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UNIFORM VECTOR BUNDLES OF RANK (n+41) ON P,

By

Edoardo BALLICO

Introduction.

Here vector bundle (or sometimes bundle) means algebraic vector bundle on
an algebraic variety. Every variety is defined over an algebraically closed field
K with ch(K)=0. We write P,:=P,(K). A vector bundle E on P, is uniform
if there exists a sequence of integers (k; 7y, =+, 74; a4, -+, a;) (called the
splitting type of E) with a,>--->a, and such that for every line L of P,:
E =®E»,0.(a;). If the rank » of E is low with respect to the dimension n
of P,, there are only a few uniform vector bundles of rank r. See[1], [2], [5]
for the following

THEOREM. For r=n, n=2, r=3 and n=2, the uniform vector bundles of
rank v on P, are (up to isomorphism) dirvect sum of line bundles, 2% (a), T P,(b),
ST P,(c), with a, b, ¢ integers.

In particular every such bundle is homogeneous, i.e. for every automorphism
g of P,, g*(E)=E. But for »r=2n there exists uniform vector bundles of rank
r on P, which are not homogeneous. Thus it remains open the range n+1=<r<2n.
Ph. Ellia in [3] proved that a uniform rank-(n+1) vector bundle on P, is
decomposable if n=3, 4,5 or n=p—1 where p is a prime number. His methods
give also many other partial results on rank-(n+1) vector bundles on P,, giving
evidence to the following

TEEOREM 1. Every uniform vector bundle of rank n—+1 on P, is isomorphic

either to a direct sum of line bundles or to the direct sum of a line bundle and of
2% (b)) or TP,(a).

In this paper we prove theorem 1, using the methods of [3] To pass from
[3] to theorem 1 no geometry is involved ; the only problems are about roots of
unity, roots of polynomials or decomposition of polynomials. Thus the proofs are
tricky.

We want to thank U. Zannier for useful conversations.
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§0. Notations. For more details, see [2], [3].

Every vector bundle E on P, is a direct sum of line bundles and thus it has
a natural filtration. If E=®K,r0p,(a;) with a;>-->a,, the j-th term of the
filtration HN/E is the unique subbundle of E isomorphic to @i ,7;0p (a;). This
is the Harder-Narasimhan filtration. Now we define the relative Harder-
Narasimhan filtration. Let G(1, n) be the grassmannian of lines in P, and
F,:={(x, )eP,xXG(, n): x=1} the incidence variety. We have the projections
p:F,—P,, q: F,—G(1, n).

PROPOSITION [2] Let E be a uniform vector bundle on P, of splitting type
(B 7y, -, ¥g; Gy, -+, ap). There are bundles E; of rank r; on G(1, n) such
that p*E has a filtration by subbundles whose graded bundle is Di_,[¢*E QL p*Op (a;)].
This is the HN (or Harder-Narasimhan) filtration:

HNIp*E : =Im[g*qxp*E(—a)Qp*0(a;)— p*E].

We write G:=G(l, n) and F:=F, if there is no possibility of misunder-
standing. Let H be the tautological subbundle on P, i.e. let H be Op,(—1).
Let Q be the tautological quotient bundle on P, i.e. let Q=TPFP,(—1). Let N
be the tautological quotient bundle of rank (n—1) on G. F is naturally identified
to P(Q) and this identification determines on F a relative tautological subline
bundle Hy,. We consider the Chern classes (in H*(F, Z) over C or, if you
prefer, in general in the Chow ring) U :=c;(p*H), V :=c,(Hy).

Consider the polynomial

RX, Y)=X"+ - + X'Vt Y™
In [2] it is proved the following result (Leray-Hirsch’s theorem):

a) The natural morphism ¢ of Z[U, V] into H*(F, Z) induces an isomor-
phism of H*(F, Z) with Z[U, V]/(RWU, V), U™**").

b) The subalgebra p*H*(P,, Z) is the image by t of the algebra of poly-
nomials in the variable U.

c) The subalgebra ¢*H*(G, Z) is the image by ¢ of the algebra of symmetric
polynomials in U, V.

d) The Picard group of F is the free abelian group generated by p*H and
H,. Every vector bundle E of rank » on a projective variety has the Chern
polynomial

Ce(T):=T"—c,(E)YT™ *+---+(—1)c(E).

