TSUKUBA J. MATH.
Vol. 10 No. 1 (1986). 131—149

MAGNETOHYDRODYNAMIC APPROXIMATION OF THE
COMPLETE EQUATIONS FOR AN ELECTRO-
MAGNETIC FLUID

By

Shuichi KawasHiMA and Yasushi SHizurta

§1 Introduction.

In this paper, we give a singular limit theorem for the system of equations
describing an electromagnetic fluid in two space dimensions, which was studied
in [2] The magnetohydrodynamic equations are obtained as the limit of the
complete equations for the electromagnetic fluid at the vanishing of the dielectric
constant. It is customary to regard the limit equations as an approximation to
the complete equations. This approximation is usually referred to as the magneto-
hydrodynamics, and is equivalent to the neglect of the displacement current.

The system of equations for an electromagnetic fluid in three space dimensions
consists of 14 equations in 12 unknowns, namely, the mass density p, the velocity
u=(u', u?, u*), the absolute temperature ¢, the electric field E=(F", E?, E®), the
magnetic flux density B=(B', B% B?) and the electric change density p.. We refer
the reader to for the explicit form of this system.

We restrict ourselves to the study of two-dimensional motion of the electro-
magnetic fluid. Unfortunately, our method is not applicable to the three-dimensional
problem. The reason is as follows: When the hydrodynamic quantities (p, u, 8)
are regarded as known functions, the equations for the electromagnetic quantities
(E, B, pe) form a first order hyperbolic system, which is neither symmetric hyper-
bolic nor strictly hyperbolic in the three-dimensional case. For this reason, we
assume that all the unknowns (p, u, 4, E, B, p) are independent of the third com-
ponent of the space variable (x,, x:, zs) and that

u=u',u*0), E=(0,0,E%), B=(B', B%0).

In this case, we have p.=0. We consider therefore the following symmetric
system of 8 equations in 7 unknowns (o, #, 0, E, B), where u=(u!,u*), E=FE?* and
B=(B!, B%:
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o(te+ (-7 ya)+ P =div 2P+ /T div w)+T X B,

1.1) pes(0:+u-V8)+0ps div u=div («V0)+¥ +J(E+uXxB),
eEy—(1/po) rot B+J=0,
B;+rot E=0,

1.2) div B=0,

with the initial condition
1.3 (o, #, 0, E, B)O, x)=(p5, us, 6;, Es, Bi)(x),

where z=(x,, z,)e R®. Here and in the sequel we use the notations for two-
dimensional vectors. (See (1.10),,. below.) The pressure p and the internal energy
e are known functions of (p,6). We write p,=0p/00 and e,=de/0f. The deforma-
tion tensor P and the viscous dissipation function ¥ are given by

P:(Pij)lsi.jgz with P,,j’—_-%(uéj+ug:i ,

2
?If=2pi§l(Pij)2+p'(div u)2 ,
respectively. For an electrically conducting fluid, Ohm’s law applies, and hence
the current density J is given by the relation

J=o(E+uXDB),

since p.=0. The viscosity coefficients p and ,’, the heat conductivity coefficient
x and the electric conductivity coefficient ¢ are known functions of (p, ). The di-
electric constant ¢ and the magnetic permeability constant p, are positive constants.

The assumptions for the system [1.1), are stated as follows: Let D=
{(p,0); p>0,6>0}. Let v=2p+p".

(1.4) p and e are smooth functions on ®. Both p,=dp/dp and e;=de/dd are posi-
tive on D.

(1.5) p, ¢’ and « are smooth functions on ®©. Furthermore, one of the following
four conditions is valid on D.
(i) p,v, >0, (ii) p=v=0, >0,
(i) p,v>0, £=0, (iv) p=v=£=0.

(1.6) ¢ is smooth and positive on D.

We remark that, under these conditions, the system [1.1) (or [1.1), [(1.2)) is re-
garded as a symmetric system of hyperbolic-parabolic type in each case (i)-(iii)
of (1.5), or hyperbolic type in the last case (iv).

Let ¢e=0 in [1.1), (1.2). Then it follows from the equation for the electric
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field that J=(1/po) rot B. Combining this with Ohm’s law, we obtain
1.7) E=Fp,u,0, B)=—uXxXB+(1/op,) rot B.

Eliminating £ from by using [1.7), we get the reduced system of
equations :

o +div (pu)=0,
o+ V)u)+Vp—(1/po) rot Bx B=div 2uP+ 'l div ),

1.8
(1.8) peo(0:+u-V0)+0Do div u=div («V0) + ¥ +(1/opt)(rot B)?,
B;—rot (u X B)= —rot {(1/op,) rot B},
(1.9) div B=0.

These equations are called the magnetohydrodynamic equations in two space di-
mensions. We can see that, under the conditions (1.4), (1.5), (1.6), this system
is reduced to a symmetric system of hyperbolic-parabolic type in every case (i)—
(iv) of (1.5). The electric field F is obtained from [1.7), which is regarded as a
defining equation.

Our aim is to show the convergence of the solutions of the complete equations
1.1, to the solutions of the magnetohydrodynamic equations at
the vanishing of the dielectric constant ¢. The results obtained are stated as
follows: We assume that the initial data (po, %, 0o, £o, Bo)(x) are smooth and in-
dependent of ¢€(0, 1], and satisfy div Bo=0. Then the system for the
electromagnetic fluid has a unique smooth solution (p°, #*, 6°, E*, B)(¢, z) on a region
[0, T1xX R? whose time length is independent of ¢. As ¢—0, the solution converges
on [0, 71X R? to a function (p° «°, 6°, E°, B°)(¢, x) with the rate O(¢!’%) in an appro-
priate norm. This limit function satisfies [1.7) Moreover, the limit function
(0% u°, 0°, B°)(¢, x) excepting FE°(¢, x) is a unique smooth solution of the magneto-
hydrodynamic equations [1.8), with the initial condition (p°, «°, 6°, B°)(0, z)=
(0o, %0, 00, Bo)(x). 1If, furthermore, the initial data for the complete equations satisfy
then the rate of convergence is O(e). This is explained by the absence of
the initial layer for the electric field in this case. The proof is based on an energy
inequality for quasilinear symmetric systems of hyperbolic-parabolic type. The
uniform estimates in ¢ are obtained by using (1.6). Although the results are valid
for each case (i)-(iv) mentioned in (1.5), we give the proofs only for the case (i)
and omit the detailed discussion for the other three.

