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Introduction.

In this paper, we give a characterization of Gorenstein orders over a com-
mutative d-dimensional Gorenstein local ring (Theorem 1.1) and study some
special classes of Gorenstein orders (Theorem 2.1). Auslander called an order
$\Lambda$ Gorenstein if $\Lambda^{*}\cong\Lambda$ as $\Lambda-\Lambda$ -bimodules [2]. Our definition of Gorenstein
orders is more general and there are other interesting orders between our sense
of Gorenstein orders and that of Auslander’s. These orders are studied in
Theorem 2.1.

Let $R$ be a commutative d-dimensional Gorenstein local ring with its maximal
ideal $m$ . Following Auslander [2], an R-algebra $\Lambda$ is called an R-order if $\Lambda$ is
a finitely generated maximal Cohen-Macaulay R-module such that $Hom_{R}(\Lambda, R)_{p}$

is a projective $\Lambda_{p}^{op}$-module for all nonmaximal prime ideals $p$ of $R$ . We call an
R-order $\Lambda$ Gorenstein if $\Lambda^{*}=Hom_{R}(\Lambda, R)$ is a projective $\Lambda^{op}$-module. It is easily
seen that the definition of Gorenstein orders is left-right symmetric and also
that $\Lambda^{*}$ is a progenerator for $mod \Lambda$ when $\Lambda$ is Gorenstein. In a classical case,
that is, $R$ being a discrete valuation ring, Gorenstein orders and their represen-
tation theories are widely studied (cf. [4, 7]). They are mostly the parallel
results with those of QF algebras over a field. Gorenstein orders include both
classical Gorenstein orders and QF algebras over a field. Thus many results for
classical and algebra cases can be extended to our cases, and we give the most
basic ones in sections 1, 2. In section 3, we give various examples concerning
Gorenstein orders.

We define some more definitions and notation. We call $M$ a $\Lambda$ -lattice if it
is a finitely generated $\Lambda$ -module and a maximal Cohen-Macaulay R-module such
that, $M_{p}$ , respectively $Hom_{R}(M, R)_{p}$ is a projective $\Lambda_{p}$ , respectively $\Lambda_{p}^{op}$-module
for all nonmaximal prime ideals $p$ of $R$ . The category of all $\Lambda$ -lattices is
denoted by $\mathcal{L}(\Lambda)$ . All modules are considered as right modules. Left modules

Received October 5, 1987.
$(^{*})$ Partially supported by the Grand-in-aid for Scientific Research (No 62540056),

Ministry of Education, Science and Culture.



460 Kenji NISHIDA

are regarded as right modules over an opposite ring. We denote the category

of all finitely generated $\Lambda$ -modules by $mod \Lambda$ . We put $Ext_{\Lambda}-\dim A=$

$\sup\{j\geqq 0;Ext_{\Lambda}^{j}(A, \Lambda)\neq 0\}$ for $A\in mod \Lambda[6]$ . In what follows, all the notation and

definitions provided above are preserved.

1. A characterization of Gorenstein orders.

In this section, we give a characterization of Gorenstein orders and study

the related topics. We see that Gorenstein orders are natural extension of both

commutative Gorenstein rings and QF algebras over a field.

THEOREM 1.1. The following conditions are equivalent for an order $\Lambda$ over
a d-dimensional Gorenstein local ring $R$ .

1) $\Lambda$ is a Gorenstein order.
2) inj $\dim\Lambda=d$ .
3) $Ext_{\Lambda}-\dim S=d$ for all simple $\Lambda$ -modules $S$.

Moreover, if $R$ is complete and $\Lambda$ is basic, then every condition above is equivalent

to
4) $\Lambda^{*}=t\Lambda=\Lambda t$ for $t\in\Lambda^{*}$

The proof of this theorem needs several lemmas. Firstly, we quote the

definition and properties of injective lattices from [2]. A lattice $I$ is called an
injective lattice if every exact sequence $0\rightarrow I\rightarrow X\rightarrow Y\rightarrow 0$ in $\mathcal{L}(\Lambda)$ splits. It holds

that $I$ is an injective lattice if and only if there is a projective lattice $P$ in
$\mathcal{L}(\Lambda^{op})$ such that $I\cong Hom_{R}(P, R)$ if and only if $Ext_{\Lambda}^{1}(, I)|_{\mathcal{L}(\Lambda)}=0([2$ , Ch I, Pro-

positions 8.1, 8.2]).

Let $X\in \mathcal{L}(\Lambda)$ and let $ 0\rightarrow X\rightarrow I_{0^{\rightarrow}}^{f_{1}}I_{1^{\rightarrow}}^{f_{2}}\cdots$ be an injective resolution of $X$ in
$\mathcal{L}(\Lambda)$ ( $[2$ , Ch I, Proposition 8.2]). This means that the above sequence is exact

and each $I_{j}$ $(j=0,1, \cdots)$ is an injective lattice. Note that $Ext_{\Lambda}^{j}(A, X)\cong$

$Ext_{\Lambda}^{1}(A, {\rm Im} f_{j-1})$ for all $A\in \mathcal{L}(\Lambda)$ by [2, Ch I, Proposition 8.2 $b)$].

