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ON CONJUGATE POINTS OF A NILPOTENT LIE GROUP
By

Hiroo NAITOH and Yusuke SAKANE

Let G be a Lie group with a left invariant metric. The properties of curva-
ture of G has been investigated by Milnor [3]. In particular, it is known that
if the Lie group G is nilpotent but not commutative then for any left invariant
metric there exists a direction of strictly negative sectional curvature and a
direction of strictly positive sectional curvature [3]. It is also well-known that
there is no conjugate point if the sectional curvature is non-positive. Moreover
O’Sullivan [6] has shown that if G is a nilpotent Lie group but not commutative
then there exists a conjugate point of G for any left invariant metric. In this
note we show that under the same assumption G has a conjugate point in the
center. We consider the relations between first conjugate locus and cut locus
for a simply connected 2-step nilpotent Lie group. Moreover in the case of
Heisenberg group, we prove that first conjugate locus coincides with cut locus
for any left invariant metric. The authors would like to express their thanks to

the refree for his helpful suggestions.

§1. Preliminaries.

Let G be a Lie group of dimension n with a left invariant metric <{,)> and
g the Lie algebra of left invariant vector fields of G. The Riemannian connec-

tion V for (G, <, ») is given by

(L.1) NNxY, Zy=1/2){K[X, Y1, Z>—<LY, Z], X>+<[Z, X], YD}
for left invariant vector fields X, Y, Z<g.
Take an orthonormal basis {X,, ---, X} of g and let C¥%;, be the structure
constants with respect to {X, ---, X;}, that is,
(12) [Xo, X1= 3 ChiXa.

Then we have
1 = ) )
(13) VXin—': ? El (C’:J’—C;k+cii)xk

for i, j=1, ---, n by (1.1).
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Consider a geodesic o(t) through ¢(0)=e=G. We can write

(L4) sBO= 3 ¢ Xocwy
where a;(t) : R—R are C* functions.
Now
d
Vv =S( G XKoo+ a O T a0 Txyx oco)

dak
dt

1 ., :
:;{ +g}jai(t)aj(t)—z—(Cz’j—cjk“f‘cii)}(Xk)am .

Noting that C%;=—C%;, we see that a curve o(¢) is a geodesic of (G, <, >) if
and only if a,(¢) satisfy the following equations:

dak
dt

(1.5) =2>a:;a;Ci (k=1, -, n).
.
REMARK 1. If the metric <, > on G is bi-invariant, a curve ¢(¢) is a geodesic

if and only if a, (=1, ---, n) are constant.

REMARK 2. It is known that a simply connected Lie group G admits a bi-
invariant metric if and only if G is the product of a compact Lie group and a

vector group [3].

For a Riemannian manifold M of n-dimension let R denote the curvature of
M. A vector field X(¢) along a geodesic o(t) is called a Jacob: field if X satisfies
the Jacobi equation

(1.6) V2 X+R(X, 6)6=0.

It is known that the space of solutions of (1.6) is of 2n-dimension and the
subspace of solutions with X(0)=0 is of n-dimension. '

Fix a point p=M and consider a geodesic o(t) parameterized by arc length
through p=¢(0). A point g=o(t,)EM is said to be conjugate to p along a
geodesic o(t) if there exists a non-zero Jacobi field J along o¢(¢) such that J(0)
=J(t,)=0. Furthermore let d(p, ¢) denote the distance between p and g in M.
A point g=o(t,)=M is called a cut point along a geodesic o(t) if d(o(0), a(t))=t
for 0=t=t, and d(¢(0), a(g))<t for t>t,.

§2. Existence of a conjugate point.

In this section we improve a theorem of O’Sullivan [6].
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THEOREM 2.1. Let G be a nilpotent Lie group with a left invariant metvic.
Let Z denote the center of G and C(e) the first conjugate locus of the identity

element e=G. If G is not commutative,

Cleym\Z+o .