The Chern polynomial has the following properties :
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i) if L is a line bundle, then Cger(T)=Cg(T—c.(L));
ii) if E has a filtration with graduation &@,E;, then Cg=II.Cg,.

Now let E be a uniform vector bundle of rank » on P, of splitting type
(B; 7y, , 7s; @, -+, az). Consider P(T, Uy=T"+¢,UT" '+ --- +¢,U" the Chern
polynomial of p*E, where ¢; are the Chern classes of E (recall the definition of
U). Then ii) applied to the HN-filtration of E gives the following relation in
ZT, U, V]:

P(T, U)+Q(T, U, VYU*'+M(T, U, V)RU, V)=II{-:S«(T+aU, U, V)

where Q(T, U, V) is a homogeneous polynomial of degree r—n—1, M(T, U, V)
is a homogeneous polynomial of degree r—n and S;(T, U, V) is the Chern poly-
nomial of ¢*E; (it is homogeneous of degree 7; and symmetric in U and V). In
particular let E be a uniform vector bundle on P, of rank n+1 and splitting
type {k; #i, -+, 7s; ay, -+, ax). We have the following fundamental relation

©  PT, U)+xU+(aT+bU+cV)RU, V)=Ili<:S(T+aU, U, V)

with P(T, U)=T"*'+¢,UT"+ --- +¢,U"T the Chern polynomial of p*E, x, a, b
and ¢ integers. (&,) is the relation obtained by (&) replacing T by T—a,U:

&)  PAT, U)+x,U+@T+bU+cV)RU, V)=TT1S«T4(a;—a)U, U, V)

with PyT, U) Chern polynomial of p*(E(—a;)) and b;=—aa;+b. In this paper
xj a, b;, ¢ will have always the meaning given by (&€;). From the symmetry
of S/T, U, V) it follows [3 lemma IIl. 1.2] that either x,=0 or x,=c—b;.

§1. We fix a uniform vector bundle of rank n-1 and splitting type
(B; 7y, =+, ¥e; @y, -, az). For simplicity we consider always the geometrical
situation of (&,), avoiding the case in which (£;) does not come from the HN-
filtration of such a bundle. If 2=1 or k=2, r=n or 1, then theorem 1 is
satisfied [3, IV. 2]. Thus we may assume k=1, if =2, r#n or 1, n=7
[3, Chapter 6] and that the a;s are consecutive (otherwise E splits by [2].
With these assumptions the proof of theorem 1 is purely algebraic: it follows
from the relations (&;).

Ellia’s machinery permits to handle easily the case ¢=0 [3, Chapter III] and,
with much more efforts, the case “ x;=c—b; for every j”. The main technical
point of this paper is the following lemma, proved in the second paragraph:

LeMMA 1. If x;=0, then ¢=b;=0.

For the proof of lemma 1 we will show that if ¢#0 or b;#0, then P«(T, 1)
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has (n-+2) roots, impossible. But for some detail we use the techniques of the
first paragraph. The reader can verify that this is not a circular proof. We
say that ¢ is a primitive solution of (&;) if in (&;):

1) xi=c—bi;

2) tis a root of S;(0,1, V), t=+1, and ¢ is a simple root of the polynomial

D(V):=cV* ' +(c+b)V*+ --- +V)+c.

Ellia assume x;#0 instead of condition 1). By [3, lemma III. 1.2], x;+#0 implies
x;=c—b;. The condition 1) is sufficient for us, even if b;=c.

LEMMA 2. Let t,, -+, ts be primitive solutions of (&;). If for every 1=h=1
there exists s(h) such that t3t5"+#1, then cpe1-n=0 for 1=h=<1.

The proof is exactly the same of [3, lemme V. 1.1].

