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SCALENE METRIC SPACES

By

Hisao KaTo

Abstract. In this paper, we introduce the notion of scalene metric and study
it. In particular, we prove that a compactum with scalene metric is an AR and
a locally compact space with locally scalene metric is an ANR. Also, we show
that scalene metric subsets of a metric space play important roles as convex sub-
sets of a Banach space in some selection theorems, and the notion of scalene
metric gives another aspect which differs from that of E. Michael with respect to
the constructions of selections ([6], [7], (8] and [9]).

0. Introduction.

A compactum is a compact metric space and a connected compactum is a
continuum. It is well-known that a continuum is locally connected if and only if
it has a convex metric. Natually, the following problem is raised: Is there a
metric characterization of an absolute retract, i.e., AR or absolute neighborhood
retract, i.e., ANR? In this paper, we consider the following problem: Which
metric implies AR or ANR?

A metric p on a space X is said to be a scalene metric provided that if a, b
are different points of X, then there is a point ¢ of X such that for each xzeX,
either p(x, @)>p(x,c) or o(x,b)>p(x,c) holds. Scalene metric spaces are general-
ization of convex subsets in the Hilbert space /. In fact, take two points @, & of
a convex subset X in /.. Choose a point ce{x|z=(1—t)a+1tb,0<t<1}cX. Clearly,
¢ satisfies the desired property. A metric p on a space X is said to be a locally
scalene metric provided that for each point x of X there is a neighborhood U of
z in X such that the restriction py of p to U is a scalene metric.

We study some properties of scalene metrics and locally scalene metrics. In
particular, we prove that if a compactum has a scalene metric, then it is an AR.
Moreover, if a locally compact space has a locally scalene metric, then it is an
ANR. But the converse assertions are not true. Also, by using the notion of
scalene metric, we investigate some selection theorems from another aspect which
differs from that of E. Michael (6], [7], [8] and [9)).
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In [8, (8.1)], Michael proved the following theorem.

TueoreM (E. Michael). Let X be a topological space, Y a Banach space, and
F(Y') the family of non-empty, closed, convex subsets of Y. If o: X—>KY) is con-
tinuous, then it admits a continuous selection.

In the statement of the above theorem, we show that the family F(Y) of
non-empty, closed convex subsets of a Banach space Y is replaced by the family
S(Y) of non-empty, compact scalene metric subsets of a metric space Y.

The author wishes to thank the referee for helpful comments.

1. Notations and preliminaries.

Let X be a matric space with metric p. For any subsets A and B of X, let
o(A, B)=inf {o(a, b}|ac A, be B}. Also, let H, (A, B)=max {Supaca p(a, B), sups:s p(b, A)}.
H, is called the Hausdorff metric. The hyperspace 2¥*={AcX|A is non-empty
and compact} is metrized with H,. It is well-known that X is a locally connected
continuum if and only if 2¥ is an AR [10]. Moreover, it was proved that 2% is
homeomorphic to the Hilbert cube @=[—1,1]°[2]. Let @, beX. We define the set
I(a,b) as follows: If a=b, I(a,b)={a} and if axb, [ (a, b)={ceX|max {o(z,a),
oz, D)} >p(zx, c) for each xeX}. Note that p is a scalene metric if and only if for
any a,beX I(a,b)x¢. A function ¢:Y—2% is lower semi-continuous if {yeY|o(y)
N V=¢} is open in Y for each open subset V of X. A function ¢: Y—2¥ is upper
semi-continuous if {yeY|p(y)c V'} is open in Y for each open subset V' of X. A
function ¢:Y—2% is continuous if ¢ is lower semi-continuous and upper semi-
continuous. A continuous selection for ¢:Y—2% is a continuous function s: Y—-X
such that s(y)e¢(y) for each yeY.

2. Examples of scalene metric spaces.

In this section, we give several examples in order to clarify the definition of
scalene metric.

(2.1) ExampLE. Let X be a dendrite, i.e., 1-dimensional compact AR, and let
peX. For y,zeX, let y=,z mean y lies on the unique arc in X from p to =z.
Then (X, =,) is a partially ordered space, and hence X has a metric d which is
radially convex with respect to =,. Define a metric p on X as follows [3, (2.16)]:
Let y,2eX and let y Az denote the last point with respect to =, where the arc
from p to y intersects the arc from p to z. Set

oy, 2)=d(y, yAN2)+d(y Nz, 2).
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Then p is a scalene metric.