In §2, we provide energy estimates for the linealized equations of and
show the existence of solutions. Then in §3 we construct, in an appropriate
function space, a subset invariant under the mapping whose fixed point gives a
solution of [1.1). Although the map depends on the parameter ¢, the invariant
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subset is independent of ¢ except for the electric field. It is shown in §4 that a
solution of [1.1), is obtained as the limit in uniform convergence of sequences
of approximating functions defined on [0, T]X R? where T is a positive constant
not depending on . In §5, we discuss the convergence of the solution of

constructed in §4 to the solution of as ¢—0.
A paper by Milani appeared, while the present paper is in preparation.
A similar singular limit theorem is proved there for the Maxwell equations.

Notations

In this paper, we use the following notations for two-dimensional vectors in addi-
tion to the ordinary ones: Let v=(2!, »*) and w=(w", w?). Let ¢ be a scalar. We write

vXw=—wXv=v'w*—vuw',

vX¢p=—@Xv=(gv*, —gv"),
rotw=VXw=ws —ws,,

{ rot =V X ¢p=(¢z,, —Pz,) -

We enumerate some function spaces used in the following. L*? is the space

(1.10), {

(1.10),

of square integrable functions on R? whose norm is denoted by ||-||. For an in-
teger /, H' stands for the L*-Sobolev space (on R?) of order /, with the norm ||-||,.
Let 2 be a nonnegative integer and 7" be a positive constant. Then C¥O0, T'; H*)
denotes the space of A-times continuously differentiable functions on [0, 7] with
values in H*. L*0,T; H") (resp. L=(0, T; H')) is the space of square integrable
(resp. bounded measurable) functions on [0, 7'], valued in H.

§ 2. Linearized equations

In the following argument, we shall assume (i) of (1.5). The other cases
listed in (1.5) can be treated similarly. We consider the system of linearized
equations for (1.1}, which is as follows.

ptu-Vo=f,
2.1) plie— pdi—(p+ ' Wdiv a=p( f2+g2),
pedds—xd8=pes f3+gs),
{ eBo— (1) o) rot B+oE =1, ,

2-2) B,+rot £=0.

Here ¢€(0,1] and p,>0 are constants, and e, g, ¢/, £ and ¢ are given functions of
(0,0)€®D. The functions (o, %,0), f; (j=1,---,4) and g; (j=2,3) are regarded as
known functions of (¢, x)e[0, T']x R2.

First we define several families of functions for later use. Let (5,)e® and Be R?
be arbitrarily fixed constants. Let s>2 be an integer and 7 be a positive constant.
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DeriNiTION 2.1. For positive constants m,, M, M, and M, we define V(T)
= VT ; mo, Mo, M,, M) to be the set of all functions (p,#, 0)(¢, x) satisfying the
following conditions.

ay  {HePCQTH.
' oi(u, 0—0)eC0, T3 H*)nLX0, T H**'-*)  for j=0,1,
(2.4), mo< p(t, x), 0(¢, x)< M, for (¢, x)el0, TIX R?,
- t -
(2.4), o=, ,0=0)e): +\ 11, 0-0)Xe) e <M,
2.4), St 8o, , O)(D)|Ede< Mz for te[0, T].

DEFINITION 2.2. VS(T)=173(T;m0, M., M,, M) is the set of all functions satis-
fying (2.3) with C%0, T'; H) replaced by L0, T; H') (/I=s—j,s—2j), and also the
estimates (2.4),2,5.

DerINITION 2.3. Let ¢€(0,1]. Then, for positive constants N,, N, and N,, and
for an exponent »€f0,1], we define W:(T)=W:(T; N,, Ni, N;, ) to be the set of
all functions (X, B)(¢, x) satisfying the following conditions.

(2.5) 0{(E, B—B)eC’(0, T; H'~)  for j=0,1,

@6 IEOl-<N,

@6 B B-Bli+| IElde<N?,

@6 e B YOIt || (0B ade<e N for £e[0, 1.

DEFINITION 2.4. Wﬁ(T):Wi(T;NO, Ny, N;,5) is the set of all functions satis-
fying (2.5) with C%0, T ; H*-7) replaced by L0, T; H*~7), and also the estimates
(2.6)1,2, 3.

Now we give energy inequalities for (2.2).

LEMMA 2.1. Suppose (1.4) and (i) of (1.5). Let s>3 and le[l,s] be integers,
and let T be a positive constant. We assume that (p, u, 6)617‘(T;m0, M,, My, M),
(fi, for f)€L=(0, T; H-)NL*O, T'; HY) and (g2, 95)eL=(0, T'; H*-'). Let (p,4,0)¢, x)
be a solution of (2.1) such that 3ipeL=0, T ; H*9) and 9i(#,8)e L=(0, T ; H-%) for
7=0,1. Then we have

2.7 0€C°0, T, 1Y, (%, 6)eC0, T; HYNLXO, T'; H*).

Moreover, there exist constants C,=Ci(mo, My)>1 and Cy=Cy(mo, My, M1)>0 such
that the following inequality holds for any ac(0,1] and te[0, T'].
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(2.8) 16,2, XN+ | 12, 8k e
sae"“ozt[ 16, 2, X+ 11
t t
+a{ 10 o+ tan alie]
Here the constants C, and C. arve independent of «e(0,1].

