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REALIZATIONS OF INVOLUTIVE AUTOMORPHISMS
o AND ¢ OF EXCEPTIONAL LINEAR LIE GROUPS
G, PART III, G=E;

By

Ichiro YorkoTA

M. Berger [1] classified involutive automorphisms ¢ of simple Lie algebras
g and determined the type of the subalgebras g° of fixed points. In the pre-
ceding papers [Y1], [Y2], we found involutive automorphisms ¢ and realized
the subgroups G’ of fixed points explicitly for the connected exceptional uni-

versal linear Lie groups G of type G,, F,, E; and E,. In this paper we consider
the case of type E;. Our results are as follows.

G G° a
E° (SL(2, C)XE.,%)/Z, v
- Ss(@16, C) ir
ESC Es z'i
E, (SUQ2)XE)/Z, v
Ss(16) ar
Esc Egs (78 2'207’ Ta7Y TVY
Es(s) (SL(Z; R)XE7(7))/Z2><2 v
(SURYXEq_5))/ Z» v
Ss(16) A7
Sso(8, 8)x2 A7
Ss0*(16) <2 ar
Es° Egc 20 T  tiv  TiY Tive
Es sy (SL2, R)XE1c_s5,)/ Z>X2
(SU@R)XE)/Z, v
(SU@)XEq1c_55)/ Z» v
So(4, 12) g
Sso0*(16)x 2 7

This paper is a continuation of [Y1], and we use the same notations
as them. So the numbering of sections and theorems starts from 5.1 and 5.1.1,
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respectively.

Groups L,
5.1. The complex Lie algebra e,©
In the 248-dimensional C-vector space
e’ =e,"DP°OP°DCORCHC,
we define the Lie bracket [R,, R,] by
[(D,, P\, Qi, 71, 81, t1), (D2, Po, Qs, 73, Sz, t2)]=(D, P, Q, 7, s, 1)

where
O=[0,, 0.1+ P, XQ.— P, XQ,,
P=®,P,—@,P,+7r ,P,—7,P,+5,Q,— 5,0,
Q=90,Q:—P:Q,—7:Q>+7,Q:+t, P,—1,P,,
r=—g{Py Qb+ (P Qi) Hsitemsits

SZ%{Pl, Py} +42r.8,—2755,

t=“%{Qn Q.} —2rt,+2r5t,,

then e;¢ becomes a simple C-Lie algebra of type E; [16], [17]. For Re<e,,
adR ((@adR)R,=[R, R,], R,=¢,°) is denoted by O(R). Hereafter we often identify
R and O(R), ¢ and Derc(e;°)={O(R)|R<e;°}, respectively. The group E,°
is defined to be the automorphism group of the Lie algebra e °:

Ef={a<lsoc(es”)|a[R,, R,]J=[aR,, aR,]}.

5.2. Involutions of the Lie group E;°

We arrange here main involutions used in this chapter E;. We define C-
linear transformations 7, @, 4, v, ® of ¢,° by

T(¢, P) Q, r’ s’ t)'_‘(T@T’ rP) TQ’ r, s, t))
a(®, P,Q,r, s, t)=(0Pa, dP, 6Q, 7, s, 1),
AD, P,Q,r, s, )=QPAY, AP, 2Q, 7, s, 1)

where 7, ¢, 4 of right sides are the same ones as 7=G.CCFC°CESCE.°, o=
F4CCE(;CC:E'ICy ZEE'IC,
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U(@’ P; Qr v, s, t):(@’ —P; _Q» v, S, t);

C!)(@, P: Qs v, s, t):(@: Q! —P, -7, _t’ —S).
Then 7, 0, 4, v, w=E and r*=0¢?=v?=1, *=w?=v. (v is nothing but the
element —1 of the center of E.° (see Proposition 5.4.1), however we use v in

EL to avoid confusions because —1 has many differnt meanings. Note that
v=¢(—E), o=¢(]) using ¢ of Proposition 5.4.2). We put

I=lo=wl.
Then 1=E® and 22=1. The complex conjugation in es® is denoted by z:
(@, P, Q,r, s, )=Pr, tP, Q, 77, ts, 7).