Recall that Ellia [3, lemme III. 1.3] proved that the polynomial D,(V) defined
in (1) has, for ¢#0, at most 3 real roots and that every multiple root of D, is
a real root.

Copying [3, Remarque V. 3.3] we have the following

REMARK 1. Consider S@)= Mv*+Dv+ M, AWw)= Mv*+Zv*+Zv+M=
A+v)(Mv*+(Z—Mw+M). Then S() has a double roots if and only if S(1)=0
or S(—1)=0. Thus if x;=c—b;, r;=2 or r;,=3 and there is no primitive solu-
tion of (&;), then either c=—(nb;)/(n+2) or, if n is odd, ¢=b; or, if n is even,
c=(nb;)/(n+2).

LEMMA 3. A primitive root of unity of order v, 2<r=mn, is a root of the
polynomial A(x)=cx"**+bx"***—bx—c, ¢#0, if and only if b=0, *c or, for
n=1 mod 6, b=—2¢, for n=3 mod 6, 2b=—c.

PrRoOoF. If »>12 or r=5,7,9,11 this is in [3, V. 4.4 and V. 4.6]. The
remaining cases can be checked directly. Q.E.D.

By lemma 2 and lemma 3 if there exists an index 7 with x;=c—b;, c+#0,

1 . .
———z—bi, —2b;, except in a few cases in (£;) we have ¢;=---=¢,=0. We want
to show that there exists always an index 7 such that in (&;) ¢;= - =¢,=0.

By [3, Chapter III] this is the case if ¢=0. Thus by lemma 1 we may assume
for this problem x;#0 for every 7 and c¢+0.

LEMMA 4. Assume r=3, x;=c—b;, ¢#0, by=—2¢ if n=1 mod6, 2b;=—c
if n=3 mod6. Then in (&;) we have ¢,= --- =c,=0.
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PROOF. Under both assumptions the polynomial A(x)=cx"**+b;x***—b;x—c
=(x—1)D;(x) has no multiple root since it is easy to check that it has no real
multiple root and by [3, lemme III. 1.3] any multiple root of A(x) is real. The
only cyclotomic polynomial which divide D;(x) is x2>—x-1. Thus if »=3, we
may apply lemma 2. Q.E.D.

To use the general machinary of [3], we have to control the case of primi-
tive solutions of (&£,) which are roots of unity.

LEMMA 5. Assume a=0 and either b;=0 or b,=—c. Then we have c¢=0 or
k=1.

PROOF. Assume c+#0. We have b;=b; for every 7, ;. We put b:=b,.
Suppose b=-—c¢. Then the left-hand side of (&;) is Py(T, U)+c(Vr+14LUr+y), If
in (&) we put U=1, V=z with z"*'=—1, S;(j—i, 1, 2)=0, we obtain that
(j—i)(—142) is a root of Py(T):=P,T, 1) (see the proof of lemma 8 in the next
paragraph). In the same way, taking V=1, U=z as above, we obtain the roots
—(j—2)(—142z"1). We obtain 2n—2r;+2 distinct roots of P,(T) since 1(—1-+2)
=k(—1+4w) with 1, £ non-zero integers and z"*'=w"*'=—1 implies z=w by
lemma 7 in the next paragraph. Thus we have £<2. Assume k=2, thus r,=r,.
We have shown that P,(T)=P,(T—1) has 2n—2r,+2 roots of type +(—1+2)
with z"*'=—1 and P,(T) has 2n—2r-+2 roots of type +(—1-+w)+1 with wn+*?
=—1. An equality +(—1+4z)==(—14+w)-+1 for such w, z implies z=w, —w,
w™, —w™ and z of order 3 or 6. This is impossible since n is odd (»,=7;) and
z°=1 implies z"*'=1%—1. For b=0 a different proof is given in [3, V. 5.1.1].

Q.E.D.

LEMMA 6. Assume a=0, c¢#0, k+1, x;=c—b;. Then there exists an index
i such that in (&;) we have ¢,=0 for 1=<t<n.

