abs1pess

On the other hand, from and (1.25) we have
ZRpi1jipn =20 — 2 Ads1p4y;

—Eh?k+lhfk+1_EA{J+1p+1A{,+1p+1 .
Thus we have
5(vep+lep+1)=_‘p—s_ |A|<0.

Integrating it over M, we derived a contradiction. So we prove the following
THEOREM 2. Let S™ be an n=(p-+gq)-dimensional unit sphere and F be a

harmonic foliation of codimension q on S™ satisfying S=p/(2—1/q). If the normal
plane field F* is minimal, then p=qg=2.
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COROLLARY. Let S™ be an n=(p-+q))-dimensional unit sphere and F be a
harmonic foliation of codimension q on S™ If the normal plane field F+ is
minimal and if SLp/(2—1/q) holds on M, then the foliation F is totally geodesic
or p=q=2.

Remark. Yau [8] has proved the following

THEOREM. Let M™ be a compact minimal submanifold in the unit sphere
SP+e. Suppose that the sectional curvature of M™ is everywhere not less than
(g—1)/(2q—1), then either M™ is the totally geodesic sphere, the standard immer-
sion of the product of two spheres or the Veronese surface in S*(1).

Following Yau’s theorem we easily prove that a harmonic foliation on the
sphere, for which the normal plane field ¥+ is minimal and the sectional cur-
vature of leaves K=(¢—1)/(2¢—1), is totally geodesic or p=¢g=2.

The compact condition of leaves is not necessary, because the integration
is taken on the sphere.

Hereafter, we assume that the standard metric is bundle-like. Obviously,
it implies that the normal plane field is minimal. If the sphere S*(1) is foliated
foliated by the Veronese surfaces, then it is known in [2] that

{0
SEERY B e

From (1.25) we have

(3.2) hin=

ERaiia = "’EAgrA%a”'Zh?jh?j ’

ie.,

(3.3) EAéﬂA?;ﬂ:Pf]-i-S:l?? .

By differentiating it yields

(3.4) VAL AL 5.=0.

On the other hand, it follows from and that we get
(3.5) SV Al sr— Abrs+233h G A =0.

By cycling the indecies a, 8 and 7, it yields

3.6) SN Ahra— Ahar+23h8A{,=0,

3.7 — 2 Alapt+Atpa—23hT;A%=0.
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Taking the summation of [3.5), [3.6) and [3.7), we have

3.8) S Abpr=—2(hGAf+hiAla—hT;Adp) .
By means of [3.4) and [3.8), we have

(3.9) S(h$AdsAdr+hiAdpAla—hi;AdpAdp)=0.
It yields

(3.10) 121 hi;Ats Afs=0.

Note that we do not take the summation with respect to a and B.
Now, taking y=3 and then y=4, we have

(3.11) Al A%=0,
(3.12) (A5)*=(A%)*.
From and we derive

Ay =A3=0.

It contradicts to [3.3). So, we can prove

THEOREM 3. Let G be a harmonic foliation of codimension q on SP*41),
for which the standard metric is bundle-like. I1f SZ<p/(2—1/q) holds on SP*%(1),
then the foliation F is totally geodesic.

THEOREM 4. Let F be a harmonic foliation of codimension q on SP*%(1), for
which the standard metric is bundle-like. If the sectional curvature K of leaves
satisfy K=(q—1)/(2g—1) on SP*% 1), then the foliation F is totally geodesic.
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