TSUKUBA J. MATH.
Vol. 13 No. 1 (1989), 147—155

ON A CONSTRUCTION OF INDECOMPOSABLE
MODULES AND APPLICATIONS

By
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1. Introduction

One of the main purposes of this paper is to introduce a new method to
get a family {M,},_.... of indecomposable modules over a commutative Noe-
therian local ring R with the maximal ideal m, which will be done in
(2.1) when R possesses a finitely generated R-module C of depthpC=1 such
that CQrR (R is the completion of R with respect to the m-adic topology.) is
indecomposable and the initial part of a minimal free resolution of C satisfies
certain condition. Each M, is a finitely generated R-module of dimzM,=dimzC
and depthpM,=0 and if C is Cohen-Macaulay, then M, is Buchsbaum (see [9]
for the definition of Buchsbaum module.). Furthermore M,/HYM,) (HY(M,)
-—-iZUl[(O): m®]y) is isomorphic to the direct sum of n-copies of C. Hence in

this case there are “big” indecomposable R-modules without limit.

Another aim of us is to apply (2.1) to the Buchsbaum-representa-
tion theory in the one dimensional case. We say that a Noetherian local ring
R has finite Buchsbaum-representation type if there are only finitely many iso-
morphism classes of indecomposable Buchsbaum R-modules M which are maximal,
i.e. dimgM=dim R. In S. Goto determined the structure of one-dimensional
complete Noetherian local rings R of finite Buchsbaum-representation type under
the hypothesis that the residue class field of R is infinite, which will be re-
moved in section 3 of this paper. Our family constructed by 2.1)
has the suffix set of non-negative integers and this enables us to develope the
same arguments in [4], not assuming the infiniteness of the residue class field.

Throught this paper R is a Noetherian local ring with the maximal ideal
m. We denote by R the completion of R with respect to the m-adic topology
and HE(-) is the i-th local cohomology functor of R relative to m. For each
finitely generated R-module M let pg(M) be the number of elements in a minimal
system of generaters for M and let M™ denote the direct sum of n-copies of
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M. We regard each element of M™ as column vector with entries in M.

2. Construction of indecomposable modules.

Let C be a finitely generated R-module and let

&
o:0 L F—C—0

be the initial part of a minimal free resolution of C. We define a homomorphism

p: Endg(C) —> Endg(L/mL)
of algebras by

p($)2)=¢(z)

for any ¢=Endr(C) and z& L, where = denotes the reduction mod mL and ¢
is an R-endomorphism over F with ef=¢de. The well definedness of p is
verified as follows. If ¢’ is another R-endomorphism over F with e¢’=ge,
then ¢’'=¢+0 for some d<Endg(F) with 6(F)CL. Notice that (L)CmL be-
cause LCmF. Then we have ¢'(z)=¢(z) for any z&L. We put A,=Im p and
we regard L/mL as a (left) A,-module. If Endgz(C)is generated by ¢,, ¢,, ---,
¢, as R-module, then p(¢é,), p(@s), -, p(¢,) generate A, over R/m. Especially
A, is equal to R/m if Endg(C) is a cyclic R-module.
Our main theorem is stated as follows with the above notations.

THEOREM (2.1). Let C be a finitely generated R-module such that depthgC
>1 and CRgrR is indecomposable and let
. » .

06:0—>L—F—C—0
be the initial part of a minimal free resolution of C. Suppose there exist elements
x and y of L such that ¥ and 3 are linearly independent over A,. We denote,
for each integer n=1, by N, the R-submodule of L™ generated by

/x fy 0- /O
0 x y :
0 0 x 0
0 0 0 0
: : : Y

L0 , 0 , .0 , y \X

and mL". We put M,=F"/N,. Then the following statements hold.
(1) M, is indecomposable if A, is commutative.
(2) Mp=M, if n+m.
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(3) M, is a maximal Buchsbaum R-module if C is maximal Cohen-Macaulay.

Before the proof of Theoreml (2.1) we show the next lemma, which may
be well-known, since it plays a key role.

LEMMA (2.2). Let A be a commutative ring with an identity element and T
be an A-module. Suppose there are elements x, y of T which are linearly inde-
pendent over A and P, Q are nXn (n=1) matrices with entries in A. Then if

-

"Xy .
*y 0 .| o
P Q=[‘ ]
o .y 0 | I,
L x .

for some matrices II, and II, with entries in T, either P or Q is singular.

PROOF. Assume that both P and Q are regular. Let

[0 1 ]
01
N = ° .
.1
o 0 J .
As x and y are linearly independent over A, we have
(Dl O wl 0
P Q=[ ] and PNQ=|—
0 2 O W2

for some matrices @; and ¥, with entries in A of the same size as II,. Since
PQ is a regular matrix, @; must be square and regular. Hence we get

PN"~—[QI OJ
1o | 2 |

where Q,=¥,;0;'. Take a maximal ideal J of A. For any matrix X with
entries in A we denote by X the matrix of which entries are the classes of the
entries of X in A/J. Then P is still regular and

(510]
2, |

PN(P)*= [—-——
0
But this contradicts the uniqueness of the Jordan’s normalform.
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Now let us start the proof of [Theoreml (2.1).
(3). Applying [4, Lemma (2.3)] to the exact sequence

[s...‘]

710 —> LA —>F* ————>C*—>0

and N, we get that M, is a maximal Buchsbaum R-module if C is maximal
Cohen-Maculay.
(2). The exact sequence

00— L*/N, —> F*"/N, — C" —> 0

induced from t yields H3(M,)=L"/N, and so M,,/H}M,)=C". Hence M,%#M,,
if n#=m.

