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ISOMETRIC IMMERSIONS OF LORENTZ SPACE
WITH PARALLEL SECOND FUNDAMENTAL FORMS

By

Martin A. MAGID

Introduction

In a series of papers, [F1], [F2]), [F3], [F4], D. Ferus classified submanifolds
of euclidean space with parallel second fundamental forms. These submanifolds
form an important class of examples. In [F4], Ferus shows that they appear in
many topics in differential geometry. '

There has been much recent work on parallel submanifolds of other ambient
spaces—notably the work of H. Naitoh, [Nal]-[Nad4] and M. Takeuchi [T] An
interesting problem is to classify the parallel submanifolds of euclidean spaces
equipped with indefinite metrics.

This paper studies special classes of parallel submanifolds in RT, Lorentz space
of signature (1,m—1) and in R?, euclidean space of signature (2,m—2). All
umbilical submanifolds are classified, as well as isometric immersions R"™ — Rk,
R? - R**? and R" — R?** with parallel second fundamental forms. These theorems
indicate some of the modifications which will be necessary in order to obtain a
complete classification.

The preliminary section (0) gives some basic results about indefinite Riemannian
geometry. These include an indefinite version of the result of Allendoerfer and
Erbacher for reducing the codimension of an isometric immersion with parallel
second fundamental form (F*a=0), and an improved version of Petrov’s canonical
forms for symmetric transformations of Lorentz space.

Section 1 classifies isometric immersions R?— R!, R?— Rjand R" — R!** with
F*a=0. These maps include a flat n-dimensional umbilic with lightlike mean
curvature vector (1.4) and the complex circle of radius reC (1.12).

Section 2 contains the main classification results. These state that isometric
immersions R® — R?*? and R? — R}?*? with P*a=0 are either quadratic in nature,
like the flat umbilical immersion with lightlike mean curvature vector, or the
product of the identity map and previously determined low dimensional maps.

Most of the results in this paper are taken from the author’s Brown University
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doctoral dissertation. The author gratefully acknowledges Professor Katsumi
Nomizu’s constant encouragement and patience.

Notation and Terminology

R?; denotes the p-dimensional affine space with the metric (, ) whose canon-
ical form is

—1I
Ipiy
O;

where I is the kX k identity matrix and O, is the jxj O matrix. The metric is
non-degenerate iff =0, in which case we write R?.

In general, if M is a p-dimensional manifold whose tangent spaces have a
metric of signature (i, p—i—j,j) we write M?,.

The indefinite sphere, hyperbolic space and lightcone are defined as follows:

SP-'r)={xeR?: (x, x)=7r%, r>0
i(={xzeR?: (x, x)=—7*}, r<0
LCP: \={xeR?: (x, x)=0 and z+0}

The isometric immersions

t —(a cos (t/a), asin (t/a))
¢t — (b sinh (¢/b), b cosh (¢/b))
t — (b cosh (¢/b), b sinh (¢/b))

are called circle maps. The first maps onto S'CR? or H'CR? the second onto
SIC R} and the third onto HA'c R?. The circle maps, along with the map

t — (£,0)

are called one-dimensional maps.

A vector X in an indefinite inner product space is called spacelike if (X, X)>0,
timelike if (X, X)<O0 and null or lightlike if (X, X)=0, where (, ) is the inner
product. A curve is called spacelike, timelike, or null depending on the character
of its tangent vectors.

A basis X,, ---, X, of an indefinite inner product space with the signature
(p,m—p) is called orthonormal if the vectors are pairwise orthogonal, the first p
are unit timelike and the last »—p are unit spacelike. If the signature is (1, 2—1),
so that the inner product space is Lorentz, we can define a pseudo-orthonormal
basis {/,, Xi, -+, Xuol. In such a basis ¢, )=0=(, )=, X)=(, Xz), (!, )=1 and
(Xi, X5)=0di5, 1<i, j<m—2. A A over a vector will always have inner product 1
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with the hatless vector.

We recall the following notation from vol. II, ch. 7. If F: (M, g)— (M, §)
is an isometric immersion of one indefinite Riemannian manifold into another, and
if the Riemannian connections are denoted by 7 and /, then for vector fields X
and Y on M we have the following decomposition.

1. VXf*Y-:f*VXY'!‘a(X, Y).

Here f«/xY is the tangential component and «(X,Y) is the normal component.
a is called the second fundamental form of f. For a normal field £ to M we have

II. Pxt=—fLAX+V3¢.

A is called the shape operator associated to & and /* is called the normal con-
nection. A and « are related by the equation

9(A:X, Y)=d(a(X, Y),$).
« is said to be parallel if

(TEaXX, Y ) : =V X, Y)—a(VzX, Y)—a(X, VzY)=0.

0. Preliminaries

Defining the mean curvature vector y» as in the Riemannian case, we have
the following.

0.1 ProrosiTiON. If f: M —~>M is an isometric immersion of one indefinite
Riemannian manifold into another with parallel second fundamental form, then
(i) the mean curvature vector is parallel: F}=0.
(ii) the first normal spaces N'(x), xe€M are P*-parallel.

N'(z):={N°(x)}* where N°(z)={¢eN(z): A:=0}.

The next theorem is about isometric immersions with parallel first normal
spaces and so can be applied to immersions with parallel second fundamental forms.