(2.2) ExampLE. Let P be a 1-dimensional locally finite polyhedron with tri-
angulation 7. For any points xz, ¥ of P which belong to 1-simplex <{v,, v:)€T, de-
fine d(x,y)=|t—¢'|, where x=tv,+(1—t)v:, y=t'vo+(1—¢)v,. If points y, z belong
to a component of P, we define

oy, 2)=inf {3 d(ws, 20:1)|00=y, 2mr=2, 2; (1=i=m) is a vertex of T and
=0
each successive points x;, x:i: belongs to 1-simplex of T }

Otherwise we define p(y,2)=1. Then for each zeP, ps is a scalene metric,
where B={yeP|p(x,y)=1/2}. Hence P has a locally scalene metric p.

(2.3) ExaMPLE. A scalene metric is not always convex. Recall that a metric
d on X is convex if for any two points z and y of X there is a point z of X such
that d(x, 2)=d(z,y)=1/2-d(x,v). In the plane E? with Euclidean metric p, con-
sider the set S={(z, ¥)eE?x?+y?=1,y=0}. Clearly ps is scalene but convex.

3. Compact scalene metric spaces are ARs.

In this section, we study scalene or locally scalene metric spaces. In parti-
cular, we prove that a compactum with scalene metric is an AR and a locally
compact space with locally scalene metric is an ANR.

(3.1) LEMMA. Suppose that X has a scalene metric p. Let a,beX and a=b.
If cel(a,b), then ola, b)>pla,c)>0 and p(a, b)>p(b, c)>0.

This follows immediately from the definition of scalene metric.

(3.2) LEMMA. If X has a scalene metric p, then for each xeX and t>0 pg
is a scalene metric, where B={yeX|o(x, y)=t}. Furthermore, for any points a,beX

o4 is scalene, where A=I,a,Db).

Proor. We shall prove that ps is a scalene metric. Note that if ceA, either
o(x, @)= p(x, c) or o(x,b)=p(x,c) holds for each zeX. Let x, z:€A and x>z,
Take a point cel,(z;, ;). Then we can easily see that cel, (e, b)C A, which implies
that p4 is scalene. Similarly, ps is scalene.

(3.3) PROPOSITION. If a compactum X has a scalene metric p, then X is con-

nected and locally connected.

ProoF. Suppose, on the contrary, that X is not connected. There exist two
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disjoint nonempty closed subsets A and B of X such that X=AUB. Since X is
compact, we can choose two points aeA and beB such that p(A, B)=p(a, b)>0.
Since p is scalene, there is a point cel,(a,b). Assume that ceA. By (3.1), we
have o(A, B)=p(a, b)> p(b, ¢), which is a contradiction. Hence X is connedted. Also,
by (3.2) we can see that X is locally connected.

(3.4) PROPOSITION. Suppose that a compactum X has a scalene metvic. Let
a,beX and axb. Then I a,b) is a locally connected continuum containing a and
b and diam I,(a, b)=p(a, b).

Proor. By (3.2) and (3.3), I,(a, b) is a locally connected continuum. We shall
prove that a, bel (a,b). Suppose, on the contrary, that a¢l,(a,b). Since I(a,b) is
compact, there is a point zel,(a, b) such that o(a, I(a, b))=p(a, 2z). Note that for
each reX, either p(x, @)=p(x, 2) or p(x, b)=p(z, z) holds. Choose a point cel(a, z).
Since I(a, z)cl,(a,b), by (3.1) we have p(a, I(a, b))=p(a, 2)>p(a,c) and cel,(a,b).
This is a contradiction. Similarly, bel,(a,b). If c,, c.€l,(a,b), then p(ca, @)> p(c2, €1)
or p(cs, b)>p(ce, ¢1). By (3.1), o(a, b)>p(ce, c1). Hence diam I,(a, b)=p(a, b).

(3.5) PropPOSITION. If a locally compact space X has a locally scalene metric,
then X is locally connected.

This follows from (3.2) and (3.3).

(3.6) ExampLE. In the statement of (3.3), we cannot omit the condition that
X is compact. Consider the following set in the real line E:

X={zeE|0=xr=1}—{1/2}.