DEFINITION. Let $X\in \mathcal{L}(\Lambda)$ . We call that $X$ has an injective lattice dimen-

sion $t$ , denoted by inj $\mathcal{L}\dim X=t$ , if $Ext_{\Lambda}^{t+1}(, X)|_{\mathcal{L}(\Lambda)}=0$ and $Ext_{\Lambda}^{t}(, X)|_{\mathcal{L}(\Lambda)}\neq 0$ .
The following lemma whose proof is standard is very useful because it re-

duces the computations of injective dimensions to those of projective dimensions.

LEMMA 1.2. Let $X\in \mathcal{L}(\Lambda)$ . Then inj $\dim X=\infty$ if and only if inj $\mathcal{L}\dim X$

$=\infty$ , and if inj $\dim X$ is finite then

inj $\dim X=inj\mathcal{L}\dim X+d$ .
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PROOF. If inj.$\mathcal{L}\dim X=\infty$ , then inj $\dim X=\infty$ . So it is sufficient to show
that if inj $\mathcal{L}\dim X=t<\infty$ then inj $\dim X=t+d$ . Let $S$ be an arbitrary simple
$\Lambda$ -module and $\Omega^{i}S$ the i-th syzygies of $S(i=0,1, \cdots)$ . It holds that $\Omega^{i}S\in \mathcal{L}(\Lambda)$

for $i\geqq d$ by [2, Ch I, Proposition 7.3]. So we have $Ext_{\Lambda}^{t+i+1}(S, X)\cong Ext_{\Lambda}^{l+1}(\Omega^{i}S, X)$

$=0$ for all $i\geqq d$ and all simple $\Lambda$ -modules $S$ which implies inj $\dim X\leqq d+t$ by
[6, Proposition 2.7]. There is a lattice $A\in \mathcal{L}(\Lambda)$ such that $Ext_{\Lambda}^{t}(A, X)\neq 0$ . We
have a maximal A-sequence $x_{1},$ $\cdots$ , $x_{d}\in m$ . Applying $Ext_{\Lambda}(, X)$ to an exact
sequence $0\rightarrow A^{x_{1}}\rightarrow A\rightarrow A/Ax_{1}\rightarrow 0$ we get an exact sequence

$X_{1}$

$Ext_{\Lambda}^{l}(A, X)-Ext_{\Lambda}^{l}(A, X)-Ext_{\Lambda}^{l+1}(A/Ax_{1}, X)$ .
Thus $Ext_{\Lambda}^{l+1}(A/Ax_{1}, X)\neq 0$ by Nakayama’s Lemma. Repeating this procedure for
$x_{2},$ $\cdots,$ $x_{d}$ we get $Ext_{\Lambda}^{l+d}(A/A(x_{1}, \cdots, x_{d}), X)\neq 0$ . Hence we have inj $\dim X=$

$t+d$ .

COROLLARY 1.3: Let $X\in \mathcal{L}(\Lambda)$ and proj $\dim X^{*}$ finite with $X^{*}=Hom_{R}(X, R)$ .
Then inj $\dim X=proj\dim X^{*}+d$ .

In Example 1 of section 3, we use Corollary 1.3 and compute self-injective

dimension of the order which has finite self-injective dimension but is not
Gorenstein.

We prove the following about the condition 4) of Theorem 1.1.

LEMMA 1.4. Let $\Lambda^{*}=t\Lambda=\Lambda t$ . Then $\lambda t=0$ or $t\lambda=0$ , for $\lambda\in\Lambda$ , implies $\lambda=0$ .

PROOF. We have $0=\lambda t(\mu)=t(\mu\lambda)=t\mu(\lambda)$ for all $\mu\in\Lambda$ . Thus $\lambda$ is in the
kernel of the canonical homomorphism $\Lambda\rightarrow\Lambda^{**}$ which is an isomorphism. Hence
$\lambda=0$ .

PROOF OF THEOREM 1.1. $1$ ) $\Leftrightarrow 2$): $\Lambda$ is Gorenstein. oproj $\dim_{\Lambda^{op}}\Lambda^{*}=0\Leftrightarrow$

inj $\dim\Lambda=d$ by Corollary 1.3. By [6, Corollary 2.8] we have $3$) $\Rightarrow 2$). We shall
prove $1$ ) $\Rightarrow 3$). Let $0\rightarrow R\rightarrow I_{0}\rightarrow I_{1}\rightarrow\cdots\rightarrow I_{d}\rightarrow 0$ be a minimal injective resolution of
$R$ . Since $R$ is Gorenstein and $\Lambda$ is a maximal Cohen-Macaulay R-module, we
have $Ext_{R}^{r}(\Lambda, R)=0(i\geqq 1)$ , so that $(^{*})$ $ 0\rightarrow Hom_{R}(\Lambda, R)\rightarrow Hom_{R}(\Lambda, I_{0})\rightarrow\cdots\rightarrow$