PROOF. By lemma 5 we may assume that b:=b;#—c. The proof of [3,

V. 3.6.] shows that there exists an index i and a primitive solution u for (&;)
with

n/(n+1)<arg(u)<5rx/(n+1) (2)

In particular »;=2. If we cannot apply lemma 2, i.e. if u is a root of unity,
then either b=c (case solved by lemma 1 or lemma 10) or 2<#;<3, n=1 mod 6
or n=3 mod 6, u*=1. But for n=14 this contradicts (2). If there are at least
4 odd r’s, then ¢=0 (same proof as [3, V. 3.1]. Thus there exists an index j
with r;=2. Since S;(k—7, 1, x) is a different factor of D;(x) (unless the linear
term of T in ST, U, V) vanishes) then we obtain easily »,=2 or r,=2 and
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then, for the same reason, r,=2 for every index s. We have only to control
the cases n=7, 9 or 13. Consider S|(T, U, V)=T*+dTWU+V)+AU*-UV +V?).
Since ¢#0, A+0. By the restriction to a fiber of the Harder-Narasimhan filtra-
tion we obtain A=0 since a subbundle of a trivial bundle has non-negative even
Chern classes. We consider the decomposition of D,(V) by the factors
Si(s—1, 1, V). From the terms of degree n+1, n and 0 we obtain 12/A+6d/A
=9/2 for n="7, 42/A+21d/A=15/2 for n=13 and 30/A-+15d/A=T7 for n=9.
This is impossible. Q.E.D.

PROPOSITION 1. Assume ¢+0, £>1. Then there exists an index i such that
in (&;) we have c;=0 for 1<s=n.

PROOF. We may assume a#0, x;#0 for every index j. Assume b;=0.
Then (¢V4b,)RA, V)+c—by=c(V***+ ... +V+1). We have ¢,=0 for l=s=n
in (€,;) by lemma 2 if the order of the roots of S;(0, 1, V) have n+2 as minimum
common multiple. This happens if »;=(n+2)/2, for examples by the degrees of
cyclotomic polynomials [4, pag. 206]. Assume b,=-—c. Then (cV+bs)R(Q, V)
+c—by=c(V™*1+1). As above we have ¢,= - =¢,=0 in (&) if ra=(n+1)/3.
In fact v*=1, k<n+1, v**'=—1 implies k& even, say k=2s, v*=—1, s=(n+1)/3.
Suppose the thesis does not hold. There can be other factors S;, but, if we
have j, h with b;=0, by=—c, at most one factor S; with r;=2. This factor
can exist only if n=1, 3 mod6. In fact the case b;=cn/(n+2) cannot occur if
b,=0, b,=0, since b;=b;+(j—i)a. Furthermore if there exists j with b;=0,
there exists at most a factor S; with degree »;=1 and it exists only for n even.
Thus we have (n+2)/24+(n-+1)/3+2+1=n+1i.e. n=20. The factor with »,=2
could exist only for n=3, 7, 13, 15 or 19; if it does not exist, we have the better
inequality n<8. Thus we may assume n=7, 8,9, 13,15 or 19. For n=19,
V3O4+1=¢n(V)-¢s(V), where ¢4 is the cyclotomic polynomial of order d; since
deg ¢,=16>(n+1)/2, bp=—c cannot happen. For n=13, V14+1=¢4(V);¢28(V)
and deg ¢.s=12>(n+1)/2. For n=9, 15 n-2 is prime, V" +4Vo4 ... +V+1 is
irreducible, thus b,=0 implies 2=1. The remaining possibility (when either
b;#0 for every j or bp#—c always or n=7, 8) can be checked directly. We
have to use remark 1 to analyze the existence of primitive solution for (&;) if
r;=2, 3 and use [3, V. 3.1] and its extension to the case n odd. @ Q.E.D.