Proor. The first equation of is regarded as a single hyperbolic equation
for 3. While, under the condition of the lemma, the second equation of can
be regarded as a symmetric system of strongly parabolic type for #. Similarly,
the last equation of is a single strongly parabolic equation for §. Therefore,
2.7) and [2.8) are shown by standard arguments. See for details.

LEMMA 2.2. Suppose (1.6). Let s>3 and le[0,s] bé integers, and let T be a
bositive constant. We assume that (p,u, 6)(—:17*(T;m0, Moy, M, M,) and f.eL>0, T;
H-YNLX0, T; HY). Let (E,B)t z) be a solution of (2.2) such that (E, B)e
L=, T'; H"7) for j=0,1. Then we have

(2.9) (E, B)eC0, T; HY).

Moreover, there exists a constant C;=Cs(mo, My, M,)>1 not depending on e€(0,1]
such that the following inequality holds for te[0, T].

(2.10) B, BYO)Ii+ S 1B ide

SCi{ IE, B)(O)IIHS: ||f4(f)llfdf] -

Proor. The equations can be regarded as a symmetric hyperbolic system
for (E,B). Therefore is shown by standard arguments. Here we prove
(2.10). Since the argument using Friedrichs mollifier is applicable, it suffices to
prove by assuming that f,eL=(0, T; H*) and a{(l':“, B)eL=(0, T ; H*'-%) for j=
0,1. Let us apply Di={(0/ox)";|a|=Fk}, £=0,1,---,1, to both members of [2.2)
Then we get

(2.11) { eB—(1/po) rot B +oB*=FF .

Bt +rot B¥=0,

where (B*, B¥)=DE, B) and F¥=—[D% olE +D%f,. The bracket [, ] denotes the
commutator. Noting that is a symmetric hyperbolic system for (E*, B¥),
we multiply the first equation by E* and take the inner product of the second
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equation with (1/p)B* We sum up these equations and integrate over [0, #]x R
Then we obtain, by virtue of (1.6),

A ~ t A
(2.12) (' 2B, B’“)(t)llz+8 ||E*(2)|*de
0
A N t
<clie B Booi+ | 1Pl
0

Here C=C(m,, M,) is a constant independent of ¢c(0,1]. Observe that ||[F{||=]fdll
and that ||F1°||=Cllﬁ‘l|k_1+|!D§f4}I for 1<k<!, where C=C(m,, M,, M,) is a constant
not depending on e. Hence, combining these inequalities with and then
using the induction for £=0,1, ---,/, we get the desired estimate This
completes the proof of

Next we state the results concerning the existence of solutions of the systems

2.1) and [2.2).

Proposision 2.3. Suppose (1.4) and (i) of (1.5). Let s>3 and le[2,s] be inte-
gers, and let T be a positive constant. Assume that (o, u,0)e V(T ; mo, Mo, M, M),
(f1, f2, f2)€C0, T'; H-YNL0, T; HY) and (g2, g5)€C*(0, T; H'). (Compare these con-
ditions with those of Lemma 2.1) If the initial data (p, @, 0)(0)e H', then the Cauchy
problem for (2.1) has a unique solution (4, @1, 0)(t, x) such that

81peCX0, T'; H'),

2.13 ’ |
o { 3i(@, 0)eC*0, T'5 H-*) N L¥O, T'; H¥+'-%)

for j=0,1. Furthermore, the energy inequality (2.8) holds.

ProrosiTION 2.4. Suppose (1.6). Let s>3 and le[l,s] be integers, and let T
be a positive constant. Assume that (o, u,0)e V(T ; mo, Mo, M,, M) and f,eC*0,T;
H-YNL¥0,T; H). (Compare these conditions with those of Lemma 2.2.) If the

initial data (E, B)0)eHY, then the Cauchy problem for (2.2) has a unique Ssolution
(E, B)(¢, z) such that

(2.14) di(E, B)eCX0, T ; H*7)

for j=0,1. Furthermore, the energy inequality (2.10) holds.

We remark that Propositions 2.3 and 2.4 can be proved by means of Theorem
II of Kato (pp. 658). We omit the details and refer the reader to [3].

§ 3. Invariant subset with respect to interactions

In order to solve the Cauchy problem [1.1), by iterations, let us consider



138 Shuichi KawasHiMmA and Yasushi SHizuTA

the following linear system:

petu-Vp=F,,

ol — pdi—(p+p" YV div 4 =pG¥ ,
3.1 pegﬁc—x49=peoG§k ,

eE,——(l/,uo) rot B+¢E=F,,

Bi+rot E=0,

with the initial condition

3.2) (3, 4,6, E, B)O, z)=(p, %, 0, E, B)©, x)
E(p(‘h uav 08’ EO.) B:))(x) .

Here the functions on the right hand side of are given as follows.

Fi(o,u)=—pdivu,
Fup, u, 0, E, B)y=(0/p)E+uXB)X B,

G5 P, u, 0, B, By=(olpes\ E+ux By,
F4(P, u, 0, B)= —(TuXB,
3.4) { Go(p, u, 0)=—{(u-V Yu~+(p,/0)Vo+(De/0)V0} +(1/p) 2P - P+ Py’ -div ),
' Gy(p, u, )= —{u-V0+(0ps/ pes) div u} +(1/pes)(Ve-VO+¥) ,

(35) G;"(P» u, 07 E; B)=Gf(pa U, 0)+FJ(P; U, 0’ E: B) ’ ]=27 3.