$Hom_{R}(\Lambda, I_{d})\rightarrow 0$ is exact and $Hom_{R}(\Lambda, I_{i})(0\leqq i\leqq d)$ are injective $\Lambda$ -modules. Let
$S$ be a simple $\Lambda$ -module. Applying $Hom_{R}(S, )$ to the sequence $(^{*})$ we get the
complex $0\rightarrow Hom_{\Lambda}(S, Hom_{R}(\Lambda, I_{0}))\rightarrow\cdots\rightarrow Hom_{\Lambda}(S, Hom_{R}(\Lambda, I_{d}))\rightarrow 0$ . Since $S$ is an
R-module of finite length, we have $Hom_{\Lambda}(S, Hom_{R}(\Lambda, I_{j}))\cong Hom_{R}(S, I_{j})=0$ for
$j=0,$ $\cdots$ , $d-1$ . Thus $Ext_{\Lambda}^{d}(S, \Lambda^{*})\cong Hom_{\Lambda}(S, Hom_{R}(\Lambda, I_{d}))\cong Hom_{R}(S, I_{d})\neq 0$ . By
1) $\Lambda^{*}$ is a progenerator, so that $Ext_{\Lambda}^{d}(S, \Lambda)\neq 0$ . Since inj $\dim\Lambda=\sup\{Ext_{\Lambda}-$
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$\dim S;S$ is simple} by [6, Corollary 2.8], we have $Ext_{4}-\dim S=d$ for all simple
$\Lambda$ -modules $S$ . This proves $1$ ) $\Rightarrow 3$). $4$ ) $\Rightarrow 1$ ) is an easy consequence of Lemma 1.4.
$1)\Rightarrow 4)$ : Suppose that $R$ is complete and that $\Lambda$ is basic. Let $\{e_{1}, \cdots, e_{n}\}$ be the

complete set of primitive idempotents of $\Lambda$ . Since $\Lambda$ is Gorenstein and basic,

there exists a permutation $\pi$ of the set $\{1, \cdots, n\}$ such that we have $\Lambda^{op_{-}}$

isomorphisms $u_{i}$ : $\Lambda e_{i}\sim\rightarrow Hom_{R}(e_{r(i)}\Lambda, R)$ for $i=1,$ $\cdots,$ $n$ . Let $v_{\pi(i)}$ be the com-
position of a canonical isomorphism $\phi_{\pi(t)}$ : $e_{\pi(t)}\Lambda\simeq(e_{\pi(t)}\Lambda)^{**}$ and the induced

isomorphism $Hom_{R}(u_{i}, R):(e_{\pi(i)}\Lambda)^{**\sim}\rightarrow Hom_{R}(\Lambda e_{i}, R)(1\leqq i\leqq n)$ . Put $t_{i}=u_{i}(e_{i})$ and
$s_{j}=v_{j}(e_{j})(1\leqq i, j\leqq n)$ . Letting the value of $t_{i}$ on $ e_{j}\Lambda$ be zero if $j\neq\pi(i)$ , we
consider $t_{i}\in Hom_{R}(\Lambda, R)$ . Similary, we consider $s_{i}\in Hom_{R}(\Lambda, R)$ . It holds that $e_{i}t_{j}$

$=\delta_{ij}t_{j},$ $s_{i}e_{j}=\delta_{ij}s_{i}(1\leqq i, j\leqq n)$ . For all $\lambda\in\Lambda,$ $s_{\pi(i)}(\lambda e_{i})=Hom_{R}(u_{i}, R)(\phi_{-(i)}(e_{\pi(i)}))(\lambda e_{i})$

$=\phi_{\pi(i)}(e_{\pi(i)})(\lambda t_{i})=\lambda t_{i}(e_{\pi(i)})=t_{i}(e_{\pi(i)}\lambda)$ . Thus, for all $\lambda\in\Lambda,$ $t_{i}(\lambda)=t_{i}(e_{\overline{(}i)}\lambda)=s_{\pi(i)}(\lambda e_{i})$

$=s_{\pi(i)}(\lambda)$ . Let $t=\Sigma_{i1}^{n_{=}}t_{i}=\Sigma_{i}^{n_{=1}}s_{(t)}\overline{}\in Hom_{R}(\Lambda, R)$ . Since $Hom_{R}(\Lambda, R)=$

$\oplus Hom_{R}(e_{i}\Lambda, R)=\oplus\Lambda t_{i},$ $f=\sum\lambda_{i}t_{i}(\lambda_{i}\in\Lambda)$ for every $f\in Hom_{R}(\Lambda, R)$ . Thus $f=$

$(\sum\lambda_{i}e_{i})(\sum t_{i})=\lambda t$ by the above computation, where $\lambda=\sum\lambda_{i}e_{i}$ . Hence $Hom_{R}(\Lambda, R)$

$=\Lambda t$ . Similary, using $t=\sum s_{i}$ we can prove $\Lambda^{*}=t\Lambda$ . This completes the proof

of the theorem.