(1). We shall prove that M, is indecomposable in the following. Assume
M,=X.®X, with non-zero R-submodules X;. Then X,®X,=C", where X,=
X;/HYX;). Since the category of finitely generated R-modules is a Krull-
Schmidt category and since CQzR is indecomposable, so X;QzR=C*QzR for
some integers s; with s,+s,=n. So we have X,=C% by [8, Lemma 5.8].
Because HY(X;)CmX; by HA(M,)CmM,, we get a commutative diagrams

0—> L —> F% —> C% —> 0

(.

0—> N; — F’i— X, —>0

0 Hi(X)

0

with exact rows and columns for /=1, 2. Then F%/N}=X; and mL%CN,C L.
Let t;=pg(Nj) and let N; be generated by

rf?i ] [zfz }
(i ()
2821 » Zs:;,z ’ ’

Let N’ be an R-submodule of L*=L* L% which is generated by

()
210,

] (zheL).

()
ZSi,ti
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zih 2}, 0 0
26 20| | O 0
0 0 z® 2%,
(2 (2)
O » ’ 0 ’ 23231 ’ ’ ZSz,tz .

Then F*/N'=X,(pX, and so F*/N'=F"/N,. Hence applying [4, Lemma (2.3)]
to N, N’ and 7 we have ¢(N,)=N’ for some ¢gcAutg(F*) with ¢(L*)CL™".
Let é=Endg(L"/mL™) be the endomorphism induced from ¢. We identify
Endg(L"/mL™) with the matrix algebra M,([I"), where I'=Endg(L/mL). Put
§=[&:;]i<i. jsn- Since there is an automorphism @& Autg(C”) which makes the
following diagram

0 L™ Fm C*—0

o) 9|

0 L F* — C"—0

commutative, we have &;;€ A, for any 1=/, j<#»n and [£:;]i<:.j<s» IS a regular
matrix of M,(A,). Furthermore because &N,/mL")=N'/mL" we have

;ﬁ'sz. 0 -+ 0
3 :
wa| . jo= |[FEalo : 0
"y 0 - .- 0 foi"'zf.f’c.
2
0 - o |z .-

for some nXn regular matrix @ with entries in R/m (Hence Q=M,(A4,)). But
this is a contradiction by (2.2) and the proof is completed.

We note the following corollary which is a special case of 2.1).

COROLLARY (2.3). Let C and

g:0 L F C 0

be as in Theorem (2.1) and let A,=R/m. Thenif pr(L)=2, there exists a family

{Mpy}net,s.. of finitely generated indecomposable R-modules such that M,=%E M,

for n#m and M, is maximal Buchsbaum if C is maximal Cohen-Macaulay.
The typical example such that A, is not equal to R/m is the next

EXAMPLE (2.4). Let k be any field, then the semi-group ring R=FE[#, t*, t*]
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has a family {M,}n- 2... of indecomposable maximal Buchsbaum R-modules such
that M,=M,, if n#m.

PROOF. Put S=Fk[t]=R+ Rt+ Rt* and let

06:0— L —>R*—S—0
be the initial part of a minimal free resolution with
e(e))=1, e&(ex)=t and e(e;)=t?,

where e,, e,;, e; are the canonical basis of R® Since S is an indecomposable
maximal Cohen-Macaulay R-module, by (2.1) it is sufficient to show
that A, is commutative and there exist elements x and y of L such that ¥ and
¥ are linearly independent over A,, where - denotes the reduction mod mL
(m=t*S). As Endg(S) is a commutative R-algebra which is generated by 1g,
tls and t*1s as R-module, so A, is commutative and p(15)=1;/mz, p(t1ls) and
p(t*1s) generate A, over k. We put §;=p(t'ls) for 7=1, 2. Let a, and a, be
the R-endomorphisms over R® defined by the matrices

0 0 # 0 # 0
1 0 O and 0 o0 ¢
0 1 O 1 0 O

respectively. - Then ea;=(t'15)e for /=1, 2. Hence &; is induced from a;. Put

t 0 — ° 07 —t

x={ —¢* x,=| x,=| O y=| —t* yo=| ¢° ys=| O

04, - ], ], 0 1, —t* ], A

Then we have §;x=2Z%; and & ¥=3;. Assume
(@odz/mrt @&+ as€)X +(bolr/me+ 0181+ 0:62)5=0
with a;=%k and b;=k. Then we get
AoX+ a1 %1+ X2+ b5+ 0,151+ 0.5.=0.
Since X%, X1, X2, ¥, 51, ¥, are linearly independent over k%, so
ay=0a,=0,=by=b,=b,=0.