0.2 TueoreM (Indefinite version of a theorem of Allendoerfer and Erbacher).
Let f: M?— R? be an isometric immersion of an indefinite Riemannian manifold
with signature (i, »—i) into R?. If the first normal spaces are parallel, then there
exists a complete #+#% dimensional totally geodesic submanifold M* of R} (where
n=dim M and k=dim N') such that f(M)cM*.

Note: M*=Ri* for some s, ¢+ and ¢/ need not be zero. The proof of the
theorem shows that ¢ measures the degenerate part of N'.
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Proor. The assumption means that for any curve r from z to y the parallel
displacement of normal vectors along r with respect to the normal connection
maps N'(z) onto N'(y). Thus the dimension of N! is a constant, say & If £ is
a normal vector field such that §eN'(x) for each x in M, then FjfeN'(x) for all
X in T»(M). Since F* is a metric connection, the subspaces N(x) are also parallel
relative to the normal connection. In fact £eN!, geN° implies 0=X(¢&, 0)=(F%¢, 6)
+(§, Fx0). Since the first term is zero, so is the second.

Let z, be a point of M and consider the n+% dimensional subspace E of R7}
through f(x,) which is perpendicular to N°(z,). E=T,(M)@® N'(x,). The degenerate
part of £ is N°(z,)N N'(z,). It will be shown that f(M)cE. Let x, be any curve
in M starting at z,. For any & in N°x,) let & be the result of P*-parallel dis-
placement of &, along ., so that &€ N°(x,). For the euclidean connection we have

D¢, = —f*Aet(i'r,) +7&,=0

which means that & is parallel in R7 and so is a constant vector. Now we have

%( F(@) = F(@o), £0)=(Fulan), &)

=(fx(x1), &)
=0

so that f(x.) lies in E. Since x, is an arbitrary curve in M, f(M)cCE.

Next is an indefinite version of Moore’s lemma [Mo 1] which gives a condition
that allows an isometric immersion of a product manifold to be decomposed into
a product of immersions.

0.3 THEOREM. Let M be an indefinite Riemannian product M,xM,. If f: M—
R} is an isometric immersion with a(X, Y)=0 whenever XeT,(M,) and Ye T-(M,)
then f=fiXf.: MyXM.— Rj:X R} and each f; is an isometric immersion.

The decomposition theorems here involve the shape operators of Riemannian
manifolds. A shape operator of a Riemannian manifold is always diagonalizable,
but this is not the case for a shape operator of a Lorentzian manifold. In order
to analyze the latter, a special case of Petrov’s Principal axis theorem for a tensor
is needed ([P] pp. 50-55).

0.4 THEOREM. Let V be a real n-dimensional vector space equipped with a
Lorentzian metric and let A be linear transformation of ¥V which is symmetric
with respect to this metric. Then A can be put into one of the following four
forms with respect to bases whose inner products are given by G.
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(A4 —1
A= 2 G= 1
N .ln \ | 1
A (0 1 3
0 1 0
A= /21 G: 1 '
( " s y 1
(A 0 1 ) 0 1 N
0 2 0 10
A= 01 2 C= 1
A
\ 217.—3/ . 1J
a B (+1
—B «a —1
A'—_-' /h G= 1 /37&0.
( " Anes \ 1

These will be referred to as the case where there: are simple real eigenvalues,
is a non-simple eigenvalue of multiplicity 2, is a non-simple eigenvalue of multi-
plicity 3 or is a complex eigenvalue. The first and fourth cases will be said to
have simple eigenvalues.

This is a slightly sharper version of the theorem in [P]. Theorem 2, p. 229
allows us to use an orthonormal basis in the case of a complex eigenvalue
instead of the more complicated basis which Petrov employs. J

The following proposition can be proved using 0.4. Another proof can be

found in [Mo 2]

0.5 ProrosiTiON. Let M(c) and M(c”) denote space forms of constant curvature
¢ and ¢. Suppose

(i) Mzy(c) is isometrically immersed in M{‘“(E)
or (ii) M?%(c) is isometrically immersed in M{'“(c“)
or (iii) M?P(c) is isometrically immersed in M';’“(E).

If c+¢ and #>2 then the immersion is umbilical and in case (i) ¢>¢, in case
(ii) ¢<c¢ and in case (iii) ¢>c.
It is necessary to know what form a Lorentzian symmetric matrix takes if it
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commutes with one of the four standard Lorentzian symmetric matrices.

0.6 ProrosiTioN. Let A and B be square matrices which are symmetric with
respect to a Lorentzian inner product. If, with respect to a pseudo-orthonormal
basis,

nl,

-

and B commutes with A then

/ 7 b Ciooovee Cko N\
0 o O
© o
Do di;
B 0 ¢,
d,
2
ij
\ /

where dj; is k. Xk,.

0.7 ProrosiTION. Let A and B be square matrices which are symmetric with
respect to a Lorentzian inner product. If, with respect to a pseudo-orthonormal
basis,

S O N~
= N O
N O

211,‘1 .

\ 'zllks /

and B commutes with A, then
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(b oc1 CorrrCrger | O rereeieieienn 0 )
0 g 0 0--- 0 [ I 0
0 ¢ p

0 c.

B=|: : dij

0 Cio+1

N (.) 6 ) d‘i’j /
where dj; is krXk,.

0.8 ProrosITION. Let A and B be square matrices which are symmetric with
respect to a Lorentzian inner product. If, with respect to an orthonomal basis

/aﬁ \
—8 «

A= ali, p£0
Al

\ . lslk,/
and B commutes with A then

7

'3
ij
Where d{j iS erkr.