In [3.1), (o, #,0, E, B) are regarded as given functions on [0, 7]X R Note that
¢€(0,1] and p,>0 are constants. Also, p, e, p, ¢/, £ and ¢ are known functions of

(p, 0)-
Let s>3 be an integer, and let (5, 0)eD and BeR? be arbitrarily fixed constants

independent of ¢€(0,1]. We assume that the initial data (e, %, 6;, £y, By)(x) may
depend on ¢€(0, 1], so far as the following conditions are satisfied :

(3.6) (o4—p, u, 0:—0, E;, By—B)e H* and inf {py(z), 0i(x)} >0  for every e.

(B-7) infinf {o}(=), 6i(x)}=ko,>0 and sup sup {pi(x), Gi(x)} =Ke< +oo.

(3.7 sup [|(05—p, u;, 03_5, 2k, BG—E)IIs=K1 < +oco.

Moreover, we assume the following conditions: There exist numbers >0 and g’
€[0, 1/2], both independent of ¢, such that

(3-8 sup e~#||E5 — Ep;, %5, 05y BY)lls-1 =K< +00,

(3.8): sup e“12#9||rot Eylls-1 =K< +co,

where E(p, «, 0, B) is the function defined in [1.7). We give here some remarks

on these conditions. First we note that (3.7). implies (3.8), with /=0 and K;=
K,. Also, if (3.7);,: and (3.8), are true, then we have
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3.9) 1ES|ls- <CK  + K,

where C=C(k,, K, K,) is a constant independent of e. Next, we consider the simple
case where the initial daat (e, %, 05, £, B;)(x) are independent of . In this case,
(3.6) implies (3.7),s, (3.8); with =0 and (3.8). with p’=1/2. If, in addition, the
initial data satisfy the relation [(1.7), i.e., the initial layer for the electric field is
absent, then (3.8); holds for any 8>0.

Now our aim is to show, under these conditions, the following: For a suitable
choice of positive constants T, m,, M, M,, M, N, N,, N, and an exponent ne€
[0,1], the set V(T;mo, Mo, My, M) X W(T ; Noy N1, N3y p) is invariant under the
mapping (o, %, 0, E, B)—(p, 4,0, E, B) defined by [3.1), with ¢€(0,1]. The pre-
cise statement of the fact is given in the following proposition.

ProrosiTiON 3.1. Suppose (1.4), (i) of (1.5) and (1.6). Let s>3 be an integer
and let the initial data (o, ui, 05, Ey, Bs)(x) satisfy (3.6), (3.7)1.: and (3.8)1,2. Then
there exist positive constants T, mo, M,, M,, M., N,, Ni, Ny, and an exponent ne
[0, 1], which are independent of ¢€(0,1], such that if

(40: u, 01 E: B)G V8<T; Mo, MO; Mh M2)X WtS(T; NO; Nla NZ: 77) ’

o oA
A A

set VS(T; My, Mo, Ml, Mz) X W,s(T; No, Nl, Nz, 7])

ReMARk 3.1. (i) The parameters T, m,, M;, N; (7=0,1,2) and 5 are chosen
as follows: mo=Fk/2, My=2K,. M, M, and N, are determined in terms of &, K,
and K,. Also, T, N, and N, are determined by means of k, K, K, K. and K.
The exponent 7 can be taken as

(3.10) y=max {1—28, 1—28'} .

(ii) In the simple case where the initial data are independent of ¢, we can take

p=1. If, in addition, the initial data satisfy i.e, the initial layer for the
electric field is absent, we have 5=0.

Proor of [Proposition 3.1. The existence and uniqueness of solution follows
from Propositions 2.3 and 2.4 at once. Therefore it suffices to show the estimates.
We apply the energy inequality with /=s to the equations for (p—p, @, 6—0)
in 3.1). From the explicit form of the functions Fi, GF¥ and G¥, and the assump-
tion that (p,#, 0, E, B e V(T)Xx WT) (we use the abbreviation in notation), we
obtain

{HFIHsSC(Ml‘*‘”Dxu”s)a F||s-1 <CM;,

3.11
©-10 I(GF, GOls-1 <C'(My+No+Ny) .
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Here C=C(m,, M,, M,) and C’'=C’(m,, M,, M,, Ny, N,) are constants independent of
¢. Combining these estimates with (with /=s and a=1) leads to

- t A -
(3.12) 67,2, 0-A)O+{ 1@, 0-0)O)lse
< CrlY{ K+ Cy(M,+ No+N)X1+8)¢} .
Here C,=C(m,, My, M,, Ny, N;) is a constant not depending on e. C,=C,(m,, M,) and

C.=Cy(mo, M,, M,) are the constants appearing in We choose a constant T
>0 such that

(3.13), eCr <2, C(M,+No+N)1+T)T<K:.
Then becomes
t
(3.14) [1(6—p, ﬁ,ﬁ—é)(t)lli-f-g (%, § —0)(2)|2..dr <ACEK?
0
for te[0, T].

Next we estimate the time derivatives a.(p, #,0). Using the equations in
and the estimates in we have

110:0lls-1 <C(|Dzplls-1 + M) ,
10U, O)||s-1 <CIID%(@, O)l|s-1 +C' (M +No+ N,) ,

where C=C(m,, M,, M,) and C’'=C'(m,, M,, M,, N, N,). If we combine these esti-
mates with ((3.14), we obtain

t
(3.15) S 1943, 7, O —rde < CHE? +ColK, + My + No+ N2 .
0

Here Cs;=Cy(m,, My, M,) and Cs=Cs(m,, My, M,, No, N,) are constants independent e.
We make an assumption that 7°>0 satisfies

(3.13), Co(K\+M,+No+N,*T<3K?.
Then implies
2
(3.16) {1040, 2, 030 e <acir
0
for te[0, 7). Consequently,

(3.17) (8, 6)¢, )~ (o3, o)) .<_CoS: [10:(8, )(7)lls-1dr S2CCoK it 2 .