If ¢=0, then ([3, Chapter III]) there exists an index j such that in (&;) we
have ¢;= -+ =¢,=0; furthermore if ¢=0, S;(0, 1, V) is divided by V. We use
always the above notations, i.e. we assume ¢,=0 in (&;) by prop. 1. At this
point, modulo the proof of lemma 1 given in the next paragraph, to prove theo-
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rem 1 it is sufficient to copy, with mild simplifications, the proofs in [3, V. 6].
We put b:=b,, u;:=a;—a; 1=i<k. We have u;=0 and the u; are consecutive
by assumptions. Thus u;=j—i. In (£;4;) the left-hand side is

T oo (— D)4 it TU U (= 17+ 4 —b)
+(aT+H(—ai+bU+cV)RWU, V).

Since either 1) x;.,=0 or 2) x;.;=c—bs; for every 7 by [3, lemme IIL 1.2], we
have respectively either 1) i**'=(—1)*(c—b) or 2) i"=—(—1)"a. The condition
¢;=0 in (&;) implies

2hur(i—7)=0 (3)
and thus £#2 and j#1, k. 1) and 2) implies £<4. If n is odd, x;-;=x;4,=0.
Thus the left-hand side of (&;) is T"*! for n odd by lemma 1 and, for n odd,
the vector bundle E splits and the theorem is proved.

Thus we may assume n even. We have a=—1. Suppose k=4. Taking
eventually the dual vector bundle, we may assume j=2. Then x,=0 and by
lemma 1 b,=c=0. The condition b,=0 is equivalent to b=—2. From 1) we
have 2"*'=—p, contradiction.

Thus we may assume n even, k=3, a=—1, j=2. (3) implies r;=rs;. It
cannot happen x;=0 or x,=0. For example x,=0 implies b,=b—1=0, c¢=0.
The left-hand side of (&) is (b=1, a=—1, ¢=0)

T —TRU, V)+URU, V)—U*"'=(T—U)R(T, U)—RU, V))
=(T-U)T—-V)Z.(T, U, V)

where we write
En—l(T: U; V):Zr+s+t=n—1TTUth-

.-T, U, V) is irreducible, thus x,#0, because this contradicts the hypotheses
that, for ¢=0, V devides S,(0, 1, V). Now assume r;=4. As in [3, V. 6.3.1]
we obtain ¢=0 and, taking T=0 in (&,) the left-hand side is b,V(V* '+ --- +1).
If 5,#0, as in [3, pag. 48-49], we obtain a contradiction. If 5,=0, i.e. b=—1,
we are in the case a=—1, b=—1, ¢=0, just solved. Thus we may assume
ri=rs<3. First assume r; odd. Since n is even, by [3, lemme V. 3.1] we have
¢=0. The relation (&,) gives, for T=0, the identity

bY(V it +1)=8:(—1, 1, V)S,(0, 1, V)S5(1, 1, V)

and, since n is even, every S has a real root, which is absured unless b=0.
Assume b=0. The left-hand side of (&,) is T(T*—RU, V)) and T*"—R(U, V)
is irreducible by the Eisenstein’s criterion, contradiction. The case r,=r;=2 is
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verbatim [3, V. 6.4.2 case (2)]. The proof of theorem 1 is finished, modulo the
proof of lemma 1. - h

§2. In this paragraph we prove lemma 1. Thus we assume x;=0 and
write b, » instead of b,, 7;; P(T):=P«T, 1) where P(T, U) is defined by (&)).
We will prove, under the assumption c¢#0 or b#0, that P(T) has n+2 roots, a
contradiction. '

We use freely particular cases of the following lemma.

LEMMA 7. Let d, s be non zero integers, v, w, z roots of wunity with v+1.
Assume
' d(—14+2)w=s(—1+v) | (4)

Then zw?=v. Furthermore z and v are conjugate unless

D s=2d, w'=-—1, z=—1, v=w?;

2) s=—-2d, z=—1, wi=—1, v=—w"?;
3) 2s=d, wi=l1, v=—1, z=w;

4) 2s=-—d, wi=l, v=—1, z=—w.

Furthermore if w?=1, then the z=v, s=dw.

