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A THEOREM ON LENGTHS OF PROOF OF
PRESBURGER FORMULAS

By
Tsuyoshi YUKAMI*

Introduction.

In this paper we consider two subsystems RN, and N} of Peano arithmetic N,
and compare lengths of proofs of N, with lengths of proofs of M7.

The language £, of the system %, is a first order language which consists
of three function symbols: a constant symbol 0 (zero), a unary function symbol
’ (successor) and a binary function symbol 4+ (addision); and two predicate
symbols: the equality symbol = and a ternary predicate symbol P, The formula
P(a, b, c) represents the statement that axb is equal to ¢. The axioms of N,
are the following axioms and all instances of the following schemata :

(A-1) Vx(x=x), (A-2) Vx—(x’=0), (A-3) VaxVy(x'=y'Dx=y),
(A-4) Vx(x+0=x), (A-5) VxVy(x+y'=(x+y)),

(A-6) AO)AYx(Ax)DAx"))DVxA(x),

(A-7) VxVy(x=yDA(x)DA))), (A-8) VxP(x, 0, 0),

(A-9) VxVyVz(P(x, y, 2)DP(x, y’, z+x)),

(A-10) VxVyVzVw(P(x, v, 2)AP(x, y, w)Dz=w),

where (x) in (A-6) or (A-7) is any formula of N,.

The language £, of the system M, is the language obtained from 2, by
deleting the predicate symbol P. The axioms of R, are the axioms (A-1)-(A-5)
and all instances of the schemata (A-6), (A-7), where %A(x) in (A-6) or (A-7) is
any formula of N,.

Presburger proved in [P] that M, is complete. L,-formulas are called Pres-
burger formulas.

An 8,-formula %A is P-eliminable if, for each part of the form P(r, s, t) in
A, s does not contain bound variables. i is the formal system obtained from
N, by restricting induction axioms (A-6) to P-eliminable formulas.

We define the length of proof B, denoted by 1h($PB), as the maximal length
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of threads of P. (For the term ‘thread’, see [T, p. 14].)
The purpose of this paper is to prove the following theorem.

THEOREM. There is a function f: w—w such that, for each natural number
n and each Lo-formula N, if W is provable in NI with length <n, then A is
provable in N, with length = f(n).

Let S, and S, be systems. Let F be a set of formulas which are provable
in both S, and S,, We say that a function f:w—w is an upper bound for
speed-up by S, over S, with respect to F if the following condition is satisfied.
(Condition) For each natural number n and each formula % in F, if W is provable
in S, with length <n then U is provable in S, with length <f(n). This defini-
tion is due to [S]. Using this notion, we can paraphrase the above theorem in
the following form.

THEOREM. There is an upper bound for speed-up by RT over N, with respect
to the set of R-formulas which are provable in R,.

We make the following two remarks on Theorem.

1. We do not know whether or not we can replace M by R,

2. Let P be a proof of N, of an L,-formula A with length m. Assume that
every axiom in P is not VxVyVzVw {P(x, y, 2)AP(x, y, w)Dz=w} (respectively,
VxP(x, 0, 0)). Replace every part in P of the form P(r, s, t) by Vx(x=x) (re-
spectively, —Vx(x=x)). Then axioms VxP(x, 0, 0) and VxVyVz{P(x, y, 2)
DP(x, y’, z+x)} (respectively, VxVyVz{P(x, y, 2DP(x, y’, z+x)} and VxVyVzVw
{P(x, y, 2)ANP(x, v, w)Dz:w}') in P become formulas which are provable in R,
with length at most 5 (respectively, 9). Hence we can get a proof of R, of %
with length <m-+4 (respectively, m-8).

The reader can find in [Y] some other results on speed-up for subsystems
of Peano arithmetic.

We prove in §1 two lemmas which are used in the proof of Theorem. We
give in §2 the proof of Theorem.

The author wishes to thank the referee, who pointed out loose arguments in
the manuscript and gave the author suggestions to make them exact. The author
wishes to thank also Dr. N. Motohashi, who pointed out clumsy expressions in
the manuscript and gave the author helpfull suggestions.
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§1. Preliminaries.

1. %/ is the formal system obtained from N, by replacing all axioms by the
following rules of inference.

(I-1) (I-2)

Vx(x=x), I'—4 Vx—(x'=0), '—4
I'—4 - r'—4
(1-3) (I1-4)
 VaVy(x'=y'Dx=y), -4 Vx(x+0=x), I'—4
B 4 T TI'—4

(I-5)
VxVyx+y'=(x+y)), -4
- I'—4
(I-6) (induction inference)
AMAVYxA(x)DUAxNDVxUx), ' —4
I’'—4’

AOAVx(A)DAx)NDVxU(x) is called an induction axiom.

where the formula

(I-7) (equality inference)

-4, s=t AW, -2
As), I, [T—4, 3

! is the formal system obtained from $%; by replacing all axioms by the

above rules of inference (I-1)-(I-7) and the following rules of inference.