REMARK 1.5. a) In the case of $\dim R=1$ , the equivalence of 1) and 2) of

Theorem 1.1 was shown in [4, Proposition 6.1].

b) If $\Lambda$ is quasi-local, $i$ . $e.,$ $\Lambda/rad\Lambda$ is a simple ring, then $\Lambda$ is Gorenstein
if and only if inj $\dim\Lambda<\infty$ (see Corollary 1.8 below). However, there exists an
order having the finite global dimension greater than $d$ . Then inj $\dim\Lambda=gl\dim\Lambda$

is finite, but $\Lambda$ is not Gorenstein. Moreover, we will give the order $\Lambda$ which

has infinite global dimension, finite self-injective dimension, and is not Gorenstein
in Example 1 of section 3.

c) Let $\phi:\Lambda\times\Lambda\rightarrow R$ be $\phi(\lambda, \mu)=t(\lambda\mu)$ . Then $\phi$ is a nondegenerate associa-
tive bilinear form by Lemma 1.4. However, differing from an algebra case the
existence of such $\phi$ doesn’t necessarily imply the condition 4). Because if we
define $t\in\Lambda^{*}$ by $t(\lambda)=\phi(\lambda, 1)$ , then $\Lambda\cong\Lambda t\subset\Lambda^{*}$ . Thus $rank_{R}\Lambda=rank_{R}\Lambda^{*}=rank_{R}\Lambda t$ .

But we can’t conclude $\Lambda t=\Lambda^{*}$ by this.

We generalize [6, Proposition 2.14] in the following.

PROPOSITION 1.6. Let $\Lambda$ be a Gorenstein order and $E$ a finitely generated
$\Lambda$ -module. Then we have

$Ext_{\Lambda}-\dim E+depth_{R}E=d$ .

PROOF. Using Theorem 1.1, the proof of [6, Proposition 2.14] works as
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it is.

COROLARY 1.7. If $\Lambda$ is a Gorenstein order, then $M\in \mathcal{L}(\Lambda)$ if and only if
$Ext_{\Lambda}^{i}(M, \Lambda)=0(i\geqq 1)$ and $M_{p}$ is $\Lambda_{p}$ -proJective for all nonmaximal prime ideals $p$

of R. Therefore, $Hom_{\Lambda}(, \Lambda)$ induces a duality between $\mathcal{L}(\Lambda)$ and $\mathcal{L}(\Lambda^{0p})$ .

Combining Theorem 1.1 with [6, Proposition 2.14] we get the following.

COROLLARY 1.8. Let $\Lambda$ be quasi-local. Then $\Lambda$ is Gorenstein if and only if
inj $\dim\Lambda<\infty$ .

The above homological properties generalize those of commutative cases.
The condition 4) provides another properties. Let $\Lambda^{*}=t\Lambda=\Lambda t$ and $\sigma$ : $\Lambda\rightarrow\Lambda$ be

defined by $t\lambda=\lambda^{\sigma}t(\lambda\in\Lambda)$ . Then $\sigma$ is an automorphism of $\Lambda$ by Lemma 1.4.

Denote this $\sigma$ by $\sigma_{t}$ . If there exists another $s\in\Lambda^{*}$ with $\Lambda^{*}=s\Lambda=\Lambda s$ , then there

exists a unit $\lambda$ of $\Lambda$ such that $\sigma_{s}=i_{\lambda}\sigma_{l}$ , where $i_{\lambda}$ is an inner automorphism of
$\Lambda$ defined by $\mu^{i_{\lambda}}=\lambda\mu\lambda^{-1}(\mu\in\Lambda)$ . We generalize the computation in [3, Section

3] to our situation and describe the Nakayama functor $yl=Hom_{R}(Hom_{\Lambda}(, \Lambda),$ $R$ )

using the above automorphism $\sigma=\sigma_{t}$ . For $ M\in mod \Lambda$ , let $M^{\sigma}$ be the same ad-

ditive group as $M$. The action of $\lambda\in\Lambda$ to $M^{\sigma}$ is defined by $m\circ\lambda=m\lambda^{\sigma}(m\in M)$ .
Then $M^{\sigma}$ is a $\Lambda$ -module.

PROPOSITION 1.9. Let $\Lambda$ be a Gorenstein order. Then $\Re(M)\cong M\otimes {}_{\Lambda}Hom_{R}(\Lambda, R)$

$\cong M^{\sigma}$ for $M\in \mathcal{L}(\Lambda)$ .