These transformations 7, ¢, v, 4, = of ¢,° induce involutive automorphisms 7, &,
D, 4, # of Eg°:

fla)=rar, éla)=0ao, v(a)=vav,
acsE’C.

=

Aa)=2iai, Fa)=rar,

5.3. Lie groups of type E,

We define R-Lie algebras egc, €sc_24y by
s> = nDP'DP'OGRORBR  (ern=(e,°)7),
es-20=Cr_ 2> DBOPBORPRDR  (erc_2sr=(e;°)")

(Theorem 4.5.2) with the Lie brackets as e;°, respectively. The connected
linear Lie groups of type E; are obtained as

E={aclsoc(esf)|alR,, R.]=[aR,, aR,]},
E,={aclIsoc(es®)|a[R:, R,]J=[aR,, aR.], (aR,, aR,>=<R;, R,>},
Espy={acIsog(eswy)|a[Ry, R:]=[aR,, aR,]},
Es_sy={acIsop(esc20r)|a[R:, R:]=[aR,, aR,]}

here (R,, R,>=—(1/15)Bg(tiR,, R,) where B, is the Killing form of e, [18],
[2I]. E.° E; are simply connected (see Appendix).

LEMMA 5.3.1. (egc)ﬂ-geg(s), (esc)r:es(—ﬂ)-
THEOREM 5.3.2. (Esa)d:Es, (Es)T= Egs5, (Es)'=Esg¢_20.

PROOF. As for Eggy, Esc_se), these are direct results of Cemma 5.3.1. E,
is nothing but its definition.
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Note that y=G,C F,C E.C E,C Es (E.=(E.°)*C(E{)* (see Proposition 5.4.1))
=FE,), s F,CE,CE,CE,, veE.CEs, i=E,. We know that the simply connected
compact Lie group E; has two classes of involutive elements up to conjugation.

LEMMA 5.3.3. For o, 6, E, such that g.)=0,*=1, we have
01~0, & (Eg)71=(E4)72 &= (e5)71=(05)72,

moreover if and only if dim(eg)?1=dim(es)’2.
PROOF is due to [19].

PROPOSITION 5.3.4. (1) 4, v, 7, v are conjugate in E; with one another.
(2) Ar and vy are conjugate in E,.

PrROOF. We can easily calculate dim(es)'=dim(e;)’=dim(es)’=dim(e,)’’ =136
and dim(es)”=dim(e,)”=120, hence [Proposition 5.3.4 follows from Lemma 5.3.3.

REMARK. The author can not find any element d<E; which gives the
conjugation: di=uvd etc..

5.4. Subgroups of type A,PE, of Lie groups of type E,
We consider a subgroup (E°);,-.,. of E¢¢:
(E) -1 ={a€EfLal=1, al"=1", al_=1_}
where 1=(0, 0,0, 1, 0, 0), 1-=(0, 0, 0, 0, 1, 0), 1_=(0, 0, 0, 0, 0, 1)=e,°.

PROPOSITION 5.4.1. (E¢);.1-...=E.°.
Proor ([17]). For B=E.° we correspond ac<E,°,

a(®, P, Q, 7, s, )y=(BOB™", BP, BQ, 7, s, 1)

for (@, P, Q,r, s, t)=ef. It is easy to verify a=(E ), ,-,,.. Conversely let
acs(Eg); 1-.,.. From the conditions al=1, al~=1", al_=1_, « has the form

Bi Biz Bis 0 0 O ﬁlEHomc(e'Icy e:%),

1921 ﬁz /323 0 0 O ﬂz, ,83: /323; ,BaZEHomC(s—BC: S/BC);
a= .831 ‘832 ,83 0 0 O , ,821, IBMEHOI’IIC(E-,C, SBC):

a;, b ¢ 1 0 0 Bz, ,813€H0m0(ﬂ3c, e:%),

a, b, ¢ 0 1 0 a:=Homg(e:%, C),

a; by ¢ 0 0 1 bi, cicHom(RC, C).
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From [a®, 1]=a[®, 1]=0 we have 8,,=8:,=0, a,=a;=0, and from [a®, 17]
=a[®, 17]=0 we have a,=0. Put P =(0, P,0,0,0,0), Q_=(0, 0, @, 0, 0, 0).
From [aP~,1]=—aP~ we have B,,=f3=0, by=b,=b,=0. Similarly from
[aQ_, 1]=a@Q_. we have B:;;=0::=0, c;=c,=c,=0. Operate a on [P~, Q_]=
(PxQ, 0,0, —(1/8){P, Q}, 0, 0), then