PROOF. We have arg(—1+42z)24-arg(w)*=arg(—1+v)? mod 2z. Since —1+4-e**
=—2{¢**/2sin(x/2), we have arg(z)—n/2+2arg(w)=arg(v)—=/2 mod 2z i.e. v=
zw®. If w?=1, then we have finished. Thus we may assume w not rational.
From zw?=v and (4) it follows z, v=Q(w) and the minimal polynomials of w
over Q(z) and Q(w) have degree at most 2. Thus either w*cQ(z) or w*€Q(2).
But w?!cQ(z) implies weQ(z) by (4). Assume wle@(z), weQ(z); we have
ord(w)=3ord(z) or ord(w)=6ord(z). From d(—1+2z)w?=s(—w+zw®), we obtain
—dw+dzwtt+sweQz); szwi—dzw+dweQ(2), i.e. —dw?+d*w/s—d*w/(sz) is
in Q(z), implies dzw?+sw—d*w/s+d*w/(sz)EQ(z) i.e.

w(—2d?/s+d?/kR:+s+d%z/s)eQ(z).

Thus, since by assumption we&@Q(z), d2z®+2z(—2d®*+s*)+d*=0. This implies
either z=—1, 4d*=s?, or —2d%+s?==d? In the last case d*=s*? (since 3d*=s?
is impossible) and taking absolute values in (4) we obtain z=v or z=v"*! i.e. z
and v are conjugate. If z=—1, s=2d, we have case 1), otherwise case 2). By
symmetry if weQ(v), either z and v are conjugate or we are in cases 3) or 4).
Thus we may assume Q(z)=@Q(w)=Q(v). Hence either z is conjugate to v or z
is conjugate to —v. Assume for example ord(z)<ord(v). Then ord(v)=2ord(z)
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and either ord(w)=ord(z) or ord(w)=ord(v). In both cases w?°r¢* =1 and v=zw?
gives the contradiction. : Q.E.D.

LEMMA 8. x;=0 implies either ¢=b;=0 or 2r;=n.

PROOF. Assume ¢#0 or b:=b;#0; recall »=r;, Then from (€;) we obtain,
taking T =0, the fundamental relation

(cV+U)RWU, V)=IIi-:S«(G—7)U, U, V) (5)

Fix /#j. Let A; be the set of root of unity w satisfying (S;(/—7, 1, w))/(cw-+b)
=0. For some F,, F/, F/, S(T+G—-)U, U, V)=TF;+S((G—;,U, U, V) implies
S«T, U, V)=(T—(i—)U)F{+S{G—)U, U, V)=(T—G—HV)F!'+S(G— )V, V,U)
since 'S,-(T, U, V) is symmetric in U , V. Thus we have

ST+GE—nU, U, V)=(T+GE—NU—G—HV)G:i+S{(G—7)V, V, U) (6)
fof some G;. If in (6) we take U=1, V=t A;, we obtain P((z'f—J‘)(—l—i-t)):O

because S,(7—/)U, U, V) is a product of symmetric divisor of R(U, V) and even-
tually a constant multiple of (cV-+b).

If in (6) we take U=t, V=1, we obtain that ({— ) (—1+t)t"'=—G— )} (—1+¢7Y)
is a root of P(T). Since ¢t and ¢! are vconjugate, they are both roots of
Sit—j, 1, V). Thus P(T) has at least 2n—2r distinct roots (by lemma 7) of a
very particular form. Thus 2n—2r<n. _ Q.E.D..

REMARK 2. The proof of lemma 8 shows that if x;=0, ¢ and b; not both
0, P(T) has at least 2n—2» non-zero distinct roots of a very particular type.

LEMMA 9. x;=0 smplies b;=0 or r;=n.