(I-8) (1-9)
P(r, 0, 0), I'—4 P(r, s, Y DP(r, s, t+r), ['—4
I'-4 ['—4
(I-10)
P(r, s, ) AP(r, s, wyDt=u, I'—=4
I'—4

It is easy to prove the following two facts.

(1) For each natural number m there exists a natural number n such that,
for each Q,-formula %, if A is provable in N, with length =m then A is
provable in M, with length <n.

(2) Let M}’ be the formal system obtained from N; by restricting induction
axioms to P-eliminable formulas. For each natural number m there exists a
natural number 7 such that, for each &,-formula ¥, if % is provable in N{ with
length <m then U is provable in N7’ with length =n.

Hence, to prove Theorem, it is sufficient to prove the following theorem.

THEOREM'. There exists an upper bound for speed-up by Ni’' over Ny with
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respect to the set of Lo-formulas which are provable in N,.

In the remainder of this paper we consider only R, N{ and N;}’. Hence
there is no confusion if we remove primes from notations R, R, and N}’

LEMMA 1. There is a function k: w—w such that, for each natural number
n and each proof P of Ny, if B is a proof of a sequent I'—4 with length <n
and every induction axiom of B is P-eliminable, then there is a cut-free proof of
N: of I'—=4 with length <k(n) whose induction axioms are P-eliminable.

PRrROOF. For formulas %, B and an equation s=¢, we write A=B (mod. s=t)
if, for some formula €(x), €(s) is A and €@) is B. Further we write

m#% (mOd. Slztl, Y Sy:t[l)

if, for some sequence of formulas ¥A,, -, A,_;, AU, (mod. s,=t¢,)--- and A,_,
=B (mod. s,=t,). When p is 0, A=B (mod.) means that A is B.
Mix is the following inference figure with the stipulations below :

ﬁf’f’}gvsl:tl - Iy—d,, S#Zjﬂ*r—’d - (D)
L, -, I, I, [I*~4, -, 4,, 4%, ¥

Stipulations: a) A* (respectively, IT*) is a proper subsequence of 4 (respec-

tively, II). b) For each formula U in 4 (respectively, II), if & does not occur
in 4* (respectively, II*) then D= (mod. s,=t,, -+, s,=t,).

Let A,, -+, A, be a bundle of a proof P. (For the term “ bundle”, see [T,
p. 72].) We define the degree of the bundle as the number of such U,s that
A; is the chief formula of a logical inference in L. Let A be a formula in the
end-sequent of P. The degree of W with respect to P is defined as the greatest
degree of bundles which end with 2. By d(¥, B) we denote the degree of A
with respect to .

We can define by double recursion a function % : w*—w which satisfies the
following sublemma. We omit the definition of A.

SUBLEMMA 1. Let

I''—4,, s;=t,- F,{k—)Ap, Sp=ty VF—>A VIS

I, -, T, I, I*>4, -, 4, 4, %
be a mix. Let By, ---, B, P and Q be cut-free proofs of N, of [1—4,, s,=t,;
vy Iy—d,, sy=t,; I'-4 and II-2, respectively. Assume that pu, 1h(P,), -,
1h($B,), 1h(P), 1h(QV)=m and the rank of the mix is less than or equal to p.
Assume that every induction axiom of B, -, B,, B and Q is P-eliminable.
Further assume that, for each formula N in 4 (respectively, II), if W does not

(D)
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occur in A* (respectively, IT*), then d(U, R)=d (respectively, d(N, Q)=d). Then
there exists a cut-free proof $* of W of Iy, -, I, I, II*—4,, -, 4, 4% %
such that 1h(P*)=h(d, p, m), dA, P)=dA, P) for each formula A in I, 4%
d(B, PN=d(B, L) for each formula B in IT*, 2 and all induction axioms of P*
are P-eliminable.

PROOF OF SUBLEMMA 1. We get B* by similar reductions to those in [G.

Note that d(%, P)=1h(V). Hence we can derive Lemma 1 from Sublemma
1.1 as we can derive Hauptsatz from Hilfssatz in [G].

3. We define an equivalence relation ~ between proofs inductively as fol-

lows: 1. A-A~B->B. 2. If P is B £ is DOS, Po~L, and the last

-4’ -3
inference rules of P and O are the same type, then P~L. 3. If P is Sﬁojs 2 , 2
lD0{)1

-3
type, then P~Q.

Bo~Q, P1~0; and the last inference rules of P and O are the same

is

LEMMA 2. For each natural number m there is a natural number n such that,
Jor each proof B of N, and each Lo-formula W, if P is a proof of W with length
<m and every induction axiom of B is P-eliminable, then we can find a proof L
of W with the properties that P~Q, the number of occurrences of P in L is less
than or equal to n and every inductihn axiom of Q is P-eliminable.