Propositions 0.6, 0.7 and 0.8 can be obtained by letting B have the form of
a general symmetric matrix and setting AB and BA equal.

0.9 Partially umbilical immersions. If f: M% —» Ry is an isometric immersion
and there is a globally defined normal vector field # such that

(i) @ is everywhere non-zero

(ii) P+6=0

(ili) As=ald i+#0
then f(Mj3) is contained inside

S,’c"“‘(3/(—§~—_’0—)> it (6,0)>0,
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H,g"(——“/;M) if (6,0)<0 and

LCP, if (0,0)=0.

0.10 Cororrary. If 0 in 0.9 is the mean curvature vector, then f(M3%) is
immersed minimally in SP*' or H'. (Such an immersion is called pseudo-
umbilical by Chen and Yano [Y-C].)

Proors. Note first that the vector f(x)+#/1 is constant for all x in M. Denoting
this vector by ¢ we have

©, 0)

(f(2)=¢, f(2)—E)=(0/2, 0| =3

Because 0 is parallel this is a constant, and so f(z) is contained in the sphere,
hyperbolic space or lightcone with center ¢.

Moreover, if ¢ is the mean curvature vector of f(M7}) in R, then @ is parallel
to the position vector f(x)—¢ and so f(M7) is minimal in either Sp~' or H7.
Here 20 implies (4,8)+0. Q.E.D.

1. Isometric Immersions with Parallel Second Fundamental Forms: R"— R7+%,
R:— Ri{, R:— R:.

The classification of these isometric immersions will follow from some general
facts about submanifolds with F*a=0 and global, parallel normal fields.

The first step is to classify one-dimensional submanifolds with parallel second
fundamental forms. Thus, the first proposition deals with non-null curves which
have parallel mean curvature vector. |

1.1 ProrosiTiON. Let z(s) be a non-null curve in an indefinite euclidean space
R7 with parallel mean curvature vector 7.

(i) If »=0 then z(s) is a line segment.

(ii) If (5, 7)+0 then z(s) is part of a circle map.

(iii) If (, 7)=0 and +0 then z(s) is a curve in R}, or R:, of the form si—
(s, as®+bs+c¢). The first map is denoted by U!, the second by U!.

In case (iii) the metric vanishes on the second coordinate. R?, is imbedded
in R%,, by sending (z!, z?) — (23, z', z?).

Proor. Let z(s) be a curve in R} with s its arc-length parameter and X(s)=
dz(s)/ds=: &(s) its unit tangent vector. If D denotes the flat connection in R} we
see that D;X(s) is normal to x(s) and so D;X(s)=a(X(s), X(s)). The mean curvature



Isometric Immersions of Lorentz Space 39

vector 7(s)=(X(s), X(s))a(X(s)), X(s)). Because 7(s) is parallel (3(s), (s))=k, a con-
stant. If »=0 then D,X(s)=0 and z(s) is a line segment.

If k+0 set Y(s)=x(s)/v/|k], so that Y(s) is a unit vector normal to z(s). X(s)
and Y(s) form an orthonormal frame along xz(s) such that

D X(s)=+~[k|(X(s), X(s))Y(s)
D, Y(s)= 7_!—_/%)((3)

(ii) follows by 0.2 and inspection.
Now suppose (3, 7)=0 and »+0. By 0.2 z(s)cRf, or R, depending on the
length of X{(s). Since xz(s) is an immersed submanifold

z(s)=(s, ¢(s)) or (4(s),s),

where the metric vanishes on the second coordinate. Thus
#(s)=(1, ¢") or (¢',1)
and a(X(s), X(s))=(0, ¢”) or (0,0). The second possibility is totally geodesic. Since
Via(X(s), X(s))=0

#"”=0 and ¢(s)=as*+bs+c. Q.E.D.

One way to obtain submanifolds of an indefinite inner product space with
parallel second fundamental forms is to consider umbilical immersions. We will
find, besides the sphere and hyperbolic space, a third type of umbilical immersion,
and from these a complete classification of umbilical immersions.

1.2 Lemma. Suppose f: M7 — R3:¥** is an isometric immersion. If p: R} —
R:** is projection onto the first #+k coordinates then pof: My — R}** is an iso-
metric immersion.

Proor. Choose z, in M and let U be a coordinate neighborhood of x, with co-
ordinates (z!, - -+, ™). Let f(z', -+-, 2™ =(f", -+, f"*% &', -+, k®), Where the metric
vanishes in the last s coordinates. Clearly

(4]

(2 5) = (Fusars Fes) = (6 (0o Pagw) - QED.

1.3 LeMMA. Let f: M — Rrt™* be an isometric immersion with parallel second

fundamental form. If f(z!, ---, ™=(f", -+, f™™ k', ---, &") locally, then
o*h? n w O w e OH°
wiomiaat D Ly gua g + L= iy v -
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Proor. 1If f has parallel second fundamental form then
7a(X, Y)=a(VzX, Y)+a(X, VY ).
If p is projection onto the last s coordinates then
Vipea(X, Y )=poa(VzX, Y )+ poa(X, V7Y ).

Replacing X, Y, Z by d/6x/, 6/0z*, 6/oxt yields the lemma, since, as is well
known

o*f 0 0 0 0
Farar = Dot Fol ) = o Fuses +a(5o50r)-  QED.