Here C, is the constant in the Sobolev inequality sup|f(z)|<Col|f|l.. By decreas-
ing T>0, we may assume the following inequality.
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(3.13); 4C,CsK, TV * < ko=inf inf {pi(x), Oy(x)} .

Then we derive from that
(3.18) ko/2<p(t, x), O(t, x)<2K,

for (¢, x)e[0, T]x R?. These observations show that we can take the constants
mo, M,, M, and M,, namely, the four parameters in the definition of V*(T), as
follows.

(3-19) mo-:ko/z . Mo=2K0 , M,=2C1K1 y M2=205K1 .

Note that C,=C,(m,, M,) and Cs;=Cs(mo, My, M,) are the constants in and
(3.15), respectively.

We intend to prove the estimates for (E, B). We shall apply the energy
inequality with /=s to the equations for (E, B—B) in [3.1) From the
explicit form of F, we have |[|F,||;<C(M,+N,), where C=C(m,, Mo, M,, N;) is a
constant independent of ¢. Therefore, we obtain the following inequality.

(3.20) li(e2E, B=B)®)|l+ Sz |E(7)|j2dr < CHK 24 Co(My + Ny )t}

Here C;=C:(m,, Mo, M,, N,) does not depend on e. C;=Cs(mo, M,, M,) is the con-
stant in [(2.10). By decreasing 7">0 again, we may assume that

(3.13), C:(M,+N,*T<3K?.
Then ((3.20) becomes
o~ -~ — t ~
(3.21) I(e*2E, B—B)(®)||5 +S |1 E()|[ide <ACIK

for t€[0, T']. Therefore, the constant N,, one of the parameters in the definition
of W3(T), can be taken as follows.

(3-22)1 N1:2C3K1 .

Next we estimate the time derivatives a;(E, B). By differentiating the both
members of the equations for (E, B) in we get

{ EEtt—<1/#0) rot Bt‘}‘g-E‘t:ﬁ/; ’

3.23 A -
( ) Bn—{-l‘OtE;:O,

where F,=—g,E+(F,),. We wish to apply the energy inequality with /=
s—1 to the system for 9,(E, B). For this purpose, we shall derive the es-
timates for the initial data, and for the right hand side. By using the equations
in and the conditions (3.8),.., we get the following estimate for the initial
data.
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(3.24) 10, 2E, B)O)|]s-1 <&~ "*C(K,+K3),

where C=C(m,, M,, M,) is a constant independent of ¢, and the exponent 5 is given
by (3.10). On the other hand, a direct calculation gives

(3.25) 1 E -1 < CUIac o, O)lls=1]1E [ls-1+110C0, %, 8, B)|ls-1) -

Here C=C(m,, M,, M,, N,) does not depend on ¢. It is seen from and (3.22),
that ||E ||s-1 <||E||s<e~""2N,. Also we know that [|3.B]|s-1<e"/*N, by the assumption
(E, B)e W(T). Substituting these estimates into [(3.25), we have

(3.26) 1B lls-s <e=272C(||a0, #, O)l|s—1 + Na) .

Here we used 7€[0,1]. C=C(mo, Mo, M,, N,) is a constant independent of ¢. Now,
applying with /=s—1 to the system and using the estimates
(3.26), we get

-~ A t ~
(3.27) |6’ E, B)(t)|l§-1+S |10 E(o)|[5-1d7 <" CH{(Ke+ K+ M)+ N7t}
0

Here Cey=Cs(m,, M,, M,, N,) is a constant independent of e. We make the additional
hypothesis that 7">0 satisfies

(3.13); NIT<3(K;+K;+M,)?.
Then (3.27) implies

-~ A ‘ -~ N
(3.28) lloe'2E, BYD)Il5-1+ S 10 E(2)|[5-1dr <e' N}
0

for te[0, T], where we set N,=2Cy(K,+K;+M).

We proceed to estimate ||E||;-,. By using the equation for E in we ob-
tain
(3-29) E®)s-1 < CEll0 @) ls-1 + | DaB@) st + | Fa(®)lls-1)

<Co(My+N;+N3)

for te[0, 7). Here we used the estimates [3.28) and [3.21) with (3.22),. The
constant C,=Cs(mo, Mo, M;, N;) does not depend on ¢. Consequently, we can take
the parameter N, as follows.

(3.22), No=Co(M,+N,+N,).

Finally, we show the estimate with ¢! replaced by ¢~”. Substituting
the estimates with (3.22), and |[3.B||s-1<e~"%*N, into we have the
inequality [(3.26) with ¢~!/? replaced by ¢~"2. (In this case the constant C depends
on N,.) Therefore, as the counterpart of (3.27), we obtain
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-~ -~ & ~
(3.30) o E, th)n:ﬁg 0Bt ide
0
Se_vao{(Kz +K3 +M2)2 '+‘-Zv22t}
£46_'}C120(K2 +K3 +Mz)2

for ?€[0,7]. Here we used (3.13)s. The constant C,o=C;o(#20, Mo, My, Ny, Ny) is
independent of e. Consequently, we can take N, as follows.

(322)3 N2=2010(K2+K3+M2) .

Thus the parameters mo, M, M, M;, N,, N, N, and 75 are all determined by
(3.19), (3.22),,,,; and [3.10) The positive constant T is chosen so as to satisfy
the inequalities (3.13),_s. This completes the proof of [Proposition 3.1}

§4. Uniform stability of solutions of the nonelinear equations

We wish to show that a unique solution to the Cauchy problem
exists on [0, 7,]x R?, where T, is a positive number not depending on the
parameter ¢€(0,1]. The construction of the solution is based on the successive
approximation. Let us define a sequence of approximating functions {(o", ", 6", E™,
B™)(t, x)}nso as follows: Let

(4.1), (0%, u°, 0°, E°, B)¢, x)=(5, 0, 6,0, B).

