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INJECTIVE DIMENSION OF GENERALIZED
TRIANGULAR MATRIX RINGS

By
Kazunori SAKANO

Throughout this paper, let R and S denote rings with identity, M an (S, R)-
bimodule, and A4 a generalized triangular matrix ring defined by sMap, i.e.,

i o

with the addition by element-wise and the multiplication by

[r 0} [r’ 0] [ rr’ O]
m sl \m’ s’ _mr’—l—sm’ ss’].

The main purpose of the present paper is to estimate id-A, the injective
dimension of A, in terms of those of Ry Mz, and Ss. In fact, if we assume
that fd-sM, the flat dimension of gM, is finite, then there hold the inequalities

max (id-Rg, id-Mp, id-Sg—fd-sM)=Zid-A 4=
max (max (id-Rpg, id-Mpz)-+£fd-sM, id-Ss—1)+1.

In this connection, we investigate the case when the left-hand or the right-
hand side equality holds under the condition that M is flat.

In [7], Zaks shows that the injective dimension of an nXn lower triangular
matrix ring over a semiprimary ring R is just equal to id-Rp+1. An example
is constructed to show that the condition on R benig semiprimary is redundant
in his theorem.

The author wishes to express his hearty thanks to Professors H. Tachikawa
and T. Kato for their useful suggestions and remarks.

Let e:[l O]E/I and e’=[0 0

0 0 0 l]eA. Then R=ede, M=e’'Ae, and S=e’Ae’.

LEMMA 1. Let X be a right A-module with X=Xe.
(1) If Xg is projective, then X, is projective.
(2) Exty(Xy, A)=Exty(Xg Aep).
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ProoF. (1) This is found in [2, Theorem 2. 2].
(2) By [4, Exercise 22, p. 114], we have the natural isomorphism
HomA (XA, AA)%HOH]R (XR, AeR) .
EXt}l (XA: AA)%EXt}g (XRr AeR) y

for a projective resolution of Xz may be viewed as one of X, by (1).

It follows that

LEMMA 2. Let Y be a right A-module.
(1) If Y, is projective, then Yes is projective.
(2) Exty(Yy, e’Ad/e’ Ade)=Exts (Yes, Ss).

Proor. (1) This is found in [4, Exercise 19, p. 114].
(2) By [4, Exercise 22, p. 114], we have the natural isomorphism

Hom, (Y4, e’A/e’ Adey)=Homg (Yes, Ss).
Note that, if P,— P,— P’ is an exact sequence of projective /A-modules, then so
is P’els— Pes— P”¢s of projective S-modules in view of (1). Thus

Exty (Y, e’A/e’ Ae)=Exts (Yek, Ss).

LEMMA 3 [4, Proposition 4.1]. Every right ideal of A has the from of

071 - . ) . 0 R
[X K]’ where K is a right ideal of S and [KM]RQXRQ[M]R'

THEOREM 4. Assume that fd-sM 1is finite. Then we have
max (id-Rg, id-Mp, id-Ss—fd-sM)=<id-4 4=
max (max (id-Rg, id-Mg)+1{d-sM, id-Ss—1)+1.
PROOF. Suppose max (max (id-Rg, id-Mg)+f{d-sM, id-Ss—1)+1=t. Let [X 2{]
be a right ideal of /4. Since R can be considered as a left /4-module via p:
A—R ([:n (S)]Hr), the exact sequence

0 O
0———> AA AR rO
AM S

0 0
Tor;4, (C, R)=Tor{ (C, [ D (i=1)
M S

induces

0

for every right A-module C. It follows that fd-A[?VI S]+l=fd-AR. Moreover,

. . 0 0] .. [0 O .
since 4S is flat, fd-sM—fd-A[ o 0]—fd-A[ o s] by [1, Proposition 4.1.1, p. 1177.
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Therefore fd-AR:fd-A[?w g]—}—l:fd-sM—i—l. The exact sequence of right A-
modules

R 0 R O

M 0 0

yields the following exact sequence

L R T e B R

Tl 0 i Sl )
o Toun 1)

the resulting spectral sequence is

0 0 R 0 0 01 [R O
Eg"‘lext?g(Torg([ }, R), [ D > Ext'};(‘: ], { D
KM K M 0}) ¢ KM K| MO

Since EP?=0 for either ¢ > max(id-Rg, id-Mg) or p > fd-sM, we have
Ext% ([KOM I(()'J’ [ﬁ 8D=0 for n>max (id-Rg, id-Mg)+1fd-sM. Since

o et N

~Extt (K, S)=0
0
by Cemma 2, we have Ext!, ([ , 4)=0. 1t follows that id-A,<t from

KM K]
the exactness of the sequence

0 0 0 0 0 0

s ([ °1/[.2, ] a)wa([x O a)oma[ 2 7))
K KM K K KM K

and from the fact that

0] 0 0
Ext, ([X } / [ ] A)gExtfg(X/KM, R@ M)=0

K KM K
by Lemma 1l
Conversely, suppose id-4,=m. Then forces that id-Rx<m and
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id-Mr<m. Now, let K be a right ideal of S. Since

0 O 0 0
HomA(S/K(X)s[ }, /I)EHoms (S/K, Hom,,([ ], A))
M s] M S

=~Homs (S/K, S)

and Ext} ([0 0

M S]’ A)=O for i>0, the resulting spectral sequence is

0O O
Epi=Exty| Torz| S/K, , 41> Ext% (S/K, S).
M S ¢

Since E?9=0 for either ¢>id-44 or p>fd-sM, we have Ext%S/K, S)=0 for
n>id-A 4+fd-sM. Thus id-Ss—fd-sM=id-A4 4.