1.4 THeoReEM. Let f: Mp— RT be a complete umbilical immersion. Assume the
mean curvature vector 5+0, so that f is not totally geodesic.

(1) If (>0 then f(M)cSzcR:*

(ii) If (5, 7)<0 then f(M)c Hfc Rz}

(iii) If (3, 7)=0 then M=R} and f(M)c R?*' as an umbilic.

In this last case f(z', - -z")=(z', -+, 2", a(— X5, 2+ Dl 2)+ biz'+ - - +
baz"+c) and REi' is imbedded in Rj#? by (¥, -, ") > (™, ¥, eyt Y.
Both affine spaces have the standard metric. Denote this submanifold by Uz.

Proor. 1If (y,7)#0 then by 0.2 there is an R}*' or Ry} into which M? is iso-
metrically immersed, depending on the sign of (7). This mapping is umbilical
and by 0.10 the image is contained in a sphere or hyperbolic space.

If (9, 7)=0 the image of M} is in Rf?'. By 1.2 f: M? - R" is an isometric
immersion so that Mz=R}.

1.3 allows us to determine all %~ such that

f(xh, e 2M)=(2t, -0, 2" A, -, 7).

As in 1.3 we have

In addition, because f is umbilical,

0 0 i 0
“<ax*’ axj>=<ax" axf)’?=(°’ w0, 0, /)

It follows easily that # is of the desired form. Q.E.D.
The classification of umbilical immersions allows us, following Walden [Wa],
to determine Riemannian immersions with parallel second fundamental forms and

trivial normal connections in an indefinite euclidean space. Later this will allow
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us to classify isometric immersions R"™ — R?** with parallel second fundamental

forms.

1.5 TuEorEM. If f: M"—R?* is an isometric immersion of a complete
Riemannian manifold with parallel second fundamental form and trivial normal
connection, then f is a product of umbilical immersions.

FMM=Rox Uhx--- X UlaXxS™X -+ XSy X H™M X+« X H"

Here Uwc Ri»*? as an umbilic p=1, .-+,
S™c R™*! as an umbilic ¢=1, ---, ¥
H™cC R?* as an umbilic r=1, -+, 2

and R%1 Ri»*?] R™+' | R+, Note k=2zx+y+z and j=z+z.

Proor. [Wa]

We now prove some lemmas.

1.6 LemMAa. Let f: R? — RP be an isometric immersion with parallel second
fundamental form. If (x, -+, 2" is a global coordinate system with V:,0;=0,14,7=
1,---,n, then a(d;,d;) is a global parallel normal field.

Proor. This is an easy consequence of the definition of F*a=0.

1.7 LemMa. Let f: M?— RP be an isometric immersion. If a global normal
field 6 is parallel with respect to the normal connection, then A, commutes with
A, for all normal vectors ¢&.

ProOF. Since R (X, Y)0=ViVs0—VsVs0—Viy0=0, this result follows from
Codazzi’s equation and the non-degeneracy of the metric on M.

1.8 PROPOSITION. If f: R®— R7?** is an isometric immersion with parallel second
fundamental form, then it has trivial normal connection, i.e., R+=0.

Proor. It must be shown that, for any two normal vectors & and 0, A: and A,
commute. By 1.6 and 1.7, if y is in the first normal space N'(z) then A, com-
mutes with every other shape operator. On the other hand, if peN°(x) then A,=
0 and A, commutes with every shape operator.

If the metric restricted to the first normal space is non-degenerate this is
sufficient because the normal space equals N°(z) @ N'(x).

If the metric restricted to N!(z) is degenerate then N°(x)+N'(x) is not the
entire normal space. In this case there is a unique lightlike direction é in N'(x)
NN°(z). Choosing a lightlike § with (3,8)=1 we see that N°(z), N'(z) and 5 span
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the normal space. Since A; commutes with itself it is clear that all shape opera-
tors commute. Q. E.D.

1.8 allows us, in conjunction with 1.5, to classify isometric immersions of R”
into R?** with parallel second fundamental forms,

1.9 THeOREM. If f: R™—> R"** is an isometric immersion with parallel second
fundamental form, then f has one of the following forms:
(1) f is a product of circle maps and a totally geodesic map.

f=siX+ - Xs;x1d: R‘><---><R‘><R"‘f'—>S‘><---xS‘xR"‘fcR:”k
or S=hXs; X Xs;xId: R*XR'X -+ X R'X R 7!
= H'XS'X - - XS'XR"~'c R*+*

(ii) f is a product of a flat umbilical map, circle maps, and a totally geodesic
map.

S=uXsiX o xXs;XId: R"XR'X +++XR'}X R*™i
—>U"XS'X - XS'XR" ™ JC R+

u is one of the flat umbilical immersions of [Theorem 1.4.

1.10 ExamprLe. Let f: R*— R, be the isometric immersion (z,y)— (z,v, zy,
x*—y’/2) with metrics (+, +) and (4, +,0,0). The associated mapping into R,
where Rj,— R by (v, 32 2, y)i— (@4 ¥4 v, v2, v, ¥Y) neither has trivial normal
connection nor splits into a product of umbilics. This shows that in 1.8 and 1.9
the receiving space must be at least Lorentz.

1.11 LemMma. If 0 is a global parallel normal vector field associated to an
isometric immersion of R" with parallel second fundamental form then A, has
constant entries with respect to a flat coordinate system on R?.