BiPXQ)=B:P XB:Q,  {B:P, B:Q}={P, Q}. (1)
Again operate @ on [P, Q" ]=(1/4){P, Q}1, then
{B:P, B.Q}={P, Q}. (i)
Operate a on [@, P~ ]=(®P)", then
(819)(B:P)=PB:(PP). (iif)

From (i), (ii) we have {B.P, B:Q}={B.P, 8.Q} for all P, Q=P hence B,=pf;
(put=pB). In (iii) put B~ 'P instead of P, then B,@=BPB"'. Therefore, from
(i) we have B(PXQ)B'=B.(PXQ)=BPXBQ. Thus B=E,°.

PROPOSITION 5.4.2. (E ) has a subgroup ¢(SL(2, C)) which is isomorphic

to the group SL(2, C). Where ¢(A), A=< )ESL(Z, C), is the C-linear trans-
formation of e° defined by

a ¢

b d

1 0 O 0 0 0
0 al cl 0 0 0
0

a c\\_| 0 sl dl 0 0
(5 4) 0 0 0 142c—ab cd
0 0 0 —2ac a® —c?
0 0 0 26d —b* 4

Proor. For A:(Z ;)zexp<; _: ), we have
0 O 0 0 0 0

0 1 s1 O 0 0

$(A)=exp 0 #21 —r1 O 0 0

0 0 0 0 —t S

0 0 0 —2s 2r O

0 O 0 2t 0 —2r

=exp(0(0, 0, 0, 7, s, 1)).
LEMMA 5.4.3. ¢: SL(2, C)—(Es®) of Proposition 5.4.2 satisfies
t@(A)r=¢(tA), (Ao '=¢(*A™),
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Ap(A)A ' =0 p(A)a=r¢(A)r=¢(A).
THEOREM 5.4.4. (E°)Y=(SL2, C)XE.S)/Z,, Z,={(E, 1), (—E, —1)}.

ProOOF. We define a mapping ¢: SL(2, C)X E,°—(E°) by

(4, B=¢(A)B.

Obviously ¢(A, B)(Es). Since ¢(A), A=SL(2, C) and B E,° are commutative,
¢ is a homomorphism. Ker¢={(E, 1), (—E, —1)}=Z,. Since (Es°)’ is connected
(Lemma 0.7) and dimq(8{(2, C)Pe,¢)=3+133=136=dimc(e;°)* (note that (es€)’=
{(D,0,0,7,s,t)sef | P<se,’, r, s, t=C}), ¢ is onto. Thus we have the required
isomorphism.

THEOREM 5.4.5. (1) (E)’'=(SUR)YXE)/ Z,=(7av)’~(Egc_20y)" .
(2) (Escan)’~(Ar)’=(SURYX Er_6))/ Zo=(ta07)’~(E s )'

PROOF. (1) Let a=(Ey)’=((EL))*=(rd)’. By [Theorem 5.4.4, there exist
AeSL2, C), BSE.° such that a=¢(A)B. From the condition ria=ari, we
have ¢(r*A")rifir=¢(A)8 (Lemma 5.4.3). Hence

A=A ATl =—A
S
TABAt=8 TABAT=vp.
The latter case is impossible because (r*A)A=—F is false. In the first case,
(t*A)A=E, that is, AcSU(2). For B€E:°, tifir=pB is tABA'r=pB, hence B<
(E.°y*=E, (Theorem 4.3.2). Thus (E¢)’=(SUQR)XE)=(SUQ2)X E,)/Z,.