PrOOF.” Consider the desending central series {C*(g)}, of the Lie algebra
g of G:
gDCH@)=Lg, 61DC*g=[g, CHg)]D - DC*g)D -+
with CYg)#(0) and C'*'(g)=(0). By the proof of Theorem 2.4 in [3] (p. 301),
for each unit vector X&C'(g), the Ricci curvature »(X) is positive. Since C Ya)
is contained in the center of g, the integral curve C(f) through ¢ of the vector
field X is a geodesic contained in the center Z. Since the Riemannian metric is

left invariant, the Ricci curvature (C@)) is positive constant along the geodesic
C@). By the proof of a Theorem of Myers ([5], see also [4] p. 104), we see
that the geodesic C(t) has a conjugate point to e=G. q.e.d.

REMARK. In general a simply connected solvable Lie group does not have a
conjugate point. See [3] example 1.7.

3. Cut locus and first conjugate locus.

In this section we exclusively consider a 2-step nilpotent Lie group. Let g
be a 2-step nilpotent Lie algebra with an inner product <, > and j the center of
g. Fix an orthonormal basis {X, -, X,} of g such that {X,.:, X;, Xys1, -, X}
is a basis of 3 and {X;4i, -+, X,} is a basis of [g, g]. The following ranges
of indices will be used throughout this section.

1<A4, B, ---<n
1=4, 5, - =k
k+1=p, q, -+ =!
I+1=a, B, - =n.

Let G be the simply connected Lie group with the Lie algebra g. From
now on let ¢(t) be a geodesic of G parameterized by arc length through ¢(0)

=e=G. By [(1.5), we have

1) This proof is due to the refree.
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da., __
dt =0
da,
3.1) e =0
da; _ @
dt = j.za Cljaale .

Since exp: g—G is diffeomorphism, we can define coordinates x, on G (with
respect to the basis {X,, ---, X;}) by

exp (ngA(g)XA)=g (g€G).
Since exp Xexp Y=exp (X+Y+(1/2)[X, Y]) for X, Y=g, we have

xi(gh)= x:(g)+x:(h)
xp(gh)=x p(g@)+ x p(h)

(3.2)
1 xa(gh)=xa(g)+xa(h)+—;- 2 % (8)x(R)CFe
for g, heG. Since X, (A=1, ---, n) are left invariant, we get
Xe=am3 B ce,.x,.%
(3.3) Xp= aip
Xa= a:aca

Let o(t)=(x4(1)) be a geodesic through e. By [1.4) and [(3.3), we get

i dxi

1 =a?)
dx,
(3.4) a0
dxe _ 1 a
= gcijai(t)xj(t) .

LEMMA 3.1.‘ Suppose that x;(te)=0 for all i with t,>0. Then we have
3.5) % x%(f0)+§: xc%(to)_z.tg

and the equality holds if and only if the geodesic a(t) is contained in the center
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of G.

PROOF. Since

xalty=aat—3 2 Cradsods,
2 x0=(T at)r— 3 aut|Cran s+ 2(B(Cradorsds).

By (3.1), we see that

¢ a — ¢ daj ]
aZi.jSoaaai(S)Cuxj(s)ds—~%}SO 7 (s)x,(s)ds.

By integrating in part, we have

;S:%(s)xj(s)dsz(‘?aj(t)xj(t)>— S e L (s)ds

t
=(Se0x0) -3 axts)ds
J JJo
by (3.4). Since x,(t,)=0 by assumption and

2 aj(s)=1—Faj—Xa},
J a »

Drito=(Tat)i+{l-(Saz+Sap)hi+ 1 S(E( Craiox 9ds)’

2(1—%}(13,):‘%

Moreover the equality holds if and only if
t
ZSOOC?jai(ijj(s)ds=O for all a
1,7

and thus x,(t,)=a.t, for all «. This implies that X a2+ a;}=1 and a;t)=0
a gy

for all 7, and hence the geodesic o(t) is contained in the center of G. g.e.d.

COROLLARY 3.2. Fix a point x G which is contained in the center of G.
If o), C(t) are geodesics parameterized by are length through o(0)=C(0)=e<G,
o(t)=C{t,)=x and C@t) is contained in the center of G but o(t) is not contained
in the center of G, then we have t,>t,, that is, length kof Clt) from e to x is
longer than the one of a(2). ’
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COROLLARY 3.3. There is no closed geodesic in a simply connected 2-step
nilpotent Lie group G with a left invariant metric.

PrROOF. If there is a closed geodesic ¢(t) in G, then there exists ¢,>0 such
that o(t,)=e<G. In particular, x,(t,)=0 for all A. But this is impossible by
(3.5).