For n+1z=1, let (o™, u™*!, g™+, E™+', B"+1)(t, z) be a unique solution of the Cauchy
problem

OFt - u™ Pt =Fp
O — P A — (™ div u = ™(FP 4G,
(4. Dty (0ea)"0; 1 — " 46™ = (pes) (Fo +G3)
Ep+1—(1/po) rot Bri 4" Em 1 =Fy
By+i4rot E™+1=0,
(4. 2)nss (o™, ™, g7+, E™+1 BRY0, )= (0%, 3, 0 Es, Bi) ).

Here we use the abbreviations such as p"=pu(o", 0), (0es)"=p"es(o", 0™), F*=F(o", u™),
F; (j=1,---,4) and G, (j=2, 3) are functions defined by (3.3) and (3.4), re-
spectively.
We shall show the uniform convergence of the approximating functions and
obtain the solution to the Cauchy problem [1.1), (1.2}, (1.3) as the limit function.

THEOREM 4.1. Suppose (1.4), (i) of (1.5) and (1.6). Let s>3 be an integer
and let the initial data (o3, ui, 0y, Ey, Bi)(x) satisfy (3.6), (3.7)1,. and (3.8),,.. Then
there exists a positive constant T, independent of ¢€(0,1] such that the Cauchy pro-

blem has a unique solution
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“4.3) (o', u', 0, E*, BYe V(T ; mo, Mo, My, M) X WXTo; No, N1, Ny, )

T, is less than T, where T is the positive constant given in |Proposition 3.1. The
parameters m,, M;, N; (j=0,1,2) and 75 are defined in [Proposition 3.1 and hence
are independent of e. If, in addition, the initial data satisfy div Bi=0 on R?, the
solution obtained also satisfies and therefore is a unique solution to the pro-

blem [1.7), [(1.2), [(1.3).

Proor. From [Proposition 3.1, we see that the approximating functions are
all well-defined on [0, T]x R? and are uniformly bounded in the following sense:

(4'4> (P", u'n’ Hn) Eny Bn)e VS(T; Mo, MO, Ml: M2)x W:S(T; NOy Nlr NZJ 7])

for ¢e(0,1] and #>0. In order to show the convergence of the sequence, we
consider the difference (p", 4" 6", E" BY)= ("' =p", U™ —u", 0" —o", E* T = E",
B**'—B™) for n>0. Subtructing (4.1), from (4.1),.,, we obtain for n>1,

pr+ur-rp=Fr,

O™ — pm AR — (p 4 ™MW div 4" = p(F7 +G7),
(4.5)n (0es)"0; — £"PO"=(pes)"(F2 +G1)

eEr—(1/po) rot B*+0"E"=F7,

Br+rot E*=0,

with the initial condition

-

(4.6) (o™, a", 6™ E™, B™)0, x)=(0,0,0,0,0).
Here

(Fr=—(u"—u"")-Pp"+Fr—Fr-t,

(4'7) A anzen_an—l’ F3n=F3n_F3n_ly

{ F"n= _(Gn_an—l)E‘ﬂ+F‘n —Fp-t,
Gr=("lp"— p" o™ A" +{(u" + ™) p"
4.8) ] — ("YW div «” + Gy -G,
={"/(peo)" —£"/(peo)" "} 40" +Gi + G5 .

We want to apply the energy inequalities [2.8) and [2.10) with /=s—1 to the
system (4.5), for (p", 4", 0", E™ B™. To this end, we estimate the right hand side
of (4.5),. By [(4.4), we have

NE o= < CUIB™ Mloms +11E™1s)

4-9) I(EE, EDlls-1i<Cli(p™, 2, 67, E*, B™ls-1,
1F5]ls-1 < ClI™ Y, 27, 6, B lo-1
(4.10) (G2, Glle-2< Cli(p™, 27, 6™ ]ls-1 -

Here C is a constant independent of both ¢€(0,1] and #>1. Using the estimates
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(4.9), and noting the initial condition (4.6),, we get the following estimate
from the energy inequalities: For any ae€(0, 1],

~ ~ t A ~
4.11) 6", @, %, B, Bol+ 1@, 0@ +HIE @ e
t
< Ce“““{tgo 5™ |87l 2
‘ o~ A
+ “S (5™, =1, g1, B, Br=s)(o)[Bde
0

2 Py
+S (g™, &, 6", Bn_le)l]i—xdf} ,
0

where C is a constant independent of ¢, @ and #>1. Now we fix a€(0,1] in|[(4.11
so as to satisfy aC<1/4. Next we choose T,>0 such that

(4.12) To<T, e <2, CA+T)T,<1/8.
Then, setting
Xa(®)= sup||(s”, &", 6", & 2E™, B")(2)|:-,
0ge<t

+{ a0 1B @ e,

we obtain the inequality X,(7,)<(1/2)X,-(T,) for n>1. This means that, for each
e€(0,1], {(o"—p,u", 6"—0G, E™, B*—B)}nso is a Cauchy sequence in C°0, T,; H*-).
Consequently, there exists uniquely a function (p, %, 6, E, B)(¢, x) with (o—p, u, 6—06,
E, B—B)eC(0, Ty ; H**) such that

(o"—p, u", 6" —@, E™, B*— B)—>(p—p, u,0—0, E, B—B)
strongly in C°0, T,; H*') as n—oco. On the other hand, the uniform estimate
shows that there are subsequences (still denoted by the same symbol) such
that as #—oo,

(o"—p, u", 0"—0, E™, B"— B)—>(0o—p, u,0—0, E, B—B),

(u", 0" —0)—>(u,0—0) and E"—E
weak™ in L=, Ty; H®), weakly in L0, T,; H**') and weakly in L¥0, T,; H®) re-
spectively. It follows from these observations that the limit function (p, %, 6, E, B)
(¢, x) is a solution of the Cauchy problem satisfying

(0, 4,0, E, BYeV¥(Ty ; mo, Mo, My, M) X W¥(Ty ; No, Ny, Ny, 1) .