Es(-24)=(EsC)t;(Esc)Tiu .

In fact, since i~v under some 6= Ey: 6i=0v0, 0ri=7id (Proposition 5.3.4), (E°)"
Sa—dad 'e(EL)? gives an isomorphism. Now (Egc_se)’~(tiv)’=(Td).

(2) Es(-u):(EsC)TE(Esc)Tir .

In fact, since i~7 under some d< E;: 6i=70, 6tA=7i0 (Proposition 5.3.4), (Es°)"
Sa—dad e (EL)Y gives an isomorphism. Let ac=((EL) ) =(cir)’, a=¢(A)8,
AeSL2, C), B€E.,°. From tira=aridy, we have ¢(r*A)riyfrir=¢(A)B
(Lemma 5.4.3). Hence

{ TtAT'=A { ttA'=—A
. - or - -
TAyBrit=4 Ay Brit=vp.

As similar to (1), the latter case is impossible. In the first case, A=SU(2) and
BE(ECY " =(E.CyY"=E,_5, (Theorem 4.3.2). Thus (Egc20)’~(zir)’=(SU(2)X
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E: )/ Z.
Es(s):(ESC)TT = (Esc)rlur .

In fact, since Ay~vy under some d<E;: diy=vrd, 6tA=1ié (Proposition 5.3.4),
(Es°YTsa—dad ' (EL) ™ gives an isomorphism. Now (Ege)’~(zivy)’=(zir)".

THEOREM 5.4.6. (1) (Egw)’=(SL2, R)YXE)/Z>X2.
(2) (Egcean)’=(SL2, R)XE (_s5))/ Z>X2.

RROOF. (1) Let a=(Esw)’=EC)T)=(z1)’, a=¢(A)B, A=SL(2, C), BEE”°.
From rra=ary, we have ¢(zA)cyfrr=¢(A)f (Lemma 5.4.3). Hence

{ TA=A { TA=—A
or
rBre=; yBrr=vp.

In the first case, A=SL(2, R), B<(E.°)"=E. (Theorem 4.3.2). In the latter
case, A=@I)B, BESL(2, R), B=¢p’, B’ E;, where (= E, is one defined in 4.2.
Thus (Egs)’ = (SLZ2, R)XE.y»\JGI)SL2, R)XtE.))/Zy,=(SL2, R)X E1y)/ Z,
X2. (The explicit from of ¢(1, ¢) is

oGl (D, P, Q, 7, s, t)=(Dc™Y, icP, —ieQ, v, —s, —t)).

(2) Let a=(FEgc-20)’={E))=(r), a=¢(A)B, A=SLZ2, C), BsE,°. From
ta=at, we have ¢(tA)rfr=¢(A)f (Lemma 5.4.3). As similar to (1), (Esc_2s)”
E(SL(Z, R)XE'((—zs))U(Z.])SL(z; R)X(E7(—25))/Z2:(SL(2; R)XEv(-zs))/szz-

5.5. Subgroups of type D; of Lie groups of type E;
We define an R-algebraic homomorphism /: M (8, C)—»M(16, R) by
z((x+yi>)=(( _xy Z)) %, yER
and /: M(8, C°)—M((16, C) is its complexification. These [ satisfy
N(X)=1X)I, JIX)=UX)], *UX)=UX*), Xe=M@, K), K=C, C°.

ProPosITION 5.5.1. (1) [(u(8, C°)={Be<so(l6, C)|JB=BJ},
(B8, C°)I={B<sso(16, C)| JB=—B]J}.
(2) Any element B=380(16, C) is uniquely expressed by
B=I(D")+I(S)I D'=u(, C°), S=&(8, C°%)
=I(D)+I(S)I+I(icE) Desu8, C%), S=&(8, C°), c=C.
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Proor. (1) If Deu(8, C°), then JI(D)=I(D)], '(D)=I(D*)=—1I(D). Con-
versely, for B=8o(16, C) such that JB=B]J, put B=I(D), DM (8, C°). Then
{(—D)=—B='B=!{(D)=I(D*), hence D*=—D. Next, for S=€&(8, C°), JI(S)I=
US)JI=—US)1], *US))=1(S)=1I(S*)=—1I(S)=—1(S)I. Conversely, for Be
80(16, C) such that JB=—B]J, consider BI. Then JBI=BI], hence we can
put BI=[(S), SeM(8, C°). Then B=I(S)I, *B="1'I(S)=1I/(S*)=[(*S), hence —S
='S, that is, S&&(8, C°).