PROOF. Take S(T, U, V)=2rn:eT"Br(U, V). Let w be a root of By1, V)
=0. From (&;), deriving with respect to 7 at the point 7=0, U=1, V=w, we
obtain

Cn=(IL:2;S:(t—J, 1, w)(By(1, w):=(cw~+b)B(w)B,(1, w)

In the same way for T=0, U=w, V=1, we obtain
caw™=(c+bw)B(w)B,(1, w)

From this relation it follows either ¢=0 or bw=bw™ for any w with By, w)
=0. Assume b#0. Then since 2r=n, we obtain ¢,=0. Thus B(1, V)=0 since
it has degree »—1 and » distinct roots. Let ¢ be the largest integer n such that
¢;#0. If t=0, P(T)=T"*! and the proof of lemma 8 shows that »=n (in fact
in this case we have k=1 and E is a direct sum of line bundles). Now assume
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t>0. We have ¢,=0, B,(U, V)=0 for s>t exactly as above. Deriving (&;) with
respect to T at T=0, U=1, V=w and at T=0, U=w, V=1, we obtain (c+bw)
=w'(cw+b) i.e. (ecx***+bx*—bx—c¢) has cyclotomic polynomials as divisor.
Assume ¢#0. Then by lemma 3 this implies b=0 or b=+c¢. Suppose b==c;
we have w'=1 for every root w of B(l, V)=0. Since 2r=n, we have t=r=
[(n+1)/2] and P(T) has 0 as a root of multiplicity at least n/2+1. Thus
remark 2 gives the contradiction. If ¢=0, the proof is even simpler. Q.E.D.

LEMMA 10. =x;,=x,;=0 for i#j implies c=b;=a=0.

PROOF. We may assume b;=b;=0 and thus a=0. Assume ¢#0. Then
2r;j=n, 2r;=n implies r;+7;=n, thus #<3 and if k=3, r,=1. It is easy to
prove, as in the proof below of lemma 1, that P(T) has more than n-+1 roots,
contradiction. We use the relation P(T)=P,(T+;—1) and the fact, easily checked
directly, that an equation 14-(—1+4t)==+(—14w) with {, w roots of unity has
only a few solutions. Q.E.D.

Now we are ready for the proof of lemma 1. We may assume n=r, ¢#0,
b;=0 and in (&;) ¢,#0 (see proof of lemma 9). We may assume a+#0 by the
proof of lemma 10. Taking U=1, V=w with R(l, w)=0, S;©0, 1, w)+#0, we
obtain 7 non-zero roots of P(T) from the roots of S(7, 1, w). Taking U=1,
V=w with S;0, 1, w)=0, from the equation S,7, 1, w)=0 we obtain r—1 non-
zero roots of P(T) because ¢,#0. Since r(n—r)+r(r—1)=(n—1)r>n(r—1), there
exists h+#0 with S;(k, 1, w)=0 for at least » different w’s with R(1, w)=0.
Thus P(T) has »+1 roots of the type h, hw, -+, hw,: since S;h, 1, w)=
Sih, w, 1), if Sj(h,1, w)=R({, w)=0, hw™ is a root of P(T). Since
2n—2r+r+1>n for n=r, we may assume that P(T) has a set A={d, dw,,
-, dw,}, w,; distinct (n+1)-th roots of unity (w=1), of 41 roots, where d=
s(—14v) or d=—s(—1+v) for some v with S;.,(s, 1, v)=0.

We distinguish 3 cases (the assertions follows from lemma 7):

1) if v%#1, from the roots of B of P(T) given by lemma 8 at most +=s(—1+v),
+s(—14v7!) are in A;

2) if v*=1 but v+ —1, then BN\ A contains at most +2s, +=s(—14v), =s(—1+v71);

3) if v=—1, then BN\A contains at most 2s, £s,(—14+vy), s (—1+4+v3h), h=
1, 2, where vi=1, vj=—1 and the s,’s are given by lemma 7.

In case 1) we have 2n—2r—4-+r+1=n i.e. n=<r+3. In case 2) we have n=r+5
while in case 3) we have n<r-+9. Furthermore in case 2) if n=r44 we have
k=3 and n odd: in case 3) n is odd and if n=r+2 we have k=3, since for
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k=2 only 2s can be in AnB by lemma 7.