The following is essentially in [1, p. 346].

LEMMA 5. Let As, sBy, and C4 be modules such that Exty (B, C)=0 (1>0)
and Tor$ (A4, B)=0 (:>0). Then there holds

Ext% (A, Hom, (B, C))=Ext}(AQRQs B, C).

LEMMA 6. Assume that sM is flat. Let

R 0 R 01 R 0
FE=Exti(f, 1p: Ext} (A/[ ] A)*’E’“?([ ]/[ ] A)
KM K M K|/ |kM K

ve the induced map by
R 0 R 0 R 0
S P S e
M K KM K KM K

where K is a right ideal of S. Then Im f¥ is contained in
'R 0] ,/ R 0]
Exty ( / , e’/l) ,
\M K|” |[KM K]
R 0] ,/ R 0]
Extﬁ( / . /1).
| M K| |[KM K|

—> P, —> P, Py,—> S/K 0

a direct summand of

PrROOF. Let

be a free resolution of S/K, and

R 0 R 0
SN L
M Kl LKM K
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.. . R 0 R 0
a projective resolution of [ M K] / [ KM K]' Then

—> P, Qse’d —> P Qse’d —> -+ —> P Qse’d —> S/KRQse’A —> 0

is a projective resolution of S/KQgse’A, since ¢M is flat. Consider the following
exact commutative diagram

-——’Pn®s G’A "‘——"'Pn-x ®S e’A-—> s ——>Po ®Se’A——-’Pn ®s e'A ——'——"'0

fa Faua fo 4/ [ R 0]

R 0 R 0]
—-———Qn '—_—_’Qn-l —— s s —‘—“’QO ——-—’[M K:‘/[ _’0'

where (f;) is a map over gof. Now, every element of Homj,(e’4, A) is¥given
by the left multiplication of Ae’, so

Homy(e’A4, A)=Hom (e’A, Ae’A)=Hom (e’A, e’A).

It follows that
Hom (P, Rse’A, A)=Hom,(S¥»> Rse’'d, A)

=~Hom (e’ A%, A)
=Hom, (e’ A, ¢’ A)
=~Hom, (P, Qs e’'4, e’4),

hence that
Im Hom 4(f5, 1)CHom4(Qn, e’4).

R Ol TR 0
Im Exty(f, 1,)CExt ([ }/l ] e’A).
M k| |kM K

PROPOSITION 7. Assume that sM is flat and put max (id-Rpg, id-Mg)=1.

(1) If id-Ss>1i, then id-4 ,=id-Sg.

(2) If id-Ss<i+#0, then id-A, =1 if and only if Extk(M/KM, RS M)=0 for
every right ideal K of S.

) If id-Sg=1i#0 and if Exta(M/KM, R@ M)=0 for every right ideal K of
S, then id-A=1.

4) If id-Sg=1i#0 and if Extt(M/RM, R)+0 for some right ideal K of S,
then id-A =1+1.

Thus

PrROOF. (1) This directly follows from
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@) Let [X O] be a right ideal of A. Since

K
R 0 07
Extif! ([ }/{X , A)zExt}'{”((R@M)/X, R M)=0
M K K

R 0]
KM K|

and

Ext} (/1/[ , A)zExt}’, (S/KQse' A, A)

2 Exts (S/K, Hom, (e’ 4, A))
=Ext% (S/K, S)=0,

where @ is an isomorphism by we obtain the following exact sequences

R 0 0
ExtiH (A/{ } A) — Extzﬂ(A/[X ] A) _
M K K
R O] ,[ 0
———->Ext§1“([ ]/ X ] A)———O
Mkl Kk
R 0 [R O] [R 0
S R e LV A
KM K M kl/ |lkMm K

R 0 R 0
SR L 7 RO Y S
M K KM

from which it follows that, for every right ideal K of S,

and

R 0
id-4 4=1 & Extit! <A/[ ], /1):0
M K

(e /L b 20
Exth (M/KM, R® M)=Ext? CAl=o0.
& Extk (M/ b M)=Exty v K KM K

(3) Let [X ]({)] be a right ideal of A. Considering the following exact

sequences in the similar manneras in (2)

R 0 . 0
Extw(m[ ] A)—»Extj,“(/l/[X ],A —
M K K

v [ O]

and
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R 0 R 0 R 0
wlly Y1, ) eeelofl, )
M K KM K M K