PrOOF. First we define inductively F, B) in the following manner:
1.1. If A is s=¢t and B is an {c-formula, then FA, B) is A. 1.2, If A is s=¢
and B is not {,-formulas, then FA, B) is 0=0. 2.1. If A is P(r, s, t) and B is
P(u, v, w), then FA, B) is A. 2.2. If A is P(r, s, t) and B is not of the form
P(u, v, w), then &, B) is 0=0. 3.1. If A is WAU? and B is B*AB?, then
T, B) is FAY, BHAFUAZ, B?). 3.2, If A is AU B is not of the form B! A B2
and A and B are L,-formulas, then F(A, B) is A. 3.3. If A is A'AA% B is not
of the form B'AB2 and A or B is not Lc.,-formula, then F(A, B) is 0=0. 4.
Similar to 3 for the case where the outermost logical symbol is —, VV or D. 5.1.
If Ais VxA, and B is VyB,, then FA, B) is VxF (W, By). 5.2. If A is VxN,,
B is not of the form VyB, and A and B are L, -formulas, then FA, B) is A.
53. If A is VxA,, B is not of the form VyB, and A or B is not L,-formula,
then F(A, B) is 0=0. 6. Similar to 5 for the case where the outermost logical
symbol is 3.

The following sublemma is easily proved by induction on m.

SUBLEMMA 2.1. For each m, the number of equivalence classes by ~ which
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contain proofs with length =m is finite.

susLemma 2.2. L1 &(%( ;‘ ), B) is B, B)( f ). 2. B, B)is (w, %( ;‘ ))

3. If A and B are L,-formulas, then FA, B) s A. 4. FAO)AVx(A(x)DAx"ND
VxU(x), BOYAYy(B(3»)DB(y")DVyB(y)) is BO)AVx(E(x)DC(x")DVxC(x), where
G(x) is F(A(x), B(y)). 5. The number of occurrences of P in FY, B) is less than
or equal to min(n,, n,), where n, and n, are the numbers of occurrences of P in
A and B, respectively. 6. If U is P-eliminable then FN, B) is P-eliminable.

PROOF OF SUBLMMA 2.2.

1, 2, 3, 5 and 6. Easily proved by induction corresponding to the inductive
definition of .

4. By 1 and 2.

When B~Q, FB, Q) denotes the proof figure obtained from P by replacing
each formula % in P by FUA, B), where B is the formula in O corresponding
to A.

We can prove the following sublemma by induction on 1h(%).

SUBLEMMA 2.3. Let B and Q be proofs of sequents Ui, ---, A—By, -+, By
and €, -, 6, —D,, -, D; respectively. Assume P~Q. Then F P, Q) is a
proof of

F(Uy, €), -+, T, C,)—FBy, Dy), -, %(%J" D))

and F(P, Q)~P.

Now, to prove Lemma 2, let m be given. By Sublemma 2.1 there is a natural
number vy such that £2,, ---, £, are all the equivalence classes by ~ which con-
tain proofs with length <m. For each 7 (1=/=<v), let {P.}e4, be the set of
proofs which are elements of 2; and proofs of £,-formulas. Define: 1) k;=the
number of occurrences of P in B;. 2) n‘:zienffik" 3) n=max(n,, -+, 1)

To verify that this n has the property in the lemma, let $§ be a proof of an
Q,-formula A with length <m. Further assume that every induction axiom of
P is P-eliminable. Then P is an element of £, for some 7 (1=7/=y). Take out
from {P:} re4, such a proof Q that the number of occurrences of P in Q is just
n;. By Sublemma 2.3 and 3.6 in Sublemma 2.2, &P, Q)~P, F(P, Q) is a proof
of A and every induction axiom of F(P, Q) is P-eliminable. Furthermore, by 5
in Sublemma 2.2, the number of occurrences of P in (B, Q) is n;=n.
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§2. Proof of Theorem.

By Lemmas 1 and 2, to prove Theorem’, it is sufficient to prove

LEMMA 3. For each natural number m, there exists a natural number n such
that if P is a cut-free proof of an Ly-formula W, of N with length <m and the
number of occurrences of P in P is at most m then W, is provable in N, with
length =<n.

PROOF. In this proof we can assume, without loss of generality, that eigen-
variables of a proof P are distinct each other and also that the eigen-variable of
an inference in P does not occur below the inference. Hence we consider only
proofs satisfying these conditions on eigen-variables.

In the remainder of this paper we consider only cut-free proofs of N7 of
Lo-formulas. Hence every formula in a proof is P-eliminable.

Step. 1. In this step we define, for each sequent &€ in a proof P, a finite
sequence O(P, ©) of equations or negations of equations and a finite sequence
a(PB, &) of eigen-variables of PB. These definitions are done by induction from
the end-sequent up to begining sequents.

To simplify notations, we say sometimes that @=6, for & (respectively,
a=a, for &) if O(P, ©)=0O, (respectively, a(B, S)=ay).

1.1. For the end-sequent:

Take ©@=<)> and a={>.