Hence, by Lemmas and 2.2, we conclude that 8j(o—p, E, B—B)eC%O0, T, ; H*-7)
and 8{(u, 0—8)eC%(0, Ty ; H*-%) for j=0,1. Therefor the solution (p,#, 6, E, B)(¢, )
of obtained above satisfies[[4.3). The uniqueness of the solution follows
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from the energy inequalities [2.8) and [(2.10).

Finally we prove the last statement of the theorem. Let us assume that
div B;=0 on R? Then, applying div to the both members of the equation for B
in we get (div B),=0. Therefore the equality div B=0 holds on [0, 7,] X R?,
and consequently the limit function (o, %, 0, E, B)(, x) is a unique solution of the
problem [1.1), [1.2), [T.3). Thus the proof of is completed.

§5. Convergence of solutions of the nonlinear equations as e—0

We consider the limit as ¢—0 of the solution (o, «°, 6°, E*, B*)(¢, x) of the Cauchy
problem (or (1.1}, [1.2), (1.3)) constructed in the preceeding section.
In addition to the hypotheses of [Theorem 4.1, let us assume the following condi-
tion for the initial data (o}, %, 0, Es, B:)(x): There exist a function (g}, #S, 65, By)(x)
with (03—p, ul, 62—8, B'—B)e H®* and a number 7>0, both independent of ¢€(0,1],
such that

(5.1) sup e~"||(0s — o5, s — us, 63— 03, Bi— BY)|[s-1 =K< +00.

It should be noted that if the initial data are independent of ¢ and satisfy (3.6),
then holds for any y>0.

Under these hypotheses, we shall show that there exists a positive constant
T, not depending on ¢ such that as e—0, the solution (o, ", 6, E*, B)(¢, ) of [1.1),
converges on [0, 7.]x R? to a limit function (o°, #°, 6°, E®, B°)¢, z). Also
it will be shown that this limit function satisfies the relation and that the
function (p°, «°, 6°, B°)(t, x) excepting E°¢, x) is a unique solution of the magneto-
hydrodynamic equations with the initial condition

(5.2) (0° u°, 6°, B°)(O, x)=/(p5, %5, 03, BY)(x) .

THEOREM 5.1. Suppose (1.4), (i) of (1.5) and (1.6). Let s>3 be an integer
and let the initial data (o), ui, 0y, Ef, Bi)(z) satisfy (3.6), (3.7)1,2, (3-8)1,2 and (5.1).
Let, furthermore, (o', u', 0%, E*, B*)(t, ) be the solution on [0, T\)X R* to the Cauchy
problem (1.1), (1.3) constructed in Theorem 4.1. Then there exists a positive con-
stant T, (< T,) independent of €€(0,1] such that as e—0, the solution (o', u', 6°, £, B°)
(¢, x) converges on [0, T\1X R? to a limit function (p° u°, 6°, E°, B°)(¢, x) which satisfies
the equations (1.7), (1.8) and the initial condition (5.2). In particular, (o° u°, 6°, B°)
(t, x) is a solution of the Cauchy problem (1.8), (5.2) satisfying

a{(po_p)eLw(O, Tl 5 H‘S-—j) ’
(5.3) M(u®, 0°—0)e L=(0, T ; H*-*)NL*0, T, ; H**'~%),
84(B*— B)eL=(0, T, ; H*-%7) for j=0,1.
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If, in addition, the initial data satisfy div B;=0 on R?, then (0°, u°, 6°, B°)(¢t, x)
becomes a unique solution of the problem (1.8), (1.9), (5.2) satisfying

H(p°—p)eC0, Ty ; H*7),

(5-4) dl(u®, 0°—0, B°—B)eC*0, Ty ; H*)N L0, Ty ; H*+'-%)
for j=0,1.

Remark 5.1. (i) The solution (o, «", 6, E®, B°)¢t,x) converges to a limit
function (0%, «°, ¢°, E°, B°)(t, ) in the following sense: For any #¢[0, 7],
(5.5) 1(o*— p° u'—u’, 0°—6°, B*— B)®)|[s -
t
+S |l — 2%, 0° — oY+ I(E* — E*)o)|ade <¥C,,

where C is a constant indesendent of ¢, and
(5.6) A=min {y, 1—»/2} >0.

Here 7€[0, 1] is the number defined by

(ii) In the simple case where the initial data are independent of ¢, the exponent
2 of the convergence rate in can be taken as 2=1/2 because in this case >0
is arbitrary and =1 (by Remark 3.1 (ii)). If, in addition, the initial layer for
the electric field is absent, then we can take 2=1 because of »=0.

Proor of [Theorem 5.1l First we prove the convergence of the sequence

o~ ~
A A

w—u',0°—¢,E'—FE°, BP—B*). Then we obtain

petu-Vo=F,,
0% — PP Al —(pd + p' )W div do=p*(F2+G>),

(5.7) (peo)*0;— k* 40 =(pes)’(F's+Gs)
OE,—(1/po) rot B+a’E=F,,
B, +rot E=0,

(5.8) (6, &, 8, E, BXO, x)=(po, fio, 0o, Eo, Bo)(x),

where (po, fio, B0, Eo, Bo)= (03— o, ut—u;, 63— 6, E;—E¢, Bi—B;). The functions on the
right hand side of are given explicity as follows.

