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1. Introduction

Let A, be the class of functions of the form

1.1) f@=2"4+ 3 a.z® (peN={1,2,3, -}

n=p+1

which are analytic in the unit disk U={z: |z|<1}.
A function f(z2)=A, is said to be in the class R,(a) if it satisfies

(1.2) Re{f®(2)} >a

for some a(0<a<p!) and for all zeU. Let the functions F(z) and G(z) be
analytic in the unit disk U. Then the function F(z) is said to be subordinate
to G(z) if there exists a function w(z) analytic in U, with w(0)=0 and |w(z)| <
1(zeU), such that F(z)=Gw(z)(z€U). We denote this subordination by F(z)

<G(2).
For f(z)eR,(a), Saitoh has proved that

13)  f@eRa)= LD coqp1 KT D 1y

This is a generalization of the result for p=1 by Owa, Ma and Liu [5].

Let Sp(a) be the subclass of 4, consisting of functions which satisfy

(1.4) fP@<Lp!+(pl-a)z  (2€U)
for some a(0=a<p!). Then, it is easy to see that
Sp(@)CTRy(a) (O=a<pl)
and that f(z)eA, is in the class S,(a) if and only if
(1.5) |fP@)—pl<pl—a (2€U)

for some a(0a<p!).
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2. Some properties of the class S,(«)

We begin with the statement of the following lemma due to Jack (also,
due to Miller and Mocanu [4]).

LEMMA 1. Let w(z) be regular in U with w(0)=0. If |w(z)| attains its
maximum value in the circle |z|=r at a point z,=U, then we can write

Zow'(z9)=kw(z,),

where % is real and £=1.

An application of the above lemma leads to

THEOREM 1. If f(z)=A, satisfies
2.1 |BfP(2)+(A—P)zf P (2)—plB|<p!—a  (z€U)
for some a(0<a<p!) and B(0=B=1), then f(z)eS,(a).

PrROOF. We define the function w(z) by

(2.2) w(z):%(—;i—_;p—!.
Then w(z) is regular in U and w(0)=0. Since
2.3) z2fPD()=(p!—a)zw'(2),
we have

(2.4) BfP(2)+(1—=B)zf P (2)—p !B

=(p!—a){Bw(z)+(1—pzw'(2)} .
If there exists exists a point z,=U such that

max |w(z)|=|w(z)| =1,
12151291

then gives
zZow'(20)=kw(z,) (k=1).

Therefore, noting that w(z,)=e!?, we obtain that

(2.5) |Bf P (20)+(1—=B)zof PP (20)—p 1 5]
=(p!=a)B+(1—-PB)k)
Zp l—a ’

which contradicts our condition [2.1). Thus |w(z)| <1 for all z&U, that is,
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fP(z)—p!
pl—a

This completes the proof of [Theorem 1.

Letting =0 in [Theorem 1, we have

(2.6) lw(z)| = <1 (zeU).

COROLLARY 1. If f(z2)=A, satisfies
(2.7) lz2f P ()| <pl—a (z€U)
for some a(0=a<p!l), then f(z)eSy(a).

Further making 8=1/2, Theorem 1 leads to

COROLLARY 2. If f(z2)=A, satisfies
(2.8) | [P (2)+zfP0(z)—p ! <2p!—a) (zel)
for some a(0=<a<pl), then f(z)=Sy(a).

Next, we prove

THEOREM 2. If f(2) s in the class Sy(a), then

2.9) Re{eiﬂ—ji(—p::ﬁ)—}>0 U,
where

T . D!~
(2.10) 1<% —Sin (——p'——)

PRrROOF. It follows from the definition of the class S,(a) that
FRESa) & | [ P(@@)—p!lI<pl—a (z&€U)
= Re{e*?FP(2)} >0 (zeU)
= Re{e*ff P (z2)—ip!sinB} >0  (z€U).
Defining the function w(z) by

8 ST L+u(z)
z

(2.11) —z'p!sinﬁzp!cosﬁ-m (w(z)#1),

we see that w(z) is regular in U with w(0)=0. Since cos 8>0,

14+w(z)

(2.12) eiﬁf(p‘l)(z)—z'p !'sinB-z2=p!cosf- 1—w(@) Z5

and

(2.13) etBFP(Z)—ip sinf=p! cosﬁ{ itzgi 4+ (lzilfu’((zz)))z },
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we have

. . 1 ¢
(2.14) Re{e'#f®(2)—ip ! sinf}=p! cos-Re{ ngi + (lzj‘fu((j)))z }
>0.
Suppose that there exists a point z,&U such that

max |w(z)|=]w(z)|=1  (w(zy)#1).