(2) B=(B—JB]J])/2+(B+JB]J)/2 and use the above (1).

We consider Lie subalgebras 80(4, 12), 80(8, 8), 80*(16) (which are isomorphic
to the ordinary ones) of 80(16, C) as

80(4, 12)={B<80(16, C)|I(1,)(zB)i(I,)=B},
80(8, 8)={B<50(16, O)|I(L/'NzB)I(1)=B},
80*(16)={B<80(16, C)| JB=(rB)J}

where 1,/=diag(1,1, 1,1, —1, —1, —1, —1), and corresponding the above we
use the following notations.

gu(2, 6)={D<3u(8, C°)|I1,(tD)I,=D},
&(2, 6, C)={S=B(8, C°)|1(rS)I,=S},
su4, 4)={D<3su(8, C°|1,/(zD)l;’=D},
G4, 4, C)={Se&(@8, C%|1./(zS)]1,’=S}.

From Proposition 5.5.1, we have easily the following

PROPOSITION 5.5.2. Any elements B3890(16), 80(4, 12), 80(8, 8), 80*(16) are,
respectively, expressed by B=I(D)+I(S)I+I(icE),

(1) case 80(16), De3u®), S=&(8, C), ceR,

(2) case &o0(4, 12), Desu(2, 6), S8, 6, C), c=R,

(3) case 80(8, 8), D<=sgu4, 4), S8, 4, C), ceR,

(4) case 80*(16), Desu®), Seis(8, C), c=R.

Recall the C-linear isomorphism X: PC=J°PI°BCPHC—-&(8, C°),

X, ¥, &, p=(k(ex~ 5 E))J+i(k(sav)~ LE))J

which is used to define the homomorphism ¢: SU@8, C°)—(E,°)*, y(A)P=
P (AQP) A), PP (Theorem 4.5.3).

LEMMA 5.5.3. For Se€&(8, C°), we have
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TXTIS=X"'(1,S1;), TX'S=X"'Iy(zS)],), oX'S=X"1,’S1).

PROOF. X7X'S=%r(X,Y, & p)=X1X, 1Y, & 7)
=k(grX)— S E)J+ik(g7 ~ LE)/
=b(L(eXOl~ 5 E)J +ik(I(gGY DI~ L E) ]
=1(k(gx~ £ E)J+it(s0v)- LE)/)1,

=LYX,Y, ¢, 7])12=12512-

Using g(zX)=I1,(v(gX)1,, gle X)=1,'(gX)I,’, 1,’=diag(1, 1, —1, —1), other for-
mulae are similarly obtained.

LEMMA 5.5.4. For S;, S.8(8, C¢), we have

(1) tr(S;S,—S,5)=4:{X"'S,, X17'S,}.

) ¢*(sl§2~—sg§l—%tr(sl§2—sz§l>3)=4(zyx-lsl><x~1sz—z;«x-lsz><x-lsl)
where ¢yt 3p(4, HC)—(ef)* is one defined in 3.5.

PROOF is in [21, Proposition 6].

THEOREM 5.5.5. (&%) =80(16, C).

PROOF. (e,%)={O@<Derq(es°)| irO=01r}
={0(D, 2rQ, Q, 0, 5, —s)|D=(e;9)", Q=P°, s=C}.
We define a mapping : 80(16, C)—(esf) by
CUDYHIUS+IEcE)=0(P«(D), 227%71S, 247'S, 0, 2¢, —2¢)

where Dcsgu8, C°), Se6(8, C°), c=C (Proposition 5.5.1) and ¢«: 8u(8, C°)—
(e:9)%7, X: PC—S(8, C°) are ones defined in the beginning. Clearly { is bijective.