Let p be the metric defined by p(x, y)=|x—y| for x,yeX. Then p is scalene and
X is locally compact but not connected.

(3.7) ExampLE. In the statement of (3.5), we cannot omit the condition that
X is locally compact. Consider the following set in £" with Euclidean metric p:

X={(xy, x3, - -+, xn)€E™| each z; is a rational number} .

Then px is scalene but X is totally disconnected.

(3.8) ExampLE. The Euclidean metric p on E™ is scalene. Then if «,beE™
and a=b,

1(a,b)={zxeE"|z=ta+(1—%)b and 0<t<1}.

(3.9) ExampLE. Let S? be the unit sphere in £% Define the metric p on S by
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o(x, y)=arc cos (}:31 xz-yi) for z=(z1, 2, x3), Yy=(¥1, Y2, ¥5)€S?.
Consider the following sets:
A={xeS*|p(a, )+ p(x, b)=p(a, b)},

V2 ) ) V2
h ={—, 0, ——= d b=(0,—, ——=).
where a < 5 5 >an b (O B 5 )

X={xeS%p(z0, z)+p(x, @’)= p(20, a’) for some a’cA},
where 2,=(0,0, 1) (see Figure 1).

Then px is scalene and I,(a, b)) A={a, b}. Note that I,(a,b) is not an arc (see

4.1)).
N

I.O (a:b)

Fig. 1.

The main result of this section is the following theorem.

(3.10) THEOREM. If a compactum X has a sclene metric o, then X is an AR.

Proor. By (3.3), X is a locally connected continuum. Hence by [10], 2% is
an AR. Let Ae2%. Define a function f,: X—[0, co) by
(1) fa(z)=sup{p(z, a)lac A}=H ({=}, A).

Clearly f4 is continuous. Consider the following :

(2) m(A)=inf{fa(z)|zeX} and
@) RlA)={zeX|fa(z)=m(A)}.
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We shall prove that R(A) consists of only one point. If zi, z.€¢R(A) and x,¥z,,
then there is a point cel,(z;, x;). Since A is compact, there is a point a,€A such
that fa(c)=p(ao, ¢). Then either fa(c)=p(ao, 0)< o(@o, )= fa(z)=m(A) or falc)=
(@, )< o(@o, x2)= fa(zz)=m(A) holds, which implies that fa(c)<m(A). This is a
contradiction. Let us define a function r:2¥—X by {r(A)}=R(A) for each Ae2%.
We must prove that 7 is continuous. Suppose, on the contrary, that there is a
sequence A, A,, A, ---, of points in 2¥ such that

(4) H, (A, A)<1/n for each #=1,2,---, and
(5) lim7(A,)=x7(A).

Let a=lim 7(A,). Since R(A) is a one point set, we see that fa(a)— fa(r(A))=e>0.

n—oco

Since lim fa,(7(As))=f4(@), there is a natural number #, such that for each n=n,,

(6) fun(r(An))—fa(r(A))>2/3.

By (4), we can choose a natural number #,=#, such that
(7) H,A, An)<e/3 for each n=n,.

Then by (6) and (7), for each n=n,,

8) fa (A= Fa(r(A)+HL(A, An) < fa,(r(An))—2¢/3+¢/3
=fa,(1(An))—¢[3<m(Aqr) .

This is a contradiction. Hence 7:2¥—X is continuous. Note that r({x})==x for
each xe¢X. This implies that X is an AR. This completes the proof.

(3.11) THEOREM. If a locally compact space X has a locally scalene metric,
then X 1s an ANR. Moreover, each point of X has a compact neighborhood which
is an AR.

Proor. It follows from (3.2) and (3.10) that for each xzeX there is a compact
AR V such that z is an interior point of V in X. Hence X is an ANR (e. g., see
1, p. 102]).

(3.12) REMARK. In the statement of (3.10), we cannot replace “compactum ”
by “locally compact space” (see (3.6)). Also, in the statement of (3.11), we can-
not omit the condition that X is locally compact (see (3.7)).