R 0
—ma (4] ) 4],
KM K

we conclude that id-4 =1 if Exti(M/KM, R@M);:Extﬁf([]}& Ig]/[ffM I(()']’ A)

=0 for every right ideal K of S.
(4) Let K be a right ideal of S such that Extk (M/KM, R)+0. Let

e Wl =l &

Then f induces a non-epimorphism

, R 0 ([R o1 , R 07

fi: Exty A4/ , 4] —> ExtYy / , A=
KM K M K| |KM K]
'R 01 , R 0]

Ext}',( / , e’/l> D

M K| |[KM K]
R 01 ,J R 07

Extﬁ( / , eA)
M K| |KM K]

by the preceding It follows that Ext¥%! (/1/ [ﬁ[ O]

el A)iO from the

exactness of the following sequence

R 0 1 R Ol TR 0
Extt | A/ 4| =5 Ext], / A —>
KM K M K |lkM K
R 0
——>Extﬁ“(/1/[ } ny
M K

hence that id-4,=1i+1 together with

It is remaining the case when Ry Mg, and Sg are all injective. Since Mg
can be considered as an (R S, RP S)-bimodule in the natural way, i.e., (r, s)m
=sm and m(r, s)=mr, A can be regarded as the trivial extension of the ring
R®S by the (RPS, RP S)-bimodule M. Thus [6, Theorem 1.4.17 can be ap-
plied to the above, namely,
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PROPOSITION 8. Let p: S—End(Mg) be the canonical map. Then Ay is
injective iff

(1) Rpg, Mg, and ls(M)s={s<S; sm=0 for every me M} are all injective.

(2) p is an epimorphism.

(3) Hompg (Mg, Rp)=0.

REMARK 9. Let A x N denote the trivial extension of the ring A by the
(A, A)-bimodule N. It appeared in concerning the injective dimension of

A@G=0) . . ..
0(i>0)’ then id-N,=id-AX N . This yields,

however, only a trivial result for our situations, because End (Mgres)=RD S iff
R=M=5=0.

Ax N,y that, if Exty (Ny, NA);{

REMARK 10. In view of we may consider the following five
cases concerning the relationships between id-Rg, id-Mg, and id-Ss under the
condition that M is flat.

Case 1. id-Rz=id-Mgr=id-Sg=id-4 4.

Case 2. id-Rgp=id-Mz=id-Sg=id-4,4—1.

Case 3. Each of (id-Rpg, id-Mp, id-Ss) does not equal to the other and
max(id-Rg, id-Mpg, id-Sg)=id-4 4.

Case 4. Each of (id-Rpg, id-Mpg, id-Ss) does not equal to the other and
max(id-Rg, id-Mg, id-Sg)=id-44—1. '

Case 5. The other cases.

The following Examples are given to show the existence of each of the
above cases.

Example of Case 1. Let R be an infinite direct product of fields, / a maxi-
mal ideal containing their direct sum, and M=R/I. Let

R 0
a=| |
M End(Mpg)

Since R is a V-ring, Mz is injective. Moreover, Homy (Mp, Rp)=0. Thus A, is
injective by

Example of Case 2. Let A, be a 2X2 lower triangular matrix ring over a
ring R+0 with id-Rr=i< +oo. Since Extk (R/I, R)#0 (:>0) for some right ideal
I of R and Homg(Rg, Rg)#0, id-(A4,)4,=id-Re+1 by Propositions 7,
and 8.

Example of Case 3. Let
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Z 0:0
: Z 0
i=e el k|
e © o Q Q
Q@ Q:Z7

Then id-Rz=2, id-(Q Q)r=0, and id-Z,=1. Since Ext%: (@ Q)/K(Q @), RD (Q Q))
=0 for every right ideal K of Z, we have id-4,=2 by 2.
Example of Case 4. Let

Then id-Rz=2 and id-Z,;=1. Since (0 Q) (resp. zZ) can be considered as a right
z 0

(resp. left) R-module via o: R—>Z([z z,,]Hz”), we have

(0 @)r=Homz (zZ2z, (0 @)z)zr.
Since rZ=rRe’ is flat and (0 Q)z is injective, (0 Q) is injective. It follows that
Extz (0 @), R)=Ext: (@ @/(@Q 0), R)
=Extz; (Q®z(Z £))/(QXQz(Z 0)), R)+0

from the proof of [7, Lemma B] together with Ext}; (Q, Z)#0. Hence id-A4,=3
by [Theorem 4 and [Proposition 7] (2).

Example of Case 5. Let 4, (n>2) be an nXn lower triangular matrix ring

over a ring R+0 with id-Rz=1i<-+oo. Since A, can be considered as

R:

1d-(An)4,=1d-(An-)4,_, by induction on n together with (1). Hence
id-(A )4, =id-Rp+1.

REMARK 11. (1) Example of Case 1 is due to T. Kato.

(2) T. Sumioka has also independently observed that the injective dimension
of an nXn lower triangular matrix ring over a ring R has the injective dimen-
sion =id-Rz-+1.
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