We have to prove that { is a homomorphism, that is,

CLX, Y1=[CX, ¢Y], X, Y=ID), (S)I, l(icE).
For example, to prove {[I(S,)I, {(S)I1=[LU(S)]), LU(S)I)], we use
The details of calculations are in [217.

THEOREM 5.5.6. (1) (escs)7=80(16)==(es).
(2) (esc_20)=80(4, 12).
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(3)  (eae)"~((es°)77)7 = 50(8, 8). o _
4) (e8<8>)xr’\“((esc>wr)ir§50*(16)E((esc)flu)jr“‘(es(-24))”-

PROOF. (1) Let @<= (ess)"=((e°)7)¥. By [Theorem 5.5.5, there exist De
au(8, C°), S8, C°), ceC such that
O=0(¢«(D), 22yx7'S, 2X7'S, 0, 2¢, —2¢).
From the condition 77@(R)yt=60(R), R<¢sC, that is, O(ryR)=O(R), we have
7 (D)rt=¢s(D), Ty X" 1S=X"1S, TC=cC.

Hence De3su(8) (Theorem 4.5.5), X~1(zS)=X"'S (Lemma 5.5.3), zS=S, that is,
Se8(8, C) and c=R. Therefore {0 <{((8u(®))+ (S8, C)I+I{IRE))={(80(16))
(Proposition 5.5.2, (1)). Thus (ess)=80(16). (es)=((es) ™) =((esC) ).

(2) Let O&(esc20)=((es°))7, O=0O(Px(D), 247X7*S, 207'S, 0, 2¢, —2¢) as
in (1). From t@=6rt, we have

(D)t =¢)s(D), tX"1S=X"1S, TC=cC.

Hence De3gu(2, 6) (Theorem 4.5.5), X7 '(I(tS)[)=X"'S (Lemma 5.5.3), I.(zS)Il,=
S, that is, S=&(2, 6, C) and c=R. Therefore, from Proposition 5.5.2, (2), we
have (eg_2)7=80(4, 12).

3) Esor=(EL)T=(ELYy 7

because y~oy under 6= F, (Proposition 2.2.3) CECE.CEy: 0y=07d, 0t=10.
Now let O <((es) o), O=0(p«(D), 227X7'S, 2X7'S, 0, 2¢, —2¢) as in (1). From
tay@=0O7ey, we have

oY Px(D)ror=¢(D), ToyX tS=X"1S, Tc=c.

Hence D<su(4, 4) (Theorem 4.5.7), X '(1,/(zS)1,)=%x"'S (Lemma 5.5.3), 1./(zS)I,’
=S, thatis, S=&, 4, C) and cc R. Therefore, from [Proposition 5.5.2. (3), we
have (egcer)7~((es°) ") =50(8, 8).

4) Esy=(EC)T=(E°)™.

In fact, consider 0: e;“—¢,°,

B(Q) P,- Q: v, S, t)=(¢; ZP) _ZQy v, —S, _t)

(0 is ¢(I) of Proposition 5.4.2), then 0= E,, dr=70d, dr=7vd, and (EL)7"=a—
dad'e(EL)y gives an isomorphism. Now let Oe((ef) ), O=06(d«(D),
22rX71S, 2X71S, 0, 2¢, —2¢) as in (1). From tvy®=6zvy, we have

7 dx(D)rr=¢x(D), —zyX"1S=X"1S, TCc=cC.
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Hence D=3u(8) (Theorem 4.5.5), —X }(zS)=%"'S (Cemma 5.5.3), —zS=S, that
is, S=/&(8, C) and c=R. Therefore, from [Proposition 5.5.2. (4), we have
(Cacer) T~ ((6s0) )T 2=280%(16).  (esc-24)) "~ ((es°) )7 (Theorem 5.4.5. (1))=((es")" ).

THEOREM 5.5.7. (1) (E°)*=Ss(16, C) (=Spin(16, C)/Z, and not SO(16, C)).
(2) (Eo)"=Ss(16) (=Spin(16)/Z, and not SO(16)).