Proor. Let {z!,---, 2"} be a global coordinate system such that /,9,=0, 1<, j< .
Since the immersion has F*a=0

0=A0(Vaiaj)=Vai(Aoaj)=Vai(dljal‘f' v +dnjan)=(aia1j)al + .- +(aianj)an .

Therefore, 8;ax;=0 for all 4, j, k. Q.E.D.
In order to classify isometric immersions with P*a=0 from R? to R?*2 or Rr*?

it is necessary to determine those from R to Rf or R:. For this we need some
examples.

1.12 ExamprLe. Complex circle of radius «. Fix a non-zero number c¢+id=« in
C and let a+ib=«"'. C? can be identified with R; by sending (x-+iy, u+iv) to
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(z,u,y,v). The metric on R} is ((x, #,v,v), (x, u,y,v))=x*+u*—y>*—v®. The map-
ping (x,y)wx—i—iy:z!L) £(cos z, sin 2)eC? is an isometric immersion of R? into R}
with parallel second fundamental form. Let J be the complex structure on R:
which comes from multiplication by ¢ on C2. Then there is a natural orthonormal
basis {/¢,¢} for the normal space such that

a —b —b —a
Ae—[b aj} and AJf—-[ " —b:}'

The mean curvature vector p=a&+bJ¢ and Ace.gqse=—1L. By 0.9, f/(R?) is con-
tained in S}V c*—d?) or H}(—~—c*+d?% or LC:,.

1.13 ExaMpPLE. f’: R?*— R where R! has the standard metric.

V2 f(z,v)=(1+c)siny, 1+c) cos y, 1—c) siny, (1—c) cos y)
+(x+cy)(—cosy,siny, cosy, —siny), ceR.

This mapping has, with respect to a pseudo-orthonormal basis for the normal
space {y, 7}, where y is the mean curvature vector, shape operators

01 1 ¢
A”_[O 0] and A”[O J.

The basis for T(R?) is {9/dx, d/dy}. Since Aj_.,=L, f/(R?) is contained in S+ —2¢)
or H¥(—+/2c) or LC?,. The shape operators associated to the immersions into the
sphere or hyperbolic space have non-simple real eigenvalues and non-zero trace.

Thus by the fundamental theorem of surfaces they are the unique immersions
with these shape operators.

1.14 ExAmPpPLE. B-scroll over the null cubic C in R} ((G 1)). In R} take a null
curve x(v) with a null frame, that is, a set of vector fields A(v), B(v), C(v) such
that z(v)=A@w), (A4, A)=(B, B)=(A,C)=(B,C)=0 and (A, B)=(C,C)=1. If these
satisfy the following system of equations

A)=k,(0)A@®)+k:(0)C(0)
Bw)=Fk,(v) Blv)
C(v)=—Fky(0) B)

then f'(u,v)=x(@)+uB) is a Lorentz surface in R} called a B-scroll over z(v).
If £,=0and k=1 then A=0 and the curve is called the null cubic C. ((B], p. 240).
In this case we have the B-scroll over the null cubic C.

1.14’ ExaMpLE. B'-scroll over the null cubic ¢’ in R: This is the same as
1.14, with obvious modifications.
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1.15 THeorem. If f: R*— R! is an isometric immersion with parallel second
fundamental form then, up to a rigid motion, f has one of the following forms.
(i) f is totally geodesic
(ii) f is a product of one-dimensional maps
(ili) f: R*—> R{CR! is a B-scroll over the null cubic C.

Note: In case (iii) the mean curvature vector is zero, even though the im-
mersion is not totally geodesic.

1.16 Lemma. If f: R} — Rj or Ry, j=0,1 is an isometric immersion with par-
allel second fundamental form and the mean curvature vector =0 then the first

normal space has dimension less than two.

ProoOF of 1.16: Assume that the first normal space is two-dimensional and let
§, & be an orthonormal basis of N(x). Using 0.4 put A, into the appropriate
canonical form. Thus

a 0 01 0 B8
A= .
. [o —a] or [o o} o [—ﬂ 0}
Since A:, commutes with A, it is of the form
o ol o Lo o) o [ 4]
0 —b 00 —r 0l

A calculation of a on the bgsis of T:(M) shows that the first normal spaces are
at most one-dimensional. Q. E.D.

Proor of 1.15: There are two cases to consider »=0 and »+0.

Case 1. »=0. By 1.16 the first normal space is zero or one-dimensional. If it
is zero-dimensional, then f is totally geodesic. If it is one-dimensional, let & span
the first normal space. Then by 0.2 f(R})CR? and A: has rank one and trace

Zero, so
Ae = l;o 1} .
00

[G 1] shows that this is the B-scroll over the null cubic.

Case II. »=+0. Put A, into one of the three possible canonical forms. We will
see that A, can only be diagonal. Let »’ be the unit vector in the direction of 5
and choose another unit normal vector & such that &1 .
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A
0
=&, 7=0. If {/, [} is the pseudo-orthonormal basis with respect to which A4, and
A; are represented, then the Gauss equation yields

1
If A,,=[ J then Ae=‘:g a} since A, and A, commute. But p¢=1/2 trace A
u

0=(A,, L, (A, [, —(A, 1, I +(Ad, 1A, D —(Adl, I)?
= —(const. 2)%.

This implies that 2=0, contradicting »+0.

0 ~
Similarly, if A,,,=[ Z Z] then Ae=[_c C]. The Gauss equation gives a=

0
b=c=0 contradicting »+0.