Now we consider the cut locus of G. Since G has a conjugate point and G
acts itself as an isometry group, the cut locus of each point g&G is not empty.

THEOREM 3.4. Let G be a simply connected 2-step nilpotent Lie group with
a left invariant metric. If x&G is a first conjugate point to ecG along a
geodesic C(t) contained in the center of G, it is also a cut point of C(t) with
respect to e=G.

PrROOF. If x=G is not a cut point of C(t) with respect to e, there is a point
yeG such that y#x and y is a cut point of C(t) with respect to e. Since y is
not a first conjugate point to e along C(¢), it is known that there exist at least
two minimizing geodesics ([1], [2]). Since C(t) is the unique geodesic from e to
y which is contained in the center of G, there exists a minimizing geodesic ()
from ¢ to y which is not contained in the center of G and has the same length
as C(t). This contradicts Corollary 3.2. g.e.d.

§4. Heisenberg group H of dimension 3.

In this section we consider the Heisenberg group of dimension 3, that is,

1 y =z
H={| 0 1 =x |lx,y, z€R;.
0 O

Let § be the Lie algebra of H and fix a left invariant metric on H. Note that
HOCHH)=[H, H]1DC*(H)=(0). Take an orthonormal basis {X;, X, X;} of 9 in such
a way that

[le Xz]:C§2X3, C?zio, [:Xlr X3]=EX2’ X3]:O-

From now on put C=C}, for simplicity. Note that % is a 2-step nilpotent
Lie algebra. By [3.2) and [3.3), we have




On conjugate points of a nilpotent lie group 149

x(gh)=1x,(g)+x1(h)

x:(gh)=x5(g)+ x2(h)

x3(gh)=1x5(g)+ x5(h)+(1/2)C(x:1(g)x:1(h)— x:(h)x(2))
for g, heH and

b 3
X,= 3 ——(1/2)Cx2—~ax3
1) X,=-0 1 (1/2Cx =2
) 5T 0x, " Oxg
0
X,= xe

Let o(¢) be a geodesic through e H. By we have

d
datl :_a3azc
da
(4.2) dtz =ga,a,C
das
T =0.
Since a; is constant and
da1
T 0 1 a
d =613C
ag
g 1 0| a, ,

a(t) cos a;Ct —sin a,Ct a,
o [o]

ax(t) sin agCt cos a,Ct as

is the solution of (4.2) with the initial condition a,, a.€R. Put o(t)=(x.(), x(8),
x5(t)). Since é(t)::;) a;()( Xer, x:() (1=1,2,3) are a solution of ordinary

differential equations

dd};l =ay(t)
dx,
o e 0
5 0, (1/2C @O x— D)

by [(4.1). It is easy to see that if ;=0



150 Hiroo NAITOH and Yusuke SAKANE

x1(t)=(a,/asC)sin asCt+(a,/asC)cos a,Ct—1)
4.5) x5(t)=(a./asC)sin asCt—(a,/a,C)(cos a,Ct—1)
xs(t)=ast+(1/2a5)(ai+ad)t—(1/2a3C)(at+ad)sin a;Ct

is the solution of [(4.4) with the initial condition —+ (0) a; (1=1, 2, 3) and x;(0)

=0 (1=1, 2, 3), and if a,=0
x()=a,t

(4.6) x(t)=ast
x5()=0.

Now we consider Jacobi fields J along a geodesic o(f) such that J(0)=0 and
(V;)0)=w. Let T,(H) denote the tangent space of H at the identity element
ecH and Exp,: T.(H)—H the exponential map. Consider the variation field of
the l-parameter family of geodesics Exp.(¢(¢(0)+sw)). By [4.5), for a geodesic
a(t) with ¢(0)=(a,, a,, as), a;#0, a basis of Jacobi fields along the geodesic o(t)
is given by

dxl dX2 dxa
N I SRS
1 1 a,; .
4.7) jz-—( Zsinact, (cosa3Ct D, gt
_ 1 as as .
J=(g¢ —1, csm aiCt, = Tt— s Ct).