PROOF is in [21]. The outline of the proof is as follows. The group
(EL* is connected (Lemma 0.7) and the center z((E)Y) is Z,={1, ir}, hence
(E°)" is isomorphic to one of SO(16, C) or Ss(16, C). (E°)7 has the 128-
dimensional irreducuble C-representation (es®)_i;, however SO(16, C) has no 128-
dimensional irreducible C-representation. Therefore (E:°)7 must be Ss(16, C).
As for (Eo¥, the argument is similar to (E°)¥.

According to Theorem 5.5.6, we use the following notations.

So*(16)=((E°)y ") ~(Egc_s0))7, Ss0*(16)=(S0*(16)),,
So(4, 12)=((E°) )7 =(Esco0)7,
S0, 8)=(E: ) 1Y '~(Eqs)",  Sso(8, 8)=(So(8, 8)),.

THEOREM 5.5.8.  (Ejc20) ~(7A0)r =S0%(16)=S50*(16) X 2 = (z07)7 ~ (Egcs>)*.
The Cartan decomposition of So*(16) is

So*(16)=((SO2)X SUB))/ Z, X 2) X R"®
where Z4={(E7 E); (E; _E); (_E) ZE)) (_E) _ZE>}'
PROOF. The maximal compact subgroup So*(16)x of So*(16) is
S0*(16) x=S0*(16)N\ Es=((E°) Y1y A=((zAv)" ) =((v))
=((e )T =((E)"Y7 =(SUQR)X E.)/ Z,)""
(=((e P =((Eo)y=(Ss(16))").
Let a<So*(16)x=((Es)")". By Theorem 5.4.5, there exist A=SU(2), B E, such

that a=¢(A)B. From the condition Ara=aly, we have @("A-DIrBri=¢(A)B
(Lemma 5.4.3). Hence

t 41— 4 tA 1= A4
~ ~ 0 ~ ~
{ AyBria=p { ArBri=uvf.

In the first case, A=S0(2), ﬁE(E7)17=(E7)MESU(8)/ZZ (where Z,={E, —E})
(Theorem 4.5.5). In the latter case, A=(GI)B, B=SOQ), B=f’, B'(E)*,
Thus SO*(16)x=(SO)X(E)*"J(ESOQ2)X (E)*T)/ Z, (where Z,={(E, 1), (—E,
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—D}H =(SOQ2) X (E)?*)/Z, X 2=(SO2) X SU®B)/Z,)/ Z, X2 (where Z,={(E, E),
(—E, iE)Z,})=(S0(2)xSU(8))/ Z,x2. (As for the explicit form of ¢(i], ¢), see
Theorem 5.4.6). (Ege) " ~(zur)7 (Theorem 5.5.6.(4))=(ziv).

THEOREM 5.5.9. (Egsc_20))7 ~ (zAva)°= So(4, 12) is connected. The Cartan
decomposition of So(4, 12) is

So(4, 12)=(SU2)xSU2)x Spin(12))/(Z X Z,) X R*®

where Zy;X Z,={(E, E, 1), (E, —E, —a)} X{(E, E, 1), (—E, —E, 0)}={(E, E, 1),
(E: _E) —O'), (—Ey —E: G): (“Ey E! _1)}-

PROOF. Esnis=(EL)y =(ELC)vo

In fact, since i~vo under some d=E;: dA=vadd, dtA=7id (Proposition 5.3.4),
(E°Y" 2 a—dad™ ' = (EL)Y™ gives an isomorphism. Consider the subgroup
(EY 7)o =(ziva)’ =(rdv)° of (rive). Since dim((es€)™®)?)=120, the type¥of
(rAdv)° must be D,. Moreover, as is shown in the following, the type of the
maximal compact subgroup of (ziv)? is D,{PD;, hence the type of the Lie algebra
of (ziv)? is 80(4, 12). Hence we put here So(4, 12)=(zriv)’. Now the maximal
compact subgroup So(4, 12)x of So(4, 12) is

So(4, 12)g=So(4, 12)NE=((E°)®)" ) =((c )’y =((td)")’
=((Es)u)d E((SU(Z) X E7)/Zz)a .