If A, is diagonalizable with distinct eigenvalues, then all other A: are diago-
nalizable and 0.3 shows that f: R?— R! can be decomposed as

fiXxfe: RRXR'—> R:XR! or
R:xXR* or
Rix R,

Each f; has parallel mean curvature vector, so by 1.1

[(RD=S}; fo(R)=R' or
[iRY=S}; fo(R)=S' or
H(R)=R}; fo(R)=S".

If A,=24l; then there is a minimal immersion of R? into S}(c). The shape
operator A of this minimal immersion can, a priori, be one of the three types.
Once again, the Gauss equation shows that A must be diagonalizable. In this
final case the map splits as above. Q.E.D.

1.17 Taeorem. If f: R?— R: is an isometric immersion with parallel second
fundamental form, then, up to a rigid motion, f has one of the following forms.

(i) f is totally geodesic

(ii) f is a product of one-dimensional maps

(iii) f is a complex circle, as in 1.12

(iv) f is a B-scroll over the null cubic, as in 1.14, 1.14/

(v) fis asin 1.13

(vi) f: R!— R}, C R} where (x,v) —(q(x, v), z,v, ¢(x, v)) and ¢(x, y) =ax®*+bxy +
cy*+dx+ey+g. 7 is lightlike.

Proor. The proof is divided into three cases: case I (7, 7)#0, case II (7 7)=0
and »+0, and case III »=0.
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Case 1. (5, 7)++0. Suppose first that A, is diagonal. If the eigenvalues are
distinct then, as before, the map splits into a product of one-dimensional maps,
giving (ii). If the eigenvalues are equal, say to 2, then R? immerses minimally
into S} or H. By examining the Gauss equations, we see that the shape operator
A of this minimal immersion can only be of the form

w3

with respect to an orthonormal basis {e, f} with (f, f)=—1. If S} has constant
curvature ¢>0 then 0=¢—[(—p?)/—1]=¢—p%. If H? has constant curvature ¢<0
then 0=¢+(—p/—1)=¢+p%. Both occur. In fact, in 1.12 let ¢=1/+/2, d=0 if
2>0 and d=1/+—21, ¢=0 if 2<0. We have two maps: the given f and the f’ in
1.12. We see that A, =A, ., A; =Alp, (95, 70)=0r91), (7 97)=(3, 75) and 0=
Fi,=V3=P}.=F3, so that we have a map f: N;—N;, from the normal bundle
of f to the normal bundle of f/, covering an isometry, which preserves bundle
metrics, bundle connections, and shape operators. By the uniqueness theorem for
immersions, there is a rigid motion from one image onto the other.

A, cannot have a non-simple real eigenvalue. If it did, the Gauss equation

would imply that (3, 7)=0.

If AF[_; ﬂ then A;=[__(r) (q

This isometric immersion is also rigidly equivalent to a complex circle.

Case II. (5, 7)=0 and »+0. Assume that

A=) [g _2] or (2) [8 (1)} or (3) [_g g]

where a¢+0 and $+0. Trace A,=0 because (3, 7)=0. Choosing # in the normal
space so that {5 7} forms a pseudo-orthonormal basis, and using the fact that
trace A;=2, we see that

b0 1 1 7
Ay=(1) [0 2-b} or (2) [o ﬂ or 3) [_r ﬂ

If (1) holds the map splits and the possibilities have been classified. If (2) holds,
the isometric immersion is equivalent to 1.13. If case (3) holds y=0 and the map
is equivalent to a complex circle.

We must also consider what happens if A,=0. This implies that the first
normal space is one-dimensional and lightlike, so f(R})CR:;,. 1.3 shows that



Isometric Immersions of Lorentz Space 47

Sz, v)=(g(z,v), , v, ¢(x, ¥))
and ¢z, y)=ax*+bxy+cx*+dx+ey+g.

Case III. »=0. By 1.16 the first normal space is one-dimensional if the map
is not totally geodesic. Let ¢ span the first normal space. If (0,6)+0 then f(R}
is contained in R? or R? and A, must have rank one and trace zero. Thus A,=

01
[O 0]. In this case the immersion is equivalent to 1.14 or 1.14’. If (4, 0)=0 then

A,=0 and the map falls into (vi). Q.E.D.
For completeness we state the classification of isometric immersions from R®
to R* with parallel second fundamental form.

1.18 THEOREM. If f: R*— R*is an isometric immersion with parallel second
fundamental form, then f is either totally geodesic or a product of one-dimensional
maps.

2. The n-Dimensional Classification.

Here we classify isometric immersions from R} into R?*? or R7*? with parallel
second fundamental forms. All such maps break into two classes. Immersions
in the first class are quadratic in nature, like the flat umbilical immersion with
lightlike mean curvature vector in 1.4. Immersions in the second class are pro-
ducts of the identity map and one of the two-dimensional immersions in 1.15,1.17
or 1.18 or the B-D scroll immersion of R? into RS given below.