PROOF. Note that $Hom_{R}(M\otimes_{\Lambda}\Lambda^{*}, R)\cong Hom_{\Lambda}(M, Hom_{R}(\Lambda^{*}, R))\cong Hom_{\Lambda}(M, \Lambda)$ .
Since $\Lambda$ is Gorenstein, $M\otimes_{\Lambda}\Lambda^{*}$ is a $\Lambda$ -lattice, so that $\Re(M)\cong M\otimes_{\Lambda}\Lambda^{*}$ . Since
$\Lambda^{*}=\Lambda t$ , each element of $M\otimes_{\Lambda}\Lambda^{*}$ is of the form $m\otimes t$ where $m$ is in $M$. For
$\lambda\in\Lambda$ and $m\otimes t\in M\otimes_{\Lambda}\Lambda^{*},$ $(m\otimes t)\lambda=m\otimes t\lambda=m\lambda^{\sigma}\otimes t$ . Hence the map $M\otimes_{\Lambda}\Lambda^{*}\rightarrow M^{\sigma}$ ,

$m\otimes t-m$ , is an isomorphism of $\Lambda$ -lattices.

2. Gorenstein orders in the sence of Auslander.

In [2], Auslander called an order $\Lambda$ Gorenstein if $\Lambda^{*}\cong\Lambda$ as $\Lambda-\Lambda$ -b:modules.
This class of orders occupies the position of ”symmetric orders” in the class of

Gorenstein orders in our sense. Thus we investigate these orders and related

ones in Theorem 2.1.
Let $\Lambda$ be a Gorenstein order. Then, for any indecomposable projective $\Lambda-$

module $P$, there exists a unique simple $\Lambda$ -module $S(P)$ such that $Ext_{\Lambda}^{d}(S(P), P)$

$\neq 0$ [ $2$ , Ch III, Proposition 3.3]. The notation provided in the end of the pre-



464 Kenji NISHIDA

vious section is preserved in this section.

THEOREM 2.1. Consider the following conditions for an order $\Lambda$ .
1) $\Lambda\cong\Lambda^{*}$ as $\Lambda-\Lambda$ -bimodules.
2) There exists $t\in\Lambda^{*}$ such that $\Lambda^{*}=t\Lambda$ and $t\lambda=\lambda t$ for all $\lambda\in\Lambda$ .
3) $\Lambda$ is Gorenstein and there exists $s\in\Lambda^{*}$ with $\Lambda^{*}=s\Lambda=\Lambda s$ such that $\sigma_{s}=i_{\lambda}$

for a unit $\lambda$ of $\Lambda$ .
4) $\Lambda$ is Gorenstein and all $s\in\Lambda^{*}$ with $\Lambda^{*}=s\Lambda=\Lambda s$ satisfy $\sigma_{s}=i_{\lambda}$ for a unit

$\lambda$ of $\Lambda$ .
5) $y\iota=id$ on $\mathcal{L}(\Lambda)$ , where $\Re=Hom_{R}(Hom_{\Lambda}(, \Lambda),$ $R$).

5. a) $\mathfrak{N}=id$ on $pr(\Lambda)$ , where $pr(\Lambda)$ is a full snbcategory of $\mathcal{L}(\Lambda)$ consisting

of all projective $\Lambda$ -modules.
5. b) $7l=id$ on $\mathcal{L}(\Lambda)-pr(\Lambda)$ .
6) $\Lambda$ is Gorenstein and $S(P)\cong P/radP$ for all indecomposable projective $\Lambda-$

modules $P$.
Then we have $1$ ) $\Leftrightarrow 2$ ) $\Leftrightarrow 3$) $\Leftrightarrow 4$ ) $\Rightarrow 5$ ) $\Rightarrow 5$ . $a$) $\Leftrightarrow 6$ ) and $5$ ) $\Rightarrow 5.b$). Moreover, if $\dim R$

$=2$ , then 5. b) implies that $\Lambda$ is Gorenstein.

PROOF. Using Lemma 1.4 $1$ ) $\Leftrightarrow 2$ ) is easily obtained. $2$) $\Rightarrow 4$); There exists a
unit $\lambda$ of $\Lambda$ such that $\sigma_{s}=i_{\lambda}\sigma_{l}=i_{\lambda}$ by 2). $4$) $\Rightarrow 3$); This is trivial. $3$) $\Rightarrow 2$); By

assumption there exists a unit $\lambda$ of $\Lambda$ with $\mu^{\sigma_{s}}=\lambda\mu\lambda^{-1},$ $\mu\in\Lambda$ . Put $t=\lambda^{-1}s\in\Lambda^{*}$ .
Then $t\mu=\lambda^{-1}s\mu=\lambda^{-1}\mu^{\sigma_{s}}s=\mu t$ for all $\mu\in\Lambda$ . $1$ ) $\Rightarrow 5$): We have $Hom_{\Lambda}(X, \Lambda)\cong$