Let a=So(4, 12)k=((E,)")?’. By Theorem 5.4.5, there exist A=SU(2), B=E,
such that a=¢(A)B. From the condition ca=ac, we have ¢(A)gBo=¢(A)B
(Lemma 5.4.3). Hence ogBo=pj, that is, = (E.)°=(SU2) X Spin(12))/Z, (where
Z,={(E, 1), (—E, —a)}) (Theorem 4.6.14). Thus ((z2)")? = (SU2) X (E:)°)/Z,
(where Z,={(E, 1), (—E, —=D}) = (SURYX(SUR)YXSpin(12))/Z,)/ Z, (where Z,=
{(E, (E, 1), (—E, (—E, a)Z)})=(SUR)XSUR)XSpin(12))/(Z X Z,).

REMARK. The maximal compact subgroup So(4, 12)x of So(4, 12)=(0)% is
So(4, 12) g =((=)" ) =(()r =((e)}y =((z D)) =(Ss(16)) .
The author can not give any isomorphism between (zDH and ((£2)?)° directly.
Before determine the maximal compact subgroup So(8, 8)x of So(8, 8), recall
the construction of the spinor group Spin(n) using the Clifford algebra C(R™_)
[15]. Let C(R™.) be the Clifford algebra generated by e¢,, ---, e, with relations

e;2=—1. Let R™ be the R-vector space spanned by e, :--, ¢, and put S* ‘=
{acsR™|a*=—1}. Now the spinor group Spin(n) is defined by
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Spln(n>:{a1 a‘Zm]aiESn—l; m:]-) 2) } .

We use here the notation Spin(n)=Spin(e;, -+, e»). In the case of n=0 (mod4),
the center z(Spin(n)) of Spin(n) is Z,XZ,={1, —1} X {1, e;--- e} ={1, —1, e, ---
en, —e; - e,} and we know

Spin(n)/{1, —1}=SO(n), Spin(n)/{1, e, --- en}=Ss(n).
THEOREM 5.5.10. (Egee)"~(zo7)7=S0(8, 8)=Ss0(8, 8)x2. The Cartan de-
composition of So(8, 8) is
So(8, 8)=((Spin(8) X Spin(8))/(Z.X Z3) X 2) X R
where Z,;XZ,={(1, 1), (=1, =D} X{(1, 1), (61 es ey e1e)}={(1, 1), (—1, =1),

(€1 s, €5+ €10), (—e1 -+ €5, —€y -+~ €10)}.

PrRoOF. Consider the group (E¢)"=(ray)=Ess (Theorem 5.5.6.(2)). J.
Sekiguchi [20] shows that (zo7)/((ra7)%), is simply connected and the funda-
mental group of (zay)/(re7) is Z, hence Sso(8, 8)=(ro7)*" must have two
connected components. The maximal compact subgroup So(8, 8)x of So(, 8) is

S0(8, 8)x=S0(8, 8)NEs=((E)y "Y1 A=((ra 1)) =((ray)")?

=((a)7)A=((a)")*=((zA)*)?=(Ss(16))° .
We shall find a subgroup of type D,PD, in Ss(16). In the spinor group Spin(16)
=Spin(ey, -+, e1s), consider two subgroups Spin(8)=Spin(e,, -, es), Spin(8)=
Spin(ey, -+, e;5). We define a mapping

T

Spin(8)X Spin(8) —i Spin(16) — Ss(16)
by ¢(a, B)=af and let = be the natural projection. Then the image of w¢ is
isomorphic to the group (Spin(8)XSpin(8))/(Z,X Z,).

REMARK. The author can not find any element of So(8, 8 which does not
be contained in Sso(8, 8), and can not realize the subgroup (Spin(8)XSpin(8))/
(ZyX Z,) in So(8, 8) concretely.

Appendix

The Cartan decompositions of the exceptional linear Lie groups of type E,
are given as follows.

E;: simply connected compact Lie group of type E,,

ES=EXR™,
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Eg(g): SS(].G)X Rlzs,
Es2=(SUQR)XE:)/Z, X R**.
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