1=—@—u) Vo' +F}—Fy,
=F}—F;, F;=F'—F;,
1=—0—e)Ef— ('~ )E*+F/—F;,
Go=(2]0*— gl o) A" +{(p22 + %) 0°
(5.10) — (g — %))}V div w4+ Gi— Gy,
Gs={r*[(pes)’ —&*[(pes)} 40"+ Gi— G .

(5.9

T T T
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Here we use the abbreviations such as p'=u(o, 0%), (pes)'=p‘esp’, 0°), Fyr=F\(p', u’),
The functions F; (j=1, ---,4) and G; (j=2, 3) are defined by (3.3) and (3.4),
respectively.
We provide estimates for the initial data and for the right side of
that permit us to apply the energy inequalities and with /=s—1 to
the system [(5.7) As for the initial data, we obtain from [3.9) and [(5.1) that

(5.11) |[(Bo, fio, Bo, 82 Es, Bo)|ls-1 <8"2C(K,+K3)+¢'CK,,

where C is a constant independent of ¢ and 6. Here we used 0<d<e<1l. Next
we consider the right side of Compare [5.9) and [5.10) with [4.7) and (4.8),
respectively. The only difference lies in that we have an extra term (d—e¢)E/ in
the last equation of [5.9) Therefore, using the uniform estimate we get
the following inequalities analogous to (4.10):

1B slls-s S CIplls-1 +122lls)

(5.12) (F2y E)lls-1<ClI(B, 2, 8, E, B)||s-1,
1B dlls=1 < ClI(B, &, 6, B)||s—1 +€l0E |51,
(5.13) [1(Ge, Glls-2 < ClI(B, G, O))]s-1 -

Here we also used 0<d<e<1l. C is a constant independent of ¢ and 4.

Now we apply the energy inequalities and with /=s—1 to the
system Substituing the estimates [(5.11), [5.12) and [5.13) to the resulting
inequality and using the fact that the L*O0, T,; H*')-norm of o,£* is bounded by
e~"2N,, we obtain

G-14) 6, 0,57 E, BN+ 10X+ 1 e
gCea“w[a(K,+K2)2+8“<K4+N2)2+tg 6B+ (1) 2z
+a5: 16 2,0, E, B e+ 1165, .0, B)(r)ﬂz-ldr}

for any a€(0,1]. Here 2 is the number defined by and C is a constant in-
dependent of ¢, § and a. Let us fix a€(0,1] in so as to satisfy aC<1/4.
Then we choose 7;>0 such that

(5.15) T.<T,, e on<2, CA+T)T:<1/8.

Then, setting
t ~
Y..i6)=supli(p, &, 0, BYO-1+ 8, DX+ I1B@-de

we get the inequality
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(5‘16) Ys'a(Tl)S(SC(Kl +K2)2+521C(K4 +N2)2 ,

where C is a constant independent of ¢ and . Since 2>0, we see from
that Y. (71)—0 as ¢—>0 (hence 6—0). Consequently, there exists uniquely a func-
tion (o°, «°, 6°, E°, B°)(¢, x) satisfying (o° — p, B° — B)eC%0, T, ; H*Y), («°,6° — 6)c
C0, T,; H*-Y)YNL*0, T,; H*) and E°eL*0, T, ; H* ') such that as ¢—0,

(o' —p, B'—B)—~>(o"—p, B°—B),

(', 0°'—0)—>(u,0°—0) and E°‘—E°
strongly in C°0, 7\; H*'), C%0,T,; H*)NL*0,T,; H®) and L*O0,7T,;H*?), re-
spectively. Combing this with the uniform estimate (4.3), we see as in the proof
of [Theorem 4.1 that the limit function (o°, #°, 6°, B°, E°)(¢, x) satisfies for j=0
and E°e€L~(0,7:; H*-Y)YNL*0,T,; H®). Furthermore, we can see that the limit
function satisfies the equations and the initial condition [5.2) Hence
holds for j=1. The estimate is obtained from by letting d—0.
Thus the first part of the theorem has been proved.

Finally we consider the case where div B;=0 holds on R?. Since this implies

div B°=0 by [Theorem 4.1, we conclude by letting ¢—0 that div B°=0 on [0, T,]X
R*. Hence the limit function (p° #°, 6°, B°)(¢, x) is a solution of the Cauchy problem

1.8), (1.9), [(5.2) satisfying for j=0,1. In order to prove the uniqueness
and the regularity we recall the well known formula in vector analysis:

—rot {(1/op,) rot B}=1/ouc)4B—V div B)—W1/ou,) Xrot B.

By this formula and the equation of B in can be regarded as a sym-
metric system of strongly parabolic type. Therefore, by the argument analogous
to that employed in the proof of Lemmas 2.1 and 2.2, we can prove the regularity
and the uniqueness of the solution to the problem [1.8), [1.9), [5.2) Thus
the proof of is completed.

References

[1] Kato, T., Linear evolution equations of “ hyperbolic” type, II. J. Math. Soc. Japan,
25 (1973), 648-666.

[2] Kawashima, S., Smooth global solutions for two-dimensional equations of electro-
magneto-fluid dynamics. Japan J. Appl. Math., 1 (1984), 207-222.

[3] Kawashima, S., Systems of a hyperbolic-parabolic composite type, with applications
to the equations of magneto-hydrodynamics. Doctral thesis, Kyoto University,
1983.

[4] Milani, A., The quasi-stationary Maxwell equations as singular limit of the complete
equations, the quasi-linear case. J. Math. Anal. Appl., 102 (1984), 251-274.

Department of Mathematics
Nara Women’s University
Nara, 630 Japan



	MAGNETOHYDRODYNAMIC APPROXIMATION ...
	\S 1 Introduction.
	\S 2. Linearized equations
	\S 3. Invariant subset ...
	\S 4. Uniform stability ...
	THEOREM 4.1. ...

	\S 5. Convergence of solutions ...
	THEOREM 5.1. ...

	References