. . I>d, s=t AW, -2
1.2. For the case where the inference rule is Ao, [ -4 5 - Let

©=0, and a=a, for the lower sequent. Take ®=0,, —s=¢ and a=a, for the
left upper sequent, and take @&=6,, s=¢t and a=a, for the right upper one.
I—>4, Aa) _
oA Va(n) Let =6,
and a=a, for the lower sequent. Take @=0, and a=a,, a for the upper one.
1.4. Similar to 1.3 for the case where the inference rule is 3-left.
I'-d4, % B, I'>4 _
NoB, Iod Let ©=60,
and a=a, for the lower sequent. Take ©®=6, and a=a, also for upper sequents.
1.6. Similar to 1.5 for the remaining cases.

1.3. For the case where the inference rule is

1.5. For the case where the inference rule is

It is easy to see

SUBLEMMA 3.1. 1) If ©=0, for & and « is the number of equality inferences
below S, then the length of @, is k. If a=a, for © and 2 is the number of V-
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-right and 3-left inferences below &, then the length of a, is 2. 2) If =6, and
a=a, for &, then eigen-variables occurring in @, occur in a,. 3) If a=a,, -, a,
for some & and i is distinct from j, then a,is distinct from a;. 4) If a=a,, -,
a,, a, a, for some &, a=a,, -+, a, b, &, for some &, and a is distinct from b,
then every variable in a, a, does not occur in b, a,.

Step 2. In this step we define, for each sequent & in a proof P, a finite
sequence @(P, ©) of Lo-formulas by induction from begining sequents down to
the end-sequent.

To simplify notations, we say sometimes that =0, for & if O(B, ©)=0.,.

2.0. For a begining sequent A—A: Let @=06, for the sequent A—A. Take

®= A6, where AO, is the conjunction of all formulas in 6,.

2.1. For the case where the inference rule is ——QI’—H’—: For the lower
I—4, =%

sequent take the same @ as for the upper one.
2.2. Similar to 2.1 for the cases where the inference rules are —-left, D-

right, \VV-right, A-left, V-left, 3-right, structural rules and (I-1)-(I-6), (I-8)-(I-10).

. . T4, N 14,8 .
2.3. For the case where the inference rule is - o4 UAD Let &=

G, -, €, for the left upper sequent and @=%9,, ---, D, for the right upper one.
Take =6, AD,, -+, C,AD;, -, C,AD,, -+, E,AD,; for the lower sequent.

2.4. Similar to 2.3 for the cases where the inference rules are \/-left and
D-left.

I'->4, s=t AW), II-3
W), I, II-4, Y
&=, for the left upper sequent and @=@, for the right upper one. Take

Let

2.5. For the case where the inference rule is

d=0,, O, for the lower sequent.
I'>4, A(a)

2.6. For the case where the inference rule is —Fm: Let &=
B,(a), -, Ba) (k=1) for the upper sequent. Fix an enumeration 8, ---, &,
(1=2*—1) without repetition of all non-empty subsets of {1, ---, £#}. For the

lower sequent take @=G,, ---, €;, where €; is defined as follows: Let 8=
Uy 7ut E41, -+, &}, Put (Si=Vx{$jl(x)\/--~\/58,-ﬂ(x)} /\EixEB,-l(x)/\---/\EleBjy(x).
2.7. Similar to 2.6 for the case where the inference rule is I-left.

SUBLEMMA 3.2. There is a function f: w—w with the following property (A).
(A) For each proof B of NF and each sequent & in B, if 1h(P)=m, O(P, ©)=06,
and (P, ©)=B,, -+, B, then 1) k= f(m), 2) O—B,V---VB, is provable in N,
without induction with length <f(m), 3) for each i (1=i=k) and each element A
of @, B;—A is provable in N, without induction with length = f(m), and 4) for
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each pair i, j 1=i<j=<k), B; B,— is provable in M, without induction with
length = f(m).

PROOF OF SUBLEMMA 3.2. By 1) and 2) of Sublemma 3.1.
In the remainder of this paper P ranges over cut-free proofs of N} of K-
formulas and B, ranges over elements of O(P, &,), where &, is the end-sequent

of .

Step 3. In this step we define, for P, B, and a sequent S in P, a set
(B, By, ©) and a function T(P, B,, &) satisfying the following conditions.

(Condition 1) 1) KB, B,, ©) is a set of sequences of variables with the
same length as that of a(B, &). 2) I(BV, B, ©) is a function whose domain is
KB, By, ©). 3) For each element B of KB, B, &), T(B, B, &)(B) is an element
of (P, &).

These definitions are done by induction from the end-sequent up to begining
sequents.

To simplify notations, we say sometimes that =&, for & (respectively, T=3,
for ©) if &R, B,, ©) =K, (respectively, T(V, B, ©)=TI,).

Let B be a countable set of new free variables. Variables in B are called
to be B-variables. Let F be a function such that i) the domain of F is the set
of eigen-variables of P, ii) for each eigen-variable a of $ F(a) is a countable
subset of B and iii) if ¢ and b are distinct then F(a)"\F(b)=@.