(3.13) REMARK. There is a compact 2-dimensional AR X not admitting a
locally scalene metric. In fact, the space X in [1, p. 155, (4.17)] is one of such
compacta. It cannot be decomposed into a finite or countable number of compact
ARs distinct from X. By (3.11), X does not admit a locally scalene metric.
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4. Some properties of scalene metric spaces.
In this section, we study further properties of scalene metric spaces.

(4.1) PROPOSITION. Let X be a compactum with metric o. If a,beX and a=b,
then I(a,b) is open in X.

Proor. Let cel,(a,b). Since X is compact, there is a positive number & such
that max {o(z, @), o(x, &)} = p(x, c)+¢ for each zeX. Set Ulc)={reX|o(z,c)<e}. If
yeU/c), then

olz, v)=p(z, c)+plc, y)=max {o(z, @), o(x, b)} —c+ olc, v)
<max {p(x, @), o(x, b)} .
Hence U.(c)cI,(a,b), which implies that I(a,b) is open in X.

(4.2) LEMMA. Let X be a compactum with scalene metric o. If a,beX, axb

and ¢ is a positive number, then there is a point cel(a,b) such that pla, c)< p(a, b)
and p(c,b)<e.

Proor. By (3.4), bel(a,b). Choose a point cel,(a,b) with p(b,c)<e. Since
cel(a,b), p(a,c)<p(a,b).

(4.3) LEmMMA. Let X be a compactum with scalene metric p. If a,beX, then
I,(a, b)={ce X|max {p(x, @), o(x, b)}=p(x, c) for each reX}.

Proor. We may assume that a=xb. It is easily seen that if cel(a,b),
max {o(x, @), o(z, b)}=p(x,c) for each 'zeX. Conversely, let ceX such that
max {o(x, @), o(x, b)}=pe(x,c) for each zxeX. Then I a,c)cl(a,b), and hence ce
I(a,c)c(a,b).

(4.4) PROPOSITION. Let X be a compactum with scalene metric p. If K,: 2¥x
[0, c0)—2%X is the function defined by

KA H={zeX|o(z, A)=t}  for Ae2¥ and te[0, o),
then K, is continuous.
ProoOF. Suppose that Ay, A, ---, is a sequence of closed subsets of X and ¢,

t2, -+, is a sequence of positive numbers such that lim A,=A and lim ¢,=¢. Then
it is easily seen that

(1) limsup K, (An, ta)CK,(A,¢).
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Let yeK,(A,¢) and ¢>0. Choose a point aeA such that o(a, y)=t. By (4.2), there
is a point ceX such that p(y,c)<e and p(a, c)<p(a, y)<t. Choose a natural number
n, such that if »=n,, there is a point @,€A, such that p(a,, a)<t,—p(a,c). Then
we have

(2)  p(an, C)=p(an, a)+p(a,c)<ta.
Hence ce K,(As, t,) for each n=n,. This implies that
(3) liminf K,(An, ta)DK,(A,¢).
By (1) and (3), lim K,(Ax, t.)=K,(A,t). Therefore K, is continuous.

A metric p defined on a space X is strongly convex provided that for each
a,beX, there is only one point ceX such that p(e, c)=p(c, b)=1/2-p(a, b).

(4.5) PROPOSITION. If a scalene metric is convex, then it is strongly convex.

Proor. Let X be a space with scalene metric p, and let @, beX and a=b.
Consider the set C={ceX|p(a, c)=p(c, b)=1/2-p(a, b)}>¢. We must show that C is
a one point set. Suppose, on the contrary, that there exist ¢, c.€C and c¢,=*c..
Since p is a scalene metric, there is co€l,(c1,c2). Then

o, D) S ka, )+ 0B, c0) <5+ p(a, D)+ (@, b) =@, b).
This is a contradiction. Hence p is strongly convex.