$Hom_{R}(X, R)$ for all $X\in \mathcal{L}(\Lambda)$ by assumption. Thus $7l=id$ on $\mathcal{L}(\Lambda)$ . $5$) $\Rightarrow 5.a$),

5. b): They are trivial. 5. $a$) $\Leftrightarrow 6$): We prove this under the assumption that $\Lambda$

is Gorenstein. By [2, Ch III, Proposition 3.3], for a simple $\Lambda$ -module $S$ and a
projective $\Lambda$ -module $P$, we have $Ext_{\Lambda}^{d}(S, P)\cong Hom_{R}(S\otimes_{\Lambda}Hom_{R}(P, R),$ $I_{d}$ ), where
$0\rightarrow R\rightarrow I_{0}\rightarrow\cdots\rightarrow I_{d}\rightarrow 0$ is a minimal injective resolution of $R$ . Put $P^{\prime}=$

$Hom_{\Lambda}(Hom_{R}(P, R),$ $\Lambda$ ). Then $Hom_{\Lambda}(P^{\prime}, \Lambda)\cong Hom_{R}(P, R)$ and $Ext_{\Lambda}^{d}(S, P)\cong$

$Hom_{R}(Hom_{\Lambda}(P^{\prime}, S),$ $I_{d}$ ). Thus we have $Ext_{\Lambda}^{d}(S, P)\neq 0\Leftrightarrow P^{\prime}/radP^{\prime}\cong S$ . This im-
plies $S(P)\cong P/radP\Leftrightarrow P\cong P^{\prime}\Leftrightarrow Hom_{R}(P, R)\cong Hom_{\Lambda}(P, \Lambda)\Leftrightarrow\Re(P)\cong P$. This proves
5. $a$ ) $\Leftrightarrow 6$ ). Finally we assume $\dim R=2$ and 5. b) and prove $\Lambda$ to be Gorenstein.
It suffices to show that $Q^{*}\in pr(\Lambda)$ for all $Q\in pr(\Lambda^{op})$ . If it doesn’t hold, then
there exists $Q\in pr(\Lambda^{op})$ with $Q^{*}$ not projective. By assumption $Q^{*}\cong\Re(Q^{*})$ .
Since $\dim R=2,$ $Hom_{\Lambda}(Q^{*}, \Lambda)$ is a maximal Cohen-Macaulay R-module. Thus
$Q\cong Hom_{\Lambda}(Q^{*}, \Lambda)$ . By [2, Ch I, Lemma 7.8] we have $Q^{*}\cong Hom_{\Lambda op}(Hom_{\Lambda}(Q^{*}, \Lambda),$ $\Lambda^{op}$ )

which is a projective $\Lambda$ -module, a contradiction. This completes the proof.

REMARK 2.2. a) We explain that some implications in Theorem 2.1 are
proper. The examples are given in section 3.
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i) There exists an order which satisfies 5) but not 1) (Example 2).

ii) There exists an order which satisfies 5. b) but not 5. a) (Example 3).

iii) Since a local Gorenstein order always satisfies 5. a), the orders of type

(IV), (V) in [1] satisfy 5. a) but not 5. b) (see [3, Section 3]).

iv) There exists a Gorenstein order which satisfies neither 5. a) nor 5. b)

(Example 4).

v) When $\dim R=1$ there exists an order which satisfies 5. b) but is not

Gorenstein (Example 5).

b) Whether 5. $b$) $\Rightarrow\Lambda$ Gorenstein holds, or not for $\dim R\geqq 3$ is an open ques-
tion. It holds that $Hom_{\Lambda op}(Hom_{\Lambda}(M, \Lambda),$ $\Lambda^{op}$ ) $\cong M$ for all $M\in \mathcal{L}(\Lambda)$ when $\dim R$

$\geqq 2$ by [2, Ch I, Lemma 7.8]. However, we can’t prove that $Hom_{\Lambda}(M, \Lambda)$ is a
maximal Cohen-Macaulay R-module for $M\in \mathcal{L}(\Lambda)$ when $\dim R\geqq 3$ .

The results in [2, Ch III, Section 1] for Gorenstein orders in the sense of
Auslander also hold for those in our sense after a slight modification using the
Nakayama functor. In particular, for orders satisfying 5. b), $i$ . $e.,$ $\Re=id$ on
$\mathcal{L}(\Lambda)-pr(\Lambda)$ , they hold without any change. Here we only state the results

about Auslander-Reiten translation $\tau=DTr_{L}$ in the following.

PROPOSITION 2.3. ([2, Ch III, Proposition 1.8]) Let $R$ be a complete

Gorenstein local ring with $\dim R=d$ and $\Lambda$ a Gorenstein R-order. Then
1) $\tau(A)=\Re\Omega^{2-d}(A)$ for any nonprojective $\Lambda$ -lattice $A$ .
2) $\tau^{-1}(A)=\Omega^{d-2}\Re^{-}(A)$ for any noninjective $\Lambda$ -lattice $A$ , where $\Re^{-}=$

$Hom_{\Lambda op}(Hom_{R}(, R),$ $\Lambda^{op}$ ).