3.0. For the end-sequent —%,: Define &= {<>} and T({»)=2,.

3.1. For the case where the inference rule is %, I}iA -: Let =&, and
>4, =%

3=%, for the lower sequent. Take =&, and =%, also for the upper one.
3.2. Similar to 3.1 for the cases where the inference rules are —-left, O-

right, V-right, A-left, V-left, 3-right, structural rules and (I-1)-(I-6), (I-8)~(I-10).

) T4, N T—>4,8 .
3.3. For the case where the inference rule is Tod AA® Let 8=8&,

and T=%, for the lower sequent. Assume that ®=G€,, ---, €, for the left upper
sequent and @=9,, ---, ®; for the right upper one. Hence @=C,AD,, -,
CND,, -, CAD,, -+, €,AD; for the lower one. For the left upper sequent
take =&, and T=T,, where I, is the function with domain &, defined by; if
BER, and T(B)=C;AD; define T,(8)=C,;. For the right upper sequent take
®=8&, and T=T,, where T, is the function with domain &, defined by; if S&,
and T,(8)=C;A\D; define T,(B)=D;.

3.4. Similar to 3.3 for the cases where the inference rules are \-left and
D-left.
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I's4, s=t AW, I1-3
), I, -4, 5
fR=8, and T=F, for the lower sequent. Assume that @=0®, for the left upper

Let

3.5. For the case where the inference rule is

sequent and @=®, for the right upper one. Hence @?=®,, @, for the lower one.
For the left upper sequent take 8= {8/8<8&, and Z,(B) is an element of D}
and T=%I,!R. For the right upper one take 8= {8/B8&8f, and Z,(p) is an element

Of Qz} and i:iorﬁ.

) . I'->4, Aa) _
3.6. For the case where the inference rule is T4 VA Let =

{By, -+, B} and T=F, for the lower sequent. Assume that ®=B,(a), -, B,(a)
for the upper one. Fix v subsets C,, -, C, of F(a) such that 1) F(a)=C,\V---\UC,,
2) if 7 is distinct from j then C;N\C;=@ and 3) each C; is countable. For each
i (1=5i<v) we define &; and ¥; as follows: Let io(ﬁi):Vx[ile(x)v---VSB,-F(x)]
/\Elx%jl(x)/\---/\EleBj#(x). Define &;={B;, b:; :-+; Bi, b,}, where by, ---, b, are
the first g elements of C;,. ¥; is the function with domain &; defined by;
TB, br)=B;,(a) (k=1, .-+, p). Now take R=&,\/--UR, and T=T,---VZ, for
the upper sequent.

3.7. Similar to 3.6 for the case where the inference rule is 3-left.

It is easy to see

SUBLEMMA 3.3. 1) Let =8, and =8, for some sequents &, and &, respec-
tively. Assume that B, b, p1E8, B, ¢, B8 and b is distinct from c. Then every
variable in b, B, does not occur in ¢, Bs. 2) Let =8, and K=, for some sequents
&, and &,, respectively. Assume that &, stands above &; in PB. Then, for any
YER,, there is an element B of & such that y is an extension of J.

SUBLEMA 3.4. There is a function f:w—w with the following property (B).
(B) If 1h(P)<m then, for each sequent S in P, the number of elements of
KRB, Bo, ©) is less than or equal to f(m).

PROOF OF SUBLEMMA 3.4. By 1) of Sublemma 3.2.

Step 4. In this step we define, for B, B, and a sequent &S in P, functions
?(B, By, &), H(B, By, &) and G(P, B, ©) by induction from begining sequents
down to the end-sequent. These functions satisfy the following conditions.

(Condition 2) 1) &(B, Bo, ©), H(B, B,, ©) and G(PB, B,, ©) are functions
whose domains are (B, By, ©). 2) For each element B of KB, B, ©),
o(B, B,, ©)(B) is a set of equations, (P, By, S)(B) is a set whose elements are
one of the forms »=s and »~s1 (» and s are terms) and &P, B, &)(B) is a
subset of B.

As usual we say sometimes that ¢=¢, for & (respectively, ¢=¢, for &,
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B=G, for &) if ¢(B, B,, ©)=0¢, (respectively, H(P, By, &)=, BB, B,, ©)=G,).
4.0. For a begining sequent A—A: Let O@=6, and a=a, for A—NA. Define

o(B)={s(B)=t(B)/s(as)=t(axo) is an element of Oy}, ¢(B)=@ and G(B)=Q.