1215129}
Then, applying Lemma 1, and letting w(z,)=e¢!?, we obtain
(2.15) Re{etf [P (z)—ip! sinf}
1+et? 2ket?
fes ! . -
plcosp Re{ 1,0 T (1—-e“’)2}
=H1 v —_—
plcosf cosf —1
<0,

which contradicts (2.14). Therefore, |w(z)| <1 for all zeU, which implies that

(2.16) Re {eww —ip!sin}

_ 15 SP0(2)
Re{et——=}

>0.
Taking a=0 in we have
COROLLARY 3. If f(2) is in the class Sy(a), then

2.17) Re {lf;—(-zl}w zel).

3. A Subclass F, ,(a)

Let G(a) be the class of functions g(z) of the form

3.1 g2)=1+ 3 ga2"
which are analytic in U and satisfy
3.2) Re{g(2)} >a (zeU)

for some a(0=<a<1). Further, let G,(a) be the subclass of G(a) consisting of
functions g(z) of the form [3.I) satisfying

(3.3) gi=2b(1—a)=g'(0) (0=b=x1).
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For the above class Gy(a), McCarty ([2], [3]) has shown that

LEMMA 2. ([2]). If gz)eGya), then

(3.4) ‘ g'(@) 1_ 2(1—~ 0‘) b+2r+br?

8(2) 1—r* 1+2b(1—a)r—|—(1~2a)72} (r=|z|<D).

LEMMA 3 ([3]). If g(z)eGya), then
—2(1—a)r(b+2r+or")

(R'SR»)

' 1+2abr+Q2a—1)r?)(1+2b 2
3.5) Re{——zg(g)}g (zj ‘;1“:(1“ X 2br 41
BT (R'ZRy),
l—a
where
3.6) Ry=Ay—D,,
A+ —QCa—1)(b+r)r®
&7 Av= A+2br+rH1—r?)
_2(A—a)b+r)1+br)r
3.8 Dy= A+2br +#2)(1—72)
and
3.9) R'=+aA,.
Let F, (@) be the subclass of R,(a) consisting of functions f(z)=R,(a)
satisfying
2 1_ (P+1)0
3.10) Gpi= b(pl—a) _ fP*D(0)

@+D! ~ (+D!
where 0=Za<p! and 0=b<1.

Now, we have

THEOREM 3. If f(2)eFy (a), then

z2fPHD(z) 20pl—a)y b+2r+br?
3.11) , F02) [é 1—7 {p!—|—2b(p!——a)r—|—(p!—2a)r2}
(r=1z|<1).
PROOF. Note that f(z)eF,, ,(a) implies
f(P)( )
(3.12) T_1+2b(1—7)7)z+

and 0<b<1, 0<a<p!. It follows from [3.12) that f(z)=F, (a) if and only if
f®P(2)/pl=Gy(a/p"). Therefore, follows Lemma 2

Also, using [Lemma we have
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THEOREM 4. If f(z)EF, )(a), then
—2(p '—a)r(b+2r+br?)

2fy | (bl 2abr +@a—p 1+ 2or 178 (1 =T

G193 Re{‘m“}’——‘ 2vplaB,—p!Bi—a

— (T'=T,),

pl—a
where
(3.14) Ty=B,—C,,

_ plA+brE—QR2a—p )(b+r)r?
(3.15) Bo= W (1+2br +r2)(1—72) ’
_ 2pl—a)b+r)(L+br)r

(3.16) Co= pI1+2br +r3)(1—12)
and

B
(3.17) T'= ";!‘.

4. Generalization of Saitoh’s result

Finally, we give the generalization theorem of which was recently
proved by Saitoh [6].

THEOREM 5. If f(z)=A, satisfies

4.1) Re{ f;,)_(f) b>a  (zcl)
for some a(0=a<p!/(p—7)!), then
S: ft(:)'(f) dt 2(g—a)
4.2) ——z——~<2a—q— — In(1—2),

where 1<7<p and g=p!/(p—)).
PRrROOF. Let define F(z) by

(@)]
4.3) Fa=L28 —tyeorass o
It is easy to see that
(4.4) Re(F'(2))> (ﬁz%, 0=8<1)
and
1 : FOO(P)
(4.5) F(z)= qSo =y dt.

Therefore, applying the result by Owa, Ma and Liu [5], we have



4.6)

or

4.7)
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[
[ S 2(1—B)
V4

<21 In(l1—2),

£
| -
V4

. <2a—q In(1—z).

REMARK.
(i) Letting j=p in we have the result by Saitoh [6].
(ii) Letting j=p=1 in we have the result by Owa, Ma and

Liu [5].
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