(4.6) REMARK. Suppose that p is a scalene metric on a compactum X. If p
is convex (and hence strongly convex), the retraction 7:2¥=Q—X in the proof
of (3.10) is a cell-like map. Moreover, for each zeX, »~'(x) is contractible. For
let to=sup { fa(z)|Aer(x)}=0. If £,=0, »"!(x) is one point set. Assume that #,>0.
Let us defined a function H:7~'(x)X[0, t,]—>2% by

V(A! t)v O§t§fA(x)9

H(Ay t)={B(x, t)’ fA(,’L‘)ététO,

where Aer-(z), V(A, )={yeX|p(y, A)=2t and p(z,y)=fa(z)} and B(z,?)={yeX]
olz, y)=<t}. By (3.1), (3.2), (3.4) and the same argument as (4.4), H is continuous.
Next, we shall show that H(r'(z)X[0,t))cr ' (x). Let Aer(z) and 0=¢= fa(x).
By the definitions of » and fu(z), H(A,t)er'(z). Let Aer'(x) and falz)<t=t,.
Note that #(H(A, t,))=r(B(x, t,))=x. We may assume that fu(x)<t<t,. Suppose,
on the contrary, that for some ¢ (fu(x)<t<to), r(H(A,t))=r(B(x,t))=z'>x. Then
few.o(x')<foo(x)=t. Let yeB(z,t). If yeB(=,t), olz’, V)= fo.oy(2") < fBz.6(x)
=t<t, If yeB(x,t)—B(x,t), there is a point y’eB(z,t) such that e(z, y)=p(x, v")
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+po(y’,y) and p(x,y’)=t, because p is convex and X is compact. Then
oz, ) =olx’, y)+ey', v)<t+ply', v)=plz, y)=t, .

Since B(x,t,) is compact, fac,tp(x’)<ts, hence #(B(z,%))>x. This is a contradic-
tion. Thus 7:2¥=Q—X is a cell-like map.

But we cannot omit the condition that p is convex, as shown in the next
example.

(4.7) ExampLE. There is a scalene metric p on a compactum X such that
the retraction 7:2¥=@Q—X in the proof of (3.10) is not monotone. Consider the
following sets in the plane FE?:

M={zecE?ta+(1—-2)b, 0=t=1},
N={zecE|x=tb+tct:d, ;=0 (1=1,2,3) and ¢, +t.+1:=1},
where a=(-1,0), b=(0,1), c=(1,0), d=(3,0), and
X=MUN.
Let o be the Euclidean metric on £2. Then we can easily check that px is a

scalene metric. Let »: 2¥—X be the retraction in the proof of (3.10). Note that
r-'(c)3{a,d}). Then the point c¢ is an isolated point of r~'(c). In fact, if Aer'(c)

and 0< fa(c)=<1, then 7(B(c, fa(c))*c. Let c’=%—e+~;—f, where e=(1—{j(_g.), {'-/‘-(fz—_)>

f=1+4falc),0). Then falc')=fBe.s > (c’)<falc). Hence ¢ is an isolated point of
r~c).

Let A be a subset of a metric space X with metric p. Then A is scalene
comvex in X provided that if @, beA and a=b, there is a point ceA such that for
each zeX, max {o(x, @), o(x, b)}>o(x, c) holds. Note that every convex subset of /;
is scalene convex in /;, and if A is scalene convex in X, the restriction p4s is a
scalene metric on A.

(4.8) PROPOSITION. If Ais a scalene convex, compact subset of a metric space
X with metric p, then there is the unique continuous vetraction v: X—A such that
olz, r(x))=p(x, A) for each xeX.

Proor. For zeX, let »(z) be a point of A with o(z, r(x))=p(z, A). We have
to prove that such 7(x) is unique. Suppose that there are points z.€X, y.€A
such that yo=7(x,) and o(zs, ¥o)=p(x,, A). Since A is scalene convex, we can find
a point ceA such that p(xe, ¢)<max {o(zo, ¥o), o(x0, 7(@0))}=p(xe, A). This is a con-
tradiction. Thus we have a function 7: X—A. We shall show that r is continu-
ous. Let z,eX and =z, x. --- be a sequence of points of X with lim xz,= ..
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Since A is compact, we may assume that the sequence 7(z,), #(xs), -« +, converges.
Then

o(xo, 7(x0)) = p(z0, A)=p(lim z,, A)
=lm p(zs, A)=1lim p(xn, r(xx))
=p(lim xn, lim 7(x,))
= p(x0, lim 7(x,)) .

Hence 7(x,)=lim #(x,). This implies that r is continuous. Obviously, 7 is a re-
traction from X to A.