4.1. For the case where the inference rule is —2[’—11—14——: Let &8=8&, for
-4, =%

the lower sequent. Hence =&, also for the upper one. Let ¢=¢,, ¢y=¢, and
&=, for the upper one. Take ¢=¢,, ¢p=¢; and &=, also for the lower one.
4.2. Similar to 4.1 for the cases where the inference rules are —-left, D-
right, VV-right, A-left, 3-right, V-left, structural rules and (I-1)-(I-6), (I-8)-(I-10).
I-4, N I-4, 8B ‘
T4 AASB : Let =8,
for the lower sequent. Hence =&, also for the upper ones. Let ¢=¢;, ¢=¢;
and 8=@, for the left upper one, and let ¢=¢,, ¢=¢, and &=E, for the right
upper one. For the lower one take ¢g=¢, ¢p=¢, and =G, where ¢, ¢, and
&, are defined by: 1) @, ¢, and &, are functions with domain &. 2) If S8,
define @o(B)=01(B)\IPo(B), Po(B)=0:(B)Vhx(8) and By(B)=8,(8)\IGx(B).
4.4. Similar to 4.3 for the cases where the inference rules are V-left and
D-left.

4.3. For the case where the inference rule is

I'>4, s(a)=t(ao) At(ao), 13
AUls(an), [, I-4, Y  ~
where a=a, for the upper and lower sequents: Let =&, and &=&, for the

4.5, For the case where the inference rule is

left upper sequent and the right upper one, respectively. Hence =&, for the
lower one, where &=8,UR,. Let ¢=¢,, ¢=¢; and 8=EG, for the left upper
sequent. Let ¢=¢,, ¢=¢, and &=, for the right upper one. For the lower
one take ¢=¢, and =@, where ¢, and &, are defined by: 1) ¢, and &, are
functions with domain &, 2) if B, define ¢(B)=¢.(p); if BER,, define
do(B)=es(B), and 3) if B, define B(B)=8,(B); if BER,, define Gy(8)=8.(f).
For the lower sequent, take ¢)=¢,, where ¢, is defined as follows: 1) ¢, is a
function with domain &, and 2) if = &,, define ¢(B)=¢:(B); if BER,, define
Do(B) =B\ {u(s(B), By=ut(B), B)/P(r, ul(s(a), av), v)is a subformula of A(s(a))
for some r and v}.

I—4, Ala) |
-4, ¥xA(x) "
VxA(x) is P-eliminable and hence, for any subformula P(r, s, t) of %A(a), s does
not contain a. Let =&, and =&, for the upper sequent and the lower one,
respectively. Let a=a, for the lower one and so a=a, a for the upper one.

Now assume that ¢=¢,, ¢=¢, and =G, have been defined for the upper
sequent. For the lower one take ¢=g, ¢=¢, and &=, where ¢, ¢ and S,
are defined in the following manner: 1) ¢,, ¢, and &, are functions with domain
R;. 2) Assume BeR,. Let B, ¢1;---; B, ¢, be all elements of & which are

In this case

4.6. For the case where the inference rule is
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extensions of B. Define @o(B)=¢:(8, c)\J---\Ih:(B, ci), Po(B)=¢i(B, c)\I -\
&i(B, ¢x) and Go(B)=Gi(B, c)\V---UG:(B, co)\J{cy, -+, c}.
4.7. Similar to 4.6 for the case where the inference rule is 3-left.

4.8. For the case where the inference is
Pr(an), s(a), Hao)DP (r(a), s(a)', tao)+rian), [—4
I—4’
upper sequent: Let =&, for the upper sequent. Then f=&, also for the
lower one. Let ¢=¢, ¢=¢, and 8=, for the upper one. For the lower
sequent take g=¢,, ¢=¢, and 8=@G,, where ¢, is defined by; 1) ¢, is a function
whose domain is &, and 2) for any element 3 of &, define ¢(8)=

(B {s(B) = s(B)D1}.

where a=a, for the

SUBLEMMA 3.5. 1) Let =8, and ¢=¢, for a sequent &,. Let =8, and
¢=¢, for a sequent S,. Assume that &, stands above &, in B. Further assume that
BER, 7ER, and 7 ts an extension of B. Then {()SPo(B). 2) Let K=K, and
8=@, for a sequent &. Assume that B,=8 and b=8,(B,). Then, for some
sequent &, above & and some sequence [, of B-variables, B,, Bi, bER., where
KR=8, for &,. 3) Let R=8,, ¢=¢, for a sequent &. Assume that 8. Then
every B-variable occurring in ¢o(f8) occurs in B or Gy(B). 4) Let K=K, and
8=G@, for a sequent &,. Let =&, and =G, for a sequent S,. Assume that
&, does not stand above &, and &, does not stand above &,. Further assume that
BeR, and reR,. Then G()ING()=@. 5) Let K=&, and =G, for some
sequent. Assume that B, Y8, and B is distinct from y. Then G(BING()=03.
6) Let =0, a=a,, =8, and ¢=¢, for some sequent. Assume that <8 and
rlao)=s(a,) occurs in @y Then r(B)=s(B)sds(B). 7) Let =8, and ¢=¢, for
some sequent. Assume that BER, and r=sPle,(p). Then —r=s’ is provable
in Mo without induction with length 3. 8) Let K=8, ¢=¢o and ¢=¢, for some
sequent. Assume that B8, and r=s&@|B). Then u=v—r=s is provable in N,
without induction with length 4 for some element u=v of @o(p).