3. Examples.

EXAMPLE 1. (Fujita) Let $R$ be a discrete valuation ring with prime ele-

ment $\pi$ . Then $\dim R=1$ . We provide an R-order $\Lambda$ with gl $\dim\Lambda=\infty$ and
inj $\dim\Lambda=2$ .

Let $\Lambda=[\pi RR\pi RRR$ $\pi R\pi R\pi R\pi RR$ $\pi R\pi R\pi R\pi RR$ $\pi RRRRR$ $\pi R\pi R\pi_{R}^{R}R$ Put $e_{i}=\{0$ $01\cdot 0.$ $0](i$ and $P_{i}=$

$e_{i}\Lambda(1\leqq i\leqq 5)$ . Then $P_{1}^{*}\cong\Lambda e_{4},$ $P_{2}^{*}\cong\Lambda e_{5},$ $P_{3}^{*}\cong\Lambda e_{2},$ $P_{5}^{*}\cong\Lambda e_{1}$ are projective $\Lambda^{0p_{-}}$

modules and $P_{4}^{*}\cong(RRR\pi RR)^{l}$ is not projective with its projective resolution
$0\rightarrow\Lambda e_{3}\rightarrow\Lambda e_{1}\oplus\Lambda e_{5}\rightarrow P_{4}^{*}\rightarrow 0$ . Thus proj $\dim P_{4}^{*}=1$ , and so proj $\dim\Lambda^{*}=1$ . By

Corollary 1.3, inj $\dim\Lambda=2$ . On the other hand, we have gl $\dim\Lambda=\infty$ by [5,
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Example 3.4].

Next example is due to Artin ([1], see also [3]).

EXAMPLE 2. The order of type $(II_{k})$ in [1]. Let $R$ be the power series
ring $k[[u, v]]$ , where $k$ is an algebraically closed field with char $k=0$ . $\Lambda$ is
an R-order generated by $x,$ $y$ with the relations

$x^{2}=u$ , $y^{2}=u^{k}v$ , $xy+yx=2v$ .
By [3] we have $\Re=id$ . Thus $\Lambda$ satisfies 5) of Theorem 2.1. It is also noted
in [3] that $\Lambda$ doesn’t satisfy 1). However, we provide here some more com-
putation in order to see how Theorem 2.1 can be applied to this case. We use
the same notation as in [3]. We have $\Lambda^{*}=f_{xy}\Lambda=\Lambda f_{xy}$ . For $\phi\in\Lambda^{*}$ , $\phi=$

$((\phi(xy)-2v\phi(1))-\phi(y)x+\phi(x)y+\phi(1)xy)f_{xy}=f_{xy}((\phi(xy)-2v\phi(1))+\phi(y)x-\phi(x)y$

$+\phi(1)xy)$ . Thus $\sigma=\sigma_{f_{xy}}$ is given by $\sigma(r_{1}+r_{2}x+r_{3}y+r_{4}xy)=r_{1}-r_{2}x-r_{3}y+r_{4}xy$ .
If $\Lambda$ satisfies 1), then there exists a unit $\lambda$ of $\Lambda$ with $\mu^{\sigma}=\lambda\mu\lambda^{-1}$ for all $\mu\in\Lambda$

by Theorem 2.1. Since $\sigma^{2}=id,$ $\lambda^{2}$ is in the center of $\Lambda,$ $i$ . $e.,$
$\lambda^{2}\in R$ . Put $\lambda=$

$r_{1}+r_{2}x+r_{3}y+r_{4}xy$ . Then $\lambda^{2}=r_{1}^{2}+r_{2}^{2}u+r_{3}^{2}u^{k}v-r_{4}^{2}u^{k+1}v+2r_{2}r_{3}v+2r_{2}(r_{1}+r_{4}v)x+$

$2r_{3}(r_{1}+r_{4}v)y+2r_{4}(r_{1}+r_{4}v)xy$ . Thus $r_{2}=r_{3}=r_{4}=0$ or $r_{1}+r_{4}v=0$ . In the former
case, we have $\lambda\in R$ , and then $\sigma=id$ , a contradiction. In the latter case, a unit
$\lambda^{2}\in radR$ , a contradiction. Thus $\Lambda$ doesn’t satisfy 1).

In the following examples 3,4,5, $R$ is the same as in Example 1.