(4.9) ExamMpPLE. There is a smooth arc A in the plane E? with Euclidean
metric p such that p, is scalene but there is no neighborhood U of A in E? in
which A is scalene convex. In fact, let A, (#=1,2, -.-) be the set of points (z, ¥)
€E? such that (—1)*y=0 and °

(-~ ztnrm) (- 3evm) = (i)

Set A={(0, 0)}UC°JA" (see Figure 2). Then A is a smooth arc and p4 is scalene,
but there is no neighborhood U of A in E? such that A is scalene convex in U.

4&
RON
4 N
’ N
/ \
/, N
sA AN
Y AN
(0,0)¢ “v(\/O\/\‘/ N >
o’\r/l‘\\ //1 1
3 e 2
As ¢
al

Fig. 2.

(4.10) ProrosITION. Let X be a compactum with scalene metric p. Then for
any maps f,q9: Y—>X, there is a homotopy H:YXI->X such that H(y,0)=f(y),
H(y, 1)=9(y) and diam H({y} X I)=p(f(y), 9(v)) for each yeY.

This follows from (5.2) which will be proved in the next section.

(4.11) PROPOSITION. Let Y be a compactum with metric p and let X, X, ---
be an increasing sequence of subcompacta in Y. If each X, is scalene convex in

Y, then X=Q X, is an AR.
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Proor. Let 7,: X—X, be the retraction such that
1) plx, ro(2)=p(z, Xn) for xeX (see (4.8)).

By (3.10) and Dowker’s result [4, p. 105], it is sufficient to show that for every
¢>0 there is a homotopy H:XXxI—X such that H(z,0)==z, H(z,1)=7,(x) and
o(H{z,t), z)<e for each xeX, tel and some positive integers #,. Choose a positive
integer #, such that Xc U./s(Xn,). Without loss of generality, we may assume
that n,=1. By (4.10), for each #» there is a map ¢, : X, X X, XI—X, such that

(2) ¢n(x7 yv O)=.Z' ’ ¢n($, yy 1)=y and
3) o(pulx, y,8), 2)=p(x,y) for each z,yeX, and tel.

Consider the set

e
4) XxI={(z,)eXxXI|0=t=p(x, X))}.
o~
Define a map p: XXI—>XXI by
(5) plx,t)=(x,t-p(x, X))) for (z,HeXxI.
Also, define a function G:)%—»X by

z, if £=0,

(6) G(x’ t)z{ ¢n+1(7’n+1<1’), rn(x), a’n(x9 t)) ’ if p(.ﬁ?, < nl)§t§pkx’ Xn) ’

0, if o(x, Xn+1)=t,
where an(x,t)={ t—p(x, Xni1))

(o(z, Xn) = p(2, Xn:1)) ’
By (1), (2), (3), (4) and (6), we can prove that G is continuous. Finally, define H=

Gop: XxI>XxXI—>X. Then H(z,0)=x, H(z,1)=7(z) and o(H(z,?), 2)<3p(z, X5)
=e¢ for each xeX. This completes the proof.

if oz, Xni1)<t=p(z, Xn) .

(4.12) ExampLE. In the statement of (4.11), we cannot conclude that X=
Uz X has a scalene metric px. Consider the following sets in the 3-dimensional
space E? with Euclidean metric p:

Y={(z,v,2)eE|ly|=x, —1=z=<1, 22+9y?+22=1 and (x+1)2+y2+22=<3%},

2 2
(x-l—l) +y2+z22(—————~n+2> ‘
n n
Then Y=X=\Jz_, X,. It can be checked that each X, is scalene convex in Y,
1 -1

but py is not a scalene metric. In fact, if a= (:/%, «/1—5, 0) and b=<7§—, Vo O),

and for each #=2,3, ---,

X,=¥n {<x,y, 2)eE
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1,,(a,b)=9.

In general, the limit of scalene metric subspaces in a metric space with met-
ric p is not a scalene metric space with respect to p. We need the following
definition. Let Y be a metric space with metric p. A family {X.} of subsets of
Y is uniformly scalene provided that for any >0 and if a., b,e X, with 0(@a, be) =,
then there are points c.e X, such that if d(a., b.) denotes 1nf {max {p(z, a.), o(x, b.)}
—p(z, )}, then mf 0(@ay ba)>0

(4.13) PROPOSITION. Let Y be a compactum with metric o. If a sequence {X,}
of subcompacta of Y is uniformly scalene and lim X,=X, then ox 1S a scalene metric
of X. In particular, X is an AR.