2.1 ExampLE. B-D scroll over the null quintic @. Consider a null curve z(v) in
R with a frame A(v), B(v), C(v), D(v) and E(») along x(v) such that z(v)=A(),
A, B are lightlike, C unit timelike, D, E unit spacelike, C,D, E1 A, B, (A, B)=1
and C, D, E are mutually orthogonal. In addition, suppose A=bE, B=0, C= —D,
D——C+E, and E=—bB—D. Note that the fifth derivative of A is zero, so that
z(v) is a quintic Q. Let f(«, v, w)=x(®)+uBw)+wD(). This is an isometric im-
mersion of R? into R: with {0/ou, d/dv, 3/ow} forming a pseudo-orthonormal basis of
R:. If é=—wBw)+Cw) and &é*=—wBv)+E() then {£ &'} form an orthonormal
basis of the normal space, F“é=0=r*£*

with respect to {9/ow, d/ov, 6/ow}.

2.2 LeMMmA. Let f: M? — R}** be an isometric immersion with F*a=0 and a
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definite first normal space. If z,eM and £ is a parallel normal field in a neigh-
borhood of x, such that Ae,, has a complex eigenvalue, then f decomposes, in a
neighborhood of x,, as fixXf.: MxM "2 > R7IX R}

Proor. Let a(x)*if(x), 2(x), - -+, An(x) be the distinct eigenvalues of A at z.
First we show that A;(z) is constant and that

Ti={XeTo(M): A X=4X)

is a parallel distribution on M?.
Let XeT* ZeT(M). Then

0="rz(A:X)—A:(FzX)
=Vz(AX)—A:(VzX)
=(ZD)X+ AV X)—A:(VzX)
=(ZNX+2PzX ) — Ad(FzX)*)

where ( )* denotes the orthogonal complement of 7%. Thus (Z2)=0 and A(V;X)
=A(FzX). It follows that each T* is parallel and each 2 is constant.

Now let Co=(TH)*N---N(Tim)*. C is also a parallel distribution. In fact, let
ZeTM, YeC and XeTH@---@ T Then 0=2(X,Y)=FX,Y)+ (X, VzY) =
(X, VzY) so V;YeC. Therefore Mp=M3xM"? locally. Because A, and A, com-
mute for all normal vectors ¢, each A, has the same form by 0.8 and so a(X, Y)
=0 whenever X is tangent to M?and Y is tangent to M" 2. The theorem follows
by 0.3. Q.E.D.

Let ¥V and W be vector spaces. For a bilinear map a: VXV —W define the
relative nullity space of a, N(a), by '

Na)={XeV: a(X,Y)=0 for all Y in V}.
a is said to be flat with respect to an inner product (, ) on W if
(X, Z), (Y, W))=(a(X, W), (Y, Z))

for all X, Y, Z, Win V. We then have
2.3 ProrosiTiON. ((Mo 2))

(i) If a:VxV—>W is flat with respect to a positive definite inner product on
W then dim N(a)=>dimV—dimW.

(ii) If a: VXV —>W is flat with respect to a Lorentzian inner product on W

and dimW=2 then either dim N(a)>dimV—dimW or a(X, Y) is null for all X, Y
in V.

Note: This will be referred to as Moore’s nullity result.
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2.4 THeEOREM. If f: R? —» R’*? is an isometric immersion with parallel second
fundamental form then

f=AixId: RIXR"*—R{XR"™* or
f=Idxf,: Ri7*XR*—> RI*XR*

where f, is one of the two-dimensional maps of 1.15 or 1.18.
Proor. We consider the two cases =0 and 5+0.

Case 1. »=0. We will see below that in this case the first normal space is
0- or 1-dimensional. If it is 1-dimensional, then f(R?)cR?*' non-trivially. If @
spans the first normal space then A, can be put into the only rank one, trace
zero canonical form. It is clear then that f can be decomposed as f,XId: R:XR"*
— R!X R"? where f, is the B-scroll over the null cubic.

Now it is shown that the first normal space cannot be two-dimensional.
Suppose that it is two-dimensional and let {£,&*} be an orthonormal basis of the
first normal space.

We will assume A can be put into one of the canonical forms and then show
that the first normal space is not two-dimensional.

If A, were diagonal with respect to an orthonormal basis, then by minimality
and 2.3 it has at most two non-zero eigenvalues +2 and the eigenspaces are one-
dimensional. The same reasoning shows that this is also true for A.:, and in fact
the eigenspaces are the same as those of A.. If this is true, then the first normal
space is one-dimensional.

If A; had a non-simple eigenvalue of multiplicity 2 then combining 2.3, min-
imality and the fact that A and A.: commute, we have

(0 b 0---¢;0---0)
. 0
0 0

o o
o
=
=
=

A= and Aa=|: 0
On_.z : C_; On_z

\ (.) 6 /
with respect to a pseudo-orthonormal basis {/,/,ei, -+ +,ea_s). This gives a(l,l)=
E+bE:, ales, e;)=0 and alej, [)=c;&*. Flatness of a gives 0=(c;&*, c;6*)=c% so that

the first normal space is one-dimensional.
If A: has a complex eigenvalue then A.: does also and so
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115:= and [451==
()n-z ()n—z

\ J \ J

The first normal space has dimension one.
If A, had a non-simple eigenvalue of multiplicity 3 we see that

N\

(0 0 1 )

0 b ¢
0 00 0 00
010 0 ¢ O
A= and A=
O"b—3 On_s
\ Y, \ J
with respect to a pseudo-orthonormal basis {/,/, e, e, ---, en_s}. Here a(i, e)=&+cét

and a(e, e)=0 so that 1+¢*=0, which is impossible.