EXAMPLE 3. (Roggenkamp [7]) An order $\Lambda$ such that $7l=id$ on $\mathcal{L}(\Lambda)-pr(\Lambda)$ ,

but $7l\neq id$ . Let

$\Lambda=$ $R$ $\pi R$ $R$ $R$ , $e_{1}=\left(\begin{array}{l}1\\0\\0\\0\end{array}\right),$ $e_{2}=\left(\begin{array}{l}0\\1\\0\\0\end{array}\right),$ $e_{3}=\left(\begin{array}{ll}0 & \\0 & \\ & 1\\ & 1\end{array}\right)$ ,

$\pi R$ $R$ $R$ $R$

$\pi R\pi R$ $\pi R\pi R$ $\pi R^{\backslash }RRR$

where $R=R$ means the set $\{(x+\pi y, x);x, y\in R\}$ . Put $P_{i}=e_{i}\Lambda(i=1,2,3)$ . The
Auslander-Reiten quiver of $X(\Lambda)$ is
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$f^{(R}\pi RRR)=P_{1\searrow}$

$\backslash _{(\pi R}RRR)=P_{2}f$

$(\pi R\pi RRR)\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots.(RRRR)\backslash \cdots\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots/^{(\pi R}\pi RRR)$

$\left(\begin{array}{llll}\pi R & \pi R & R & R\\ & & & \backslash \\\pi R & \pi R & \pi R & R\end{array}\right)=P_{3}$

$(\pi R\pi R\pi RR\int\ldots\ldots\ldots\ldots\ldots\ldots\ldots\ldots.\backslash _{(\pi R}\pi R\pi RR)$

where dotted lines represents $\tau$-orbits and isomorphic lattices are identified.
Using Proposition 2.3 we can show $yl=id$ on $\mathcal{L}(\Lambda)-pr(\Lambda)$ . On the other hand,
$\Re(P_{1})=P_{2},$ $\Re(P_{2})=P_{1},$ $\Re(P_{3})=P_{3}$ hold.

EXAMPLE 4. A Gorenstein order which satisfies neither 5. a) nor 5. b). Let

$\Lambda=\left(\begin{array}{lll}R & \pi^{2}R & \pi^{2}R\\R & R & \pi^{2}R\\R & R & R\end{array}\right)$ . Put $e_{1}=\left(\begin{array}{lll}1 & & \\ & 0 & 0\end{array}\right),$ $e_{2}=\left(\begin{array}{lll}0 & & \\ & 1 & 0\end{array}\right),$ $e_{3}=\left(\begin{array}{lll}0 & & \\ & 0 & 1\end{array}\right)$ and $P_{i}=e_{i}\Lambda,$ $Y_{i}$

$=radP_{i}(i=1,2,3)$ . Then we have $P_{1}^{*}=\Lambda e_{2},$ $P_{2}^{*}=\Lambda e_{3},$ $P_{3}^{*}=\Lambda e_{1}$ and $\Re(P_{1})=P_{2}$ ,

$\Re(P_{2})=P_{3}$ , $\Re(P_{3})=P_{1},$ $\Re(Y_{1})=Y_{3},$ $\Re(Y_{2})=Y_{1},$ $\Re(Y_{3})=Y_{2}$ by direct computations.

Thus $\Lambda$ satisfies our requirement.

EXAMPLE 5. Let $\Lambda=\left(\begin{array}{lll}R & \pi R & \pi R\\\pi R & R & \pi R\\R & R & R\end{array}\right)$ and $e_{i},$
$P_{i}$ be the same as in Example 4

$(i=1,2,3)$ . We have $P_{1}^{*}=\Lambda e_{2},$ $P_{2}^{*}=\Lambda e_{1}$ , and $P_{3}^{*}$ is not $\Lambda^{op}$-projective. Thus $\Lambda$

is not Gorenstein. Put $Y=(RR\pi R)=radP_{3}$ . Then $\Re(Y)=Y,$ $\Re(P_{1})=P_{2},$ $\Re(P_{2})$

$=P_{1},$ $\Re(P_{3})=Y$. Since $P_{3}$ is a noninjective lattice and $P_{3}\cong radP_{2}$ , we have an
almost split sequence $0\rightarrow P_{3}\rightarrow P_{1}\oplus P_{2}\rightarrow Y\rightarrow 0$ . Since $Y\cong(\Lambda e_{3})^{*}$ is an injective lat-
tice, the following is a connected component of the Auslander-Reiten quiver
of $\mathcal{L}^{\prime}\Lambda$ ).

Thus it coincides with the Auslander-Reiten quiver of $X(\Lambda)$ . Therefore, $yl=id$

on $\mathcal{L}(\Lambda)-pr(\Lambda)$ , but $\Lambda$ is not Gorenstein. We note that $Hom_{\Lambda op}(Hom_{\Lambda}(Y, \Lambda),$ $\Lambda^{0p}\rangle$

$\cong(RRR)\neq Y$ holds in this case.
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Note added in proof. Vasconcelos obtained Proposition 1.6 in the more
general context (On quasi-local regular algebras, Sympos. Math. XI, Academic
Press, 1973, 11-22). He called an algebra which satisfies the condition 3) of
Theorem 1.1 moderated Gorenstein algebra and showed the equality of Propo-
sition 1.6 (section 3, Remark of the above cited paper).
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