First we assume £=>3. If for some index 7, r;=1, S{(T+i—7, 1, V) is of the
form T+ H(1+V) or T-+dV. In both cases it is easy to show that P(T) has at
least {—H(14+w)} or {—dw}, with R(1, w)=0, as roots. By remark 2 this is
impossible. Thus we assume ;=2 for every 7. By the first paragraph we may
assume b;=0, c=—b;, c=—(nby)/(n+2), c=b; (n odd) or ¢=(bsn)/(n+2) (n even)
or by=—2¢ (n=1 mod6), 2b,=—c (n=3 mod6). If n=1, 3 mod6, then 3 does
not divide n-+1 and case 2) do not occur; furthermore in case 3) we have
necessarily n=<r-+1 and thus £=2; in case 1) we have at most 2=3, r,=r,=2,
r;=n—3: this case can be handle taking U=1, V roots of unity in the polynomials
S«(T, U, V), i+ (we know their constant part since only —1 and 7 give in this
case cyclotomic polynomials of degree at most 2). But such a cumbersome cal-
culation can be avoid with the following remark ; if in the case above there is a
cyclotomic polynomial of degree 2, then 4 devides n+1; if ¢=b; see below ; if
¢=—b;, V*"*14+1 has no factor of degree 2 and we win; otherwise there is a
primitive solution of (&;) for some index 7 since c=-—(nb,)/(n+2) is impossible
if 2b,=—c or 2¢=—b,, because b;=b,;,+(i—j)a; we use the last part of the first
paragraph to conclude, in particular (3) gives the contradiction since there is an
index 7 such that in (&;), ¢;=:-=c¢,=0. If ¢=b; (n odd) we have x,=0 and
¢=0 by lemma 10. Again if ¢#b, and n is odd, the contradiction comes from
the last part of the first paragraph, where, for n odd, it is not necessary to use
lemma 1, lemma 10 is sufficient. If » is even, we have necessarily n=r-+3 by

the discussion of 2) and 3). Since —1 is not a root of R(1, V) for n even, in
(&5 there cannot be two factors of degree 2.

Thus we may assume k=2, x,=0, x,#0.

Assume n=r-+3. Then S,(1, 1, V) has a factor (14+v) and a factor (14-dV +V?)
with d=0 or d=1 or d=—1; the order of the root of unity is respectively 4, 6,
3. The factor (14V) implies that n is odd. P(T) has as roots 0, the elements
of A, +2. Thus P(£2:)+#0 if R(1, t)=0, ¢+—1, and thus 2 is never a root
of ST, 1, t) for such a ¢ and it is at most a simple root of ST, 1, —1). We
have r(r—1)+r—2+r(n—r—1)=(n—2)r+r—2. Thus there exists zeC, z+0,
+2, such that for at least n—1 roots of R(1, V), S.(z, 1, t)=0. As at the begining
of the proof of the lemma, the elements of A’:={e, ew,, -+, ew,-1, £2} with
w; roots of unity, are roots of P(T). This is easily seen impossible. Now
assume n=r-+2. S,(1, 1, V) has (14+dV+V?) as a factor, d=0, 1 or —1. Sup-
pose n odd. Since x"*'41 has no factor of degree 1 or 3, we have necessarly
c=—(byn)/(n+2) by the first paragraph, since for »,=3, if n=1, 3 mod 6 and b,
has an exceptional value, then (&,) has a primitive solution. From (&,) it follows
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that Dy(x)=cx™*'4-(c+b,)(x™*+ +-- +x)+c¢ has at least 4 real roots (» is odd and
S»(0, 1, V) has 3 real roots). This implies ¢=0 by [3, lemme III. 1.4]. Suppose
n even and thus d=1. Then in A there is at most one of (—14v), —(—1+4v)
and one of —(—1+vY) and (—1+4v~!) with v*=1, since R(1, —1)#0. Thus
n=r-+1, absurd.

Assume n=r-+1. Then S, 1, V)=dV({1+V) and thus n is odd. For every
(n+1)-root of unity w, we have P(2w)=0 since 2w is either 2 or conjugate to
an element in A. P(T) would have n-+2 roots, absurd. Thus theorem 1 is

proved.
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