Proor. Let a,beX and axb. Put e¢=p(a,b). Choose sequences {a@,}, {bn} of
points such that a,, b,€X,, lima,=a and lim b,=b. We may assume that p(a@n, bn)
=2¢/3 for each n. Since {X,} is uniformly scalene, there are points c¢,€X, and
some positive number ¢ such that max {p(z, a»), p(z, bn)t —p(x, cn)=0 for each zeX,.
We may assume that lim c,=ceX. Then if zeX, for every z,eX, we have

oz, )= p(x, Za)+ 0(Zn, Cn)+ p(Ca, €)
=po(z, xn)+max {o(zn, an), o(xn, ba)} +po(ca, €)—4 .

Choose a sequence =z, s, --- of points such that z,eX, and lim zn=2x. Since
lim p(xs, @2)=p(x, @) and lim p(z,, bn)=p(x, b), we have p(x,c)<max {p(z, a), p(x, b)}
for xeX. Hence cel,(a,b).

(4.14) QUEsTION. Let Y be a compactum with metric p and let {X,} be a

sequence of subcompacta of Y. If px, is scalene (#=1,2, ---) and lim X=X, is
X an AR?

(4.15) QuesTioN. If X; (i=1,2,3) is a compactum and X;, X, and X;=XNX,
admit scalene metrics, does X;UX, admit a scalene metric? Does X1 XX, admit
a scalene metric?

In relation to (4.15), the following is clear.

(4.16) ProrosITION. If X, and X, admit scalene metrics and have only one
common point, then X,U X, admits a scalene metric.

5. Scalene metrics and some selection theorems.

In this section, we shall prove some selection theorems in an aspect which
differs from that of E. Michael.
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(56.1) THEOREM. Suppose that Y is any topological space and X is a metric
space with metric p. If ¢:Y—2% is continuous and p,q, is @ scalene metric for
each ¢(y), then there is a continuous selection s: Y—X for .

Proor. For every yeY, let s: Y—X be the function defined by s(y)=7,(o(¥)),
where 7,:2°®—¢(y) is defined as in the proof of (3.10). We have to prove that
s is continuous. Let y,eY and &>0. Note that

(1) inf { fowpy(@)|wep(yo) = Ul o(s(yo))} —m(e(yo)) =e:>0.

(for the definitions of Sowy and m(e(yo)), see the proof of (3.10)). Choose a neigh-
borhood V of y, in Y such that if yeV, H (o(yo), o(y))<6=1/4-min {e;, .}. We
show s(V)c U, (s(¥,)). Suppose, on the contrary, that s(y)¢U.,(s(y,)) for some yeV.
Choose a point y,€p(y) such that p(y;, s(y,))<d. Note that y,5s(y). Then we have

(@) Fean(W)=p0(y1, 5(¥0)) +m(e(y0)) + H (0(yo), 0(y)) <m(ex(yo)) +25 .

On the other hand, choose a point y,€¢(yo) such that o(s(y), y.)<d. Note that w,
€9(yo)— U.,,2(s(¥0)). Then by (1) and (2), we have

) m(o(¥)=F o> (SW)Z Frcyey (W) — (W), v2) — H(o(w), o(y0))
Zm(p(Yo)) +e2—20
Zm(o(Y0)) +20> focy(¥1) -

This is a contradiction. Hence s: Y—X is continuous. This completes the proof.

(5.2) THEOREM. Let X, Y, p and ¢ be as in the preceding theorem. If f,9:
Y—>X are continuous selections for o, then there is a homotopy h:Y X I—X such

that h(y, 0)=f(y), h(y, )=9(y), h({y}xI)Ce(y) and diam (A({y}xI))=po(f(y), 9(¥)) for
each yeY.

Proor. Define a function ¥ : Y—2% by

Q) YW)=Lopo,(fW), 9w)Ce(y)  for each yeY.

Then ¥ is continuous.
To prove this, we first show that ¥ is upper semi-continuous. Let yeY and
¢>0. Note ¥(y)={ce¢(y)max {o(z, f(¥)), o(x, ()} =p(x, c) for zep(y)}. For each

cep(y)—U. (¥ (y)), let a(c)=sup {p(x, ) —max {p(z, f(v)), o(=, 9¥))}|zee(y)}. Then we
have

@) inf{a(o)icep)—U. (¥ ()} =e:>0.