Hence % and ¥ are linearly independent over A,.
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3. Curve singularities of finite Buchsbaum-representation type.

This section is devoted to verifying that we can avoid the restriction on
the residue class field in [4, Theorem (1.1)]. But we will not look over the
whole arguments developed in since it is sufficient to prove only [4, Corol-
lary (2.4)]. [4, Theorem (2.7)], [4, Theorem (3.1)] and [4, Proposition (6.1)]
without the hypothesis that the residue class field is infinite. Throught this
section we assume that R is complete and dim R=1.

We begin with the following

PROPOSIEION (3.1) (cf. [4, Corollary (2.4)]). Let R have finite Buchsbaum-
representation type and I be an ideal of R such that R/I is a Cohen-Macaulay
ring of dim R/I=1. Then pr(l)<1.

PrROOF. Applying (2.3) to the exact sequence

¢6:0—>J]—R—> R/I—0,
we have pr(l)<1.

THEOREM (3.2) (cf. [4, Theorem (2.7)]). Let R be a Cohen-Macaulay ring
with the canonical module Kgp. If R has finite Buchsbaum-representation type,
then v(R)<2, where v(R) denotes the embedding dimension of R.

PROOF. Let

6:0— M —F Kg—>0

be the initial part of a minimal free resolution of K. Since Endz(Kz)=R, we
have A,=R/m. Hence pr(M)<1 by (2.3). Then the proof of [4,
(2.7)] works for the rest.

THEOREM (3.3) (cf. [4, Theorem (3.2)]). Let P be a regular local ring of
dim P=2 and let R=P/fP with f&P. ‘We denote the integral closure of R in
its total quotient ring by R. If R is module-finite over R and e(R)=3, where
e(R) denote the multiplicity of R, then there exists a family {Mp}n-1,2... of inde-
composable maximal Buchsbaum R-modules such that M, %My if n+m.

PROOF. Let L be the first syzygy module of m. Since m is an indecom-
posable maximal Cohen-Macaulay R-module, the minimal free resolution of m is
periodic of period 2 and L is indecomposable by [2] and [7]. Hence we have
an exact seqeence

:0 m F L—0
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with F R-free. We put A={x&R | xmCm}, which we identify with Endg(m)
as algebras. Then by [4, Proposition (3.4)] there is an element A=A such
that A=R-+4Rh and hmcCm? Hence Endg(m/m?)=A,=R/m. Since R is not
regular, pr(m)=2 and so we can get the required family by (2.3).

By (3.2), Theoreml (3.3) and we have the next

THEOREM (3.4) (cf. [4, Theorem (3.1)]). Let R be a Cohen-Macaulay ring.
Then R is reduced and e(R)<2 if R has finite Buchsbaum-representation type.

Finally we prove the following

PROPOSITION (3.5) (cf. [4, Proposition (6.1)]). If R has finite Buchsbaum-
representation type, then e(R)<2 and v(R)<2.

PROOF. Our method of proof is almost the same as the proof of [4, Pro-
position (6.1)] and so see it for the detail.

Let I=H3(R). Then R/I is a Cohen-Macaulay ring of finite Buchsbaum-
representation type. Hence we get by (3.4) that R/I is reduced and
e(R/I)=e(R)<2. As pr(I)<1 by Proposition| (3.1) and as v(R/I)<2 by
(3.2), we have v(R)<3. We show v(R)+3 in the following. Assume v(R)=3.
Then v(R/I)=2 and pgr(I)=1, hence e(R/I)=2. We put I=zR. By [4, Claim
1 in the proof of (6.1)] R/I is an integral domain. We denote the
normalization of R/I by S. Let m be the maximal ideal of R/I and let —
denote the reduction mod I. Then there are elements x and y of m such that
m=(%, ¥) and S=R-+ Rt, where t=x/(y)* for suitable n=1. Furthermore we
get an exact sequence

R* > R*® ‘. S—0
[z 0=x bx+ay"]
0z)y" =

for some a=R and bR with t*=a+bt, where

oo

We note if a=m, then bem. Let L=Kere. Then L is generated by

R A M R
V) = Vo= V3= V=
0 ’ z ’ yn ’ X .

We apply (2.1) to the exact sequence
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€
g:0 L R? S 0.

Since Endgz(S) is a commutative R-algebra which is generated by 1lg and tlg as
R-module, so A, is commutative and p(15)=1./mz and p(fls) generate A, over

R/m. We put £&=p(tls). Because the following diagram

R

Lol e

R* — S
is commutative, we have
&v,=7,, &D,=(a mod m)?,—(b mod m)7,,
Evs=1,—(b mod m)7,, &¥,=(a mod m)7,,

where 9;=v; mod mL for 1</<4. Hence if a=m, then 7, and 7, are linearely
independent over A, and if a=m, then 7, and ¥, are linearly independent over
A,. But this is a contradiction by 2.1).
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