PROOF OF SMBLEMMA 3.5.

1) It is easily proved by induction corresponding to the inductive definition
of ¢. In the induction step, we use 2) of Sublemma 3.3 when we consider the
cases where the inference rules are equality inferences, V-right or 3-left.

2) and 3). Easily proved by induction corresponding to the inductive defini-
tions of & and ¢.

4) By the stipulation on F and 2) of Sublemma 3.5, it is easily proved by
induction corresponding to the inductive definition of &.

5) Easily proved by induction corresponding to the inductive definition of &.
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In the induction step, we use 1) of Sublemma 3.3 and 2) and 4) of Sublemma 3.5.

6) Easily proved by induction corresponding to the inductive definition of
¢. We use 2) of Sublemma 3.1 for the cases where the inferences are V-right
or J-left.

7) Immediate from the definition of ¢.

8 By the definition of ¢ and 6) of Sublemma 3.5.

SUBLEMMA 3.6. 1) There is a function g: w—w with the following property
(C). (C) For each sequent © in a proof B and each element B of KB, B, S), if
1h(PR)<m then the number of elements of (B, Bo, S)(B) is less than or equal to
g(m). 2) There is a function h: w*—w with the following property D). D) For
each sequent & in a proof B and each element B of KB, By, ©), if 1h(P)=m and
every variable in ®(B, B,, &)(B) does not occur in sequences of formulas 1, ¥
and (B, Bo, ©), [I—2 is provable in N, without induction with length <k then
C(p), II-2 is provable in N, without induction with length =h(m, n)+k, where
n is the length of the subproof of © in B, a(P, &)=a, and TP, B,, S)(B)=C(a).

PROOF OF SUBLEMMA 3.6.

1) By 1) of Sublemma 3.1 and Sublemma 3.4.

2) Using 1) of Sublemma 3.1, Sublemma 3.4 and 1) of Sublemma 3.6, we can
define the desired function A.

By the induction on 7, we can see that the defined » has the desired prop-
erties. In the basis step, we use 1) of Sublemma 3.1. In the induction step; we
use 2), 3) and 4) of Sublemma 3.5 for the cases where the inference rules are
A-right, \V-left and D-left; we use 2), 3) and 5) of Sublemma 3.5 for the cases
where the inference rules are V-right and d-left.

Step 5. For a set &, terms s, t and integers g, v, we write <s, y>—?~><t, v
if (i) s=te& and p is v, (ii) t=s<é and p is v, (iii) s=tPleé and p is v+1
or (iv) t=sPlef and v is p+1. We write <s, p>%}<t, y> if, for some sequence
of terms s,, -+, Sx-; and some sequence of integers gy, ***, e-1, <5, y>=><sl, J720 2010
and <{Sg-1, - 1>-—-><t v>. When k=0, s, ;z>=><t y> means that s is ¢ and p is
v. By s, ,a>:)<t v> we mean that (s, p.>——-><t v> for some natural number k.

Define (P, B,y)= {<s, v> /<0, 0>=><s, v>}, where &, is ¢(B, B, S,)({>) and S,

is the end-sequent of PB. Further define T'(B, Bo)= {r(B)/a(B, By, S)=an, BE
KB, B,, ©) and P(u, (), v) is a subformula of a formula A in & for some
sequent & in P} {0}.
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SUBLEMMA 3.7. Let &, be gb(SB, Bo, So)(K ), where &, is the end-sequent of

‘/B. 1) If <s, y>=><t vy, then i, v>=><s w. 2) If s, /,t)———}(t V), then <s, p+2>

=><t v—l—]) for each integer 2. 3) If <r1, vl>=><rz, Vo) - and P r-1r ”k—1>e:><rk; Vi
0

and v, 20 -+ and v,=0, then, for some sequence I' of equations in ¢(P, Bo, Se)({ D)
with length <k, I, r,=0,—r,=D; is provable in N, without induction with length

<8+2X(k—1). 4) If <0, 0)::><s, vy, then s is an element of T(PB, B,).
0

PrROOF OF SUBLMMA 3.7.

1) and 2). Trivial.

3) By 7) and 8) of Sublemma 3.5.
4) By the definition of ¢(B, B,, S).

SUBLEMMA 3.8. 1) There is a function g: w—w with the following property
(E). (E) If 1h(B)=m and the number of occurrences of P in P is less than or
equal to m, then the number of elements of T (P, B,) is less than or equal to g(m).
2) There is a funct‘z'on h: w—w with the following property (F). (F) If 1h(P)<m
and the number of occurrences of P in P is less than or equal to m and if the
range of J(P, B,) is not a subset of w, then B,— is provable in N, without
induction with length = h(m).

PROOF OF SUBLEMMA 3.8.