Put 0=1/4-min {¢, &}>0. Since ¢: Y—2% is continuous, there is a neighborhood V
of y in Y such that for zeV, o(f(2), f(¥))<d, p(g(2),9(¥))<é and H(e(2), p(¥)) <.
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We show that if zeV, ¥(2)cU.(¥(y)). Suppose, on the contrary, that for some
zeV, U(2)x U (¥(y)). Choose a point ce¥(z) such that c¢U.(¥(y)) and a point c¢.€
o(y) such that p(c, co)<d. Since coep(y)— U, (¥ (y)), there is a point z,€¢(y) such
that a(co)=p(xo, co) —max {o(x., f(¥)), o(xo, g(¥))} 2. >0. Let z1€p(2) with p(ax, z,)<d.
Then by (2) we have

3)  ole, x1)= p(co, o) — p(c, Co)— (X0, X1)
>max {o(Zo, f(¥)), p(0, g(y))}+e1—20
zmax {p(x1, £(2)), o(x1, 9(2))} —20+e1—26
=Zmax {o(x1, £(2)), p(x1, 9(2))} .

(3) implies that c¢¥'(z). This is a contradiction. Hence ¥ is upper semi-continuous.

Next, we show that ¥ is lower semi-continuous. Let c¢,e¥(y) and ¢>0. By
(4.2), there is a point ci€l,,,,(f(¥), 9(¥)) such that p(c, c1)<e/2. Put e;=inf {max
{o(x, f(v)), o(x, g(y))} —p(x, c1)|xep(y)} >0. Since ¢ is continuous, there is a neigh-
borhood V of y in Y such that if zeV, H,(¢(2), o(¥))<1/4-min {¢, &;}=6>0 and
o(f(2), fly))<d, p(g(z),9(y))<é. Let zeV. Take a point cep(z) with p(c,c1)<d.
For each zeg(z), choose a point z’e¢p(y) with p(z, z’)<d. Then we have

4)  ple, ©)=p(c, c1)+plcr, ")+ p(x’, x)
=max {o(z’, f(¥)), p(x’, g(y))} —e1+20
<max {p(x, f(2)), p(x, g(2))} —e1+49
=max {p(x, f(2)), o(x, g(2))} .

Hence cel,,,,(f(2), g(2))c¥(z). Note that

(®)  ple, co)=p(c, c1)+p(ci, co) <e .

This implies that ¥ is lower semi-continuous. Hence ¥ is continuous.
Next, we define a homotopy 4: Y XI—X as follows. Since py, is a scalene
metric, there is a retraction 7,:2"®—¥(y). Define a homotopy F:YXxI—-X by

Fy, )y=r(K,(f(), t-o(f(¥), gy))N¥(y))  for yeY, tel.
By (4.4) and the proof of (3.10), F' is continuous. Then
(6) FlytxI)c¥(y), Fly,0)=f(y) and Ky, 1)=r,(¥(y)) for yeY.
Similarly, we have a homotopy G: Y XI—X such that
() GUytxI)c¥(y), G(y,0)=g(y) and G(y, 1)=r(¥(y)) for yeY.
By (6) and (7), define a homotopy 4: Y xI—X by

H(y,2t), if 0=t=1/2,

h(y, t)={G(y’2_2t), if 1/2=¢t=1.
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Since diam ¥ (y)=p(f(¥), 9(¥)), we have diam A({y} X I)=p(f(¥), g(»)). This completes
the proof.

(5.3) CorOLLARY. Let X and Y be metric spaces and o be a metvic on X. If
f:X—=Y is a proper open map and ps-rq, is scalene for each yeY, then f is a
fiber homotopy equivalence. In particular, if X is an ANR, then Y is an ANR.

(5.4) CorOLLARY. Let Y be a complete metric space and X be a compactum
with metric p. If ¢:Y—2% is upper (or lower) semi-continuous and p,q, is @
scalene metric for each yeY, then there is a dense Gi-subset Y' of Y and a con-
tinuous selection s: Y'—>X for oY’ : Y'—2%,

(5.4) follows from (5.1) and [5, Corollary 1, p. 71].
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