By and [(4.6), for a geodesic o(t) with 4(0)=(a,, a,, 0), a basis of Jacobi
fields along the geodesic o(¢) is given by

Ji=(ait, ait, 0)
(4.8) Je=(—a;t, a,t, 0)

Js=(0, 0, t).

From we see that there is no conjugate point along a geodesic o(t)=(a.t, ast, 0),
Now we compute the first conjugate point along a geodesic o¢(t) with 6(0)
=(a,, as as), a;*0, where a?+a3i+ai=

We need the following Lemma.

LEMMA 4.1. We define a function f: R—R by
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sin 4 cos 6—1 a,cos §—a,sin @
F(O)= l1—cos @ sin 8 all sinzﬂ—{—;zz co: 7
a(6—sin 6) ax(0—sin ) J;as — % cos 6

Then f(8)={2(1—cos 8)—(1—a})@ sin 0}, f(O)=f(—0) and [f()>0 for
0< 8| <2r.

PROOF. Our first claim is a straightforward computation. Note that

F(@)=(14a?) sin 6—(1—a2)0 cos 6
and
f7(6)—2a%cos 8+(1—a2)f sin 6 .

For 0<f<x/2 f”(8)>0 and hence f'(6)>0 for 0<f<xn/2 since f’(0)=0. Obvi-
ously f(@)>0 for z/2<f<=m and hence f(8)>0 for 0<fd<=m. It is clear that
f(6)>0 for 7=<6<2r. q.e.d.

From and Lemma 4.1, by putting §=a,Ct, we see that the first conjugate
point along a geodesic o(t) with ¢(0)=(a;, as, as) as;#0 is given by o(2xn/|asC|)
0, 0, 7(14+a%/|asClas). Now we can summarize as follows.

THEOREM 4.2. For a left invariant metric on the Heiseeberg group H, the
first conjugate locus of the identity element of H is contained in the center of H
and given by

{0, 0, £x(1+ad)/ajICl); 0<ai=1}={(0, 0, =sx/|C|; s=2} .

REMARK. Let o(t) be a geodesic and g=o(t,) a conjugate point to o(0).
The dimension of Jacobi fields J such that J(0)=J(t,)=0 is called the order of
the conjugate point q of the geodesic o(t). The order of the first conjugate point
of a geodesic ¢(t) in H with ¢(0)=(a,, a,, as) as;#0 is given as follows:

{ 1 if a;#1
2 if a,=1.
THEOREM 4.3. Let H be the Heisenberg group with a left invariant metric.

For each g&H the cut locus of g coincides with the first conjugate locus of g.

Moreover the cut locus of the identity element of H is contained in the center of
H.

PROOF. Since H acts as an isometry group via left translations, it is enough
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to see our claim at the identity element e H. Let C(t) be a geodesic through e
which is contained in the center of H and let x be the first conjugate point to
e along C(t). Then the point x is also a cut point of C(¢) with respect to ecH

by Theorem 3.4. Now we consider a geodesic ¢(¢) with ¢(0)=(a,, a., a;) through
¢ which is not contained in the center of H and let x be the first conjugate
point to e along o(¢). We claim that ¢(¢) realizes the distance between e¢ and x.
By Theorem 4.2, the first conjugate point x is contained in the center of H.
Put x=(0, 0, sx/|C|). We may assume that 1>a,>0. Then s>2. By we
have

1 2
2a, (1+adt,.

a,Cto=2mm (meZ), sn/IC|=a3to+2Laa(a§+a§)to=
Since x is the first conjugate point to e along o¢(¢), that length of o(t) from e to
x is given by te=(+/s—12x)/|C|. Since v/s—12x/|C|<sz/|C|, the length o(¢)
from e to x is less than that of the geodesic C(¥)=(0, 0, t) (0=t=(s/|C])x)
contained in the center of H. Let z(¢!) be a minimal geodesic from e to «x.
Then x is also a conjugate point to e along z(f) by and Lemma 4.1. Since
z(¢) is minimal, x is also the first conjugate point to e along z(¢). In this case
we have t,=+/s—12z/|C| where x=1(t,) by the same computation as above and
hence o¢(t) and 7(¢) have the same length. This implies that if x is the first
conjugate point to e along o(t) then () realizes the distance d(e, xj, and hence
the point x is also a cut point to e. q.e.d.
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