Case II. 5+0. Here we show that A, is diagonalizable. Choose 7’ to be a
unit vector in the direction of » and »* to be a unit vector perpendicular to 7.
Suppose first that A, is of the form

At
0 2
A”'= 21 ’ tio
" us
with respect to a pseudo-orthonormal basis {/,f, ei, ---,ens). By Moore’s result,

we see that either 21+0 and all 2,=0 or 2=0 and exactly one 2,,+0.

‘Lt b cl"'cn—2
O # 0...0

A=
7 Ci

0 dij

Cn-2

We have a(/,/)=0 and a(/, l‘)=277'+/,l7]"'. The Gauss equation applied to the plane
spanned by / and | shows p#=0=2. Thus 4;,,#0 for some j,. Moore’s result then
gives each ¢;=0 and possibly one d;,;+0. However, trace A,:=0 forces d;;,=0.
Therefore aley, e;) =24, ale;, §)=0 and a(l, {)=ty +by*. From this we get 1,,=0
and so A, cannot have a non-simple eigenvalue of multiplicity two.
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\

S O~
S N O
N O S

Suppose A,= . Then 2.3 implies A=0=2;, contradicting
A1 ‘

\ . An—s )
(n, p=+0.

If A, had a complex eigenvalue, then by 2.2 the map splits, but the two-
dimensional argument shows this splitting can’t occur.

Finally, if A, is diagonalizable, it has at most two non-zero entries, and the
map splits into a product of the identity map and one of the possible two-
dimensional maps. Q.E.D.

If the normal space is Lorentzian, then there are more possibilities.

2.5 THeorReM. If f: R? — R?*? is an isometric immersion with parallel second
fundamental form, then f is one of the following.

(i) f=fixld: REXR"*—> R{XR"*

(ii) f=fixld: R *XR®*—> R *X R! where f, is one of the two-dimensional
maps.

(iii)) f=fixld: RIXR"?*®— R:XR"® where f, is the B-D scroll over the null
quintic.

(iv) f is a quadratic map:

(xly Tty xn) = (q('i:% xl! te xn, Q(‘f‘)) with
gz, -+, ™) =Xaixtz’ + Lhizt+c.

Proor. We consider three cases. Case I: (y,7)+#0, Case Il: (5, 9)=0, »+0, Case
III: »=0.

Case I. We show that A, cannot have any non-simple real roots, and that if
it has simple roots it splits as in (i) and (ii).

Let 7/ be a unit vector in the direction of 5 and let »* be a vector orthogonal
to % satisfying (¢, 7")+(3*, »*)=0. Define ¢=(y/,7') and '=(y*, »*). If

At r b Cie* -cn_j
0 2 0 p
A, = A1 , Ap= ‘.
: dij
An_z2 Cn-2

with respect to a pseudo-orthonormal basis {/, i , €1, * -, en_z} With #0, then Moore’s
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result says A, has rank <2 and non-zero trace. Then either A=0=c¢,=---=cn_,
and one 4;+#0 or A#0 and di;=0=2;=c;. If 2#0 then f would split into the pro-
duct of the identity map and a non-existent two-dimensional map, so assume A1=0.
Since a(/,/)=0 and a(/, i)=ryp*, rp*=0 implying that x=0. By 2.3 and the fact
that trace A,:=0 all d;;=0. Then a(e,, [)=0, ale,, e,)=12;07 and a(i, {)=aty +brp*
so 0=(2;,07, oty +bry*)=2;6¢ which would imply 2, =0, which cannot happen.

A, cannot have a non-simple real eigenvalue of multiplicity 3, non-zero trace
and rank <2.

If A, is diagonalizable then, as above, it has one or two non-zero entries and
the map splits into a product of the identity map and a two-dimensional map. The
same is true when A, has a complex eigenvalue.

Case II. »#0 and (3, »)=0.
If A,#+0 and has simple eigenvalues the map splits into the product of the
identity map and an appropriate two-dimensional map.

When
21 © b Ci***Cn_2
0 2 0 p
A,= A , Ap=
. C1
: dij
An—z Cn—2

where # is a lightlike normal vector satisfying (y, )=1 we see that 2=0=21; If
##+0 then ¢;=0=d;; and the map reduces to a product of the identity map and a
known two-dimensional immersion. On the other hand, g cannot be zero. If ;=0
then for some j, d;,;+0 and possibly c;=+0, while all the other entries are 0.
This would give a(l,)=7+by, ale,, D=c,n and ale,, e;)=d,;7. Because « is flat
we have 0=(3+0by, d; ;) =d,, contradicting trace A,=+0.

When A, has a non-simple eigenvalue of multiplicity three then As is of the

form
(1t b ¢ c2ovCn2)
0 o O
0 Ci1 U
Ca
dij
\ Cn-2 /

Using the arguments above, we have u=0=d;; contradicting once again that
trace A;+0.
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If A,=0 it is easy to see using 1.3 that f is quadratic in nature and we get
@iv).

Case III. »=0.

If the first normal space is one-dimensional and definite then the immersion
is the product of the identity and the B-scroll. If the first normal space is one-
dimensional and lightlike, the immersion is quadratic.

If the normal space is two-dimensional, arguments similar to those above show
that if {£&*} is an orthonormal basis of the first normal space then the only
canonical form possible for A, and A.. is

(0 0 1 3 (0 b 1 )
0 00 0 00
010 010
A=  Aa=
On_s O’Il—8
\ / \ J

and f splits as the product of the identity map and the B-D scroll over Q. Q.E.D.
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