1) By Sublemma 3.4.

2) By 2) of Sublemma 3.6, Sublemma 3.7 and 1) of Sublemma 3.8.

Step 6. In this step we consider only B and B, for which the range of
(B, B,) is a subset of w. Hence, by 1) and 2) of Sublemma 3.7, J(B, B,) is a
function.

For a sequent & in.a proof P, an element 8 of &P, B,, &) and a subformula

A of a formula in &, we define [A]} by induction as follows: (1) If A is r=s
define [A]% as A. (2) If A is P(s, r(ay), t) and the domain of (P, B,) does not

contain 7(B) then define [A]% as 1=0, where a,=a(P, &). (3) If A is P(s, r(av), ?)
and J(P, B,)(r(B))=v then define [AT} as t—s—l— +s (4) [—ATE is —[AT3,

[QID?B],g is [m]pD[%]ﬁ, [%I\/%]ﬁ is [%I]ﬁ\/DB]ﬁ, [91/\%]19 is [91]5/\[23],5,
[VxT% is Vx(CATY) and [IxAT is TxCATY).

SUBLEMMA 3.9. 1) If % is an Se-formula then (AT is %. 2) Let o be a
2

V-left inference in B whose auxiliary formula is NA(t) and the chief formula is

VxU(x). Assume that BER(B, By, S,). Then [B@)15 is [fB(x)]EZ(;C) for each
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subformula B(x) of W(x). 3) Similar to 2 for 3I-right inferences. 4)
[AOIAYx(A(x)DA(x") DV xA(x)]% is BO)AVx(B(x)DB(x")) DV xB(x), where B(x)
) . I'>4, s=t A@), [I-%3
is [A(x)]5. 5) Let W), T -4, 5

=8, and =8, for the lower sequent &, and the right upper one &,, respectively.

Assume that BERNK:. Then [A(s)]5t is B(s) and [A)]52 s B(t) for some B(x).

6) Let S be an 3-left inference in P whose auxiliary formula is W(a) and the
2

chief formula is AxWU(x). Assume that B=K(PB, By, S;) and B, beK(B, B, S)).
Then [B(a)lft, is [%(x)]EZ(z) for each subformula B(a) of NA(a) and (€5 s

(€152 for each subformula € of each other formula in &,. 7) Similar to 6 for
V-right inferences. 8) Let P(r, s, )OP(r, s', t+7), ;:j be (I-9) in PB. Let &

be the upper sequent. Assume that BER(B, By, &). Then [P(r, s, )DP(r, s/, t+r)]}
is t=r+ - +rDt+r=r+ - r+r for some v or [P(r, s, )DP(r, s/, t+r)]% is
1=001=0. 9) Lot L S DAPT, s WII=u, ?:j be (I-10) in B. Let & be
the upper sequent. Assume that BER(B, By, ©). Then [P(r, s, t) AP(r, s, u)Di=ul}
is t=r+ -+ +rAu=r-+ ---_—{;r:)tzu for some v or [P(r, s, ) AP(r, s, u)Dt=ul}

1s 1=0A1=0Dt=u.

be an equality inference in P. Let

PROOF OF SUBLEMMA 3.9.

1) It is easily proved by induction on the number of logical symbols of .

2) and 3). Easily proved by induction on the number of logical symbols of
B(x). In the basis step, we use the fact that every formula in P is P-eliminable.

4) By the fact that every formula in P is P-eliminable.

5) and 8). By the definition of ¢ and J(PB, B,) and 1) of Sublemma 3.5.

6) and 7). Easily proved by induction on the number of logical symbols of
B(x) and €. In the basis step, we use the fact that every formula in P is
P-eliminable,

9) Trivial.

SUBLEMMA 3.10. There is a function h: w*—w with the following property
(G). (G) If Ih(P)=m and the range of I(PB, B,) is a subset of w then, for each
sequent © in P of the form Wy, -, Wy—By, -+, B, and each B in K(P, B,, S),
Z(P, By, ©)(B), [AJE, -+, [AI3—[BT%, -+, [B,]% is provable in N, with length
<h(m, n), where n is the length of the subproof of & in P.

Hence if B is a proof of an Lo-formula N, then By—W, is provable in N,
with length =h(m, m).
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PROOF OF SUBLEMMA 3.10.

Using 1) and 3) of Sublemma 3.2, we can define the desired function A.

By the induction on n, we can see that the defined 4 has the desired prop-
erties. In the induction step: we use 3) of Sublemma 3.2 and 4) of Sublemma
3.9 for the cases where the inference rules are equality inferences; we use 5)
and 6) of Sublemma 3.9 for the cases where the inference rules are V-right or
J-left; and we use 7) and 8) of Sublemma 3.9 for the case where the inference
rule is (I-9) or (I-10)]

Now we can derive Lemma 3 from 1) and 2) of Sublemma 3.2, 2) of Sub-
lemma 3.8 and Sublemma 3.10.
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