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A CHARACTERIZATION OF THE R-ELEMENTARY
GROUPS AT 2 WITH CHARACTERS OF
SCHUR INDEX 2 OVER R

By

Michitaka HikAR1

Let H be a group. We call H an R-elementary group at 2 if

(i) H is a semi-direct product P{a) of a 2-group P and a cyclic 2’-group <&,
and

(ii) For each zeP, xax~'=a or a™'.

In order to study the representations of finite groups over R, there are some
approachs. Our approach is based on the Brauer-Witt theorem {4} p. 31). By
the Brauer-Witt theorem, if y is an irreducible complex character of Schur index
2 over R for a finite group G, then there exist a subgroup H of G which is R-
elementary at 2, and an irreducible complex character g of H of Schur index 2
over R such that (Xg, #)#0 (mod 2). Therefore it is important to study the re-
presentations of R-elementary groups at 2 over R. The purpose of this paper is
to give necessary and sufficient conditions in group theoretical terms for the
existence of the characters of Schur index 2 over R in the case where groups are
R-elementary groups at 2.

First, using the Witt-Roquette theorem for p-groups, we will determine the
2-groups with characters of Schur index 2. Secondly, we will study the represen-
tations of an R-elementary group H with non-trivial 2’-group <@). In the case
where Cr{a) has an abelian Sylow 2-group, the representations of such group over
R were studied by Gow in [3]. Let G be a finite group and let @ be an element
of G. Assume that Cg(@) has an abelian Sylow 2-subgroup P and that there exists
an element z in G satisfying zaz—'=a"!, but yay~'#e* for any involution ¥ in G.
Gow showed that in this case G has a complex irreducible character of Schur
index 2 over R. To prove this theorem Gow used essentially the fact that complex
irreducible characters of P{@) are linear. So we can not use Gow’s method in the
case where Cg(a) has a non-abelian Sylow 2-subgroup. However for R-elementary
groups at 2 we can characterize the groups with real-valued complex irreducible
characters of Schur index 2 over R and the groups with non-trivial real-valued
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complex irreducible characters of Schur index 1 over R.

In this paper we mean by an irreducible character a complex irreducible
character. As usual Q, R, C denote the rational number field, the real number
field and the complex number field respectively.

§1. Preliminary lemmas

Let G be a finite group and let y be an irreducible character of G, and let
mr(y) denote the Schur index of y over a field F. We let F(y) denote the field
generated over F' by the algebraic numbers x(g), geG. Let 5 denote the complex
conjugate character of y. Let H be a subgroup of G. We denote by Xz the
restriction of y to H. For a character g4 of H we denote the character of G
induced from g by pf. Frobenius and Schur (2] p. 21) studied the number u(y)
=|Gl“lg§: x(¢%) and showed the following remarkable result.

(1.1.) (Frobenius-Schur) Let G be a finite group and let y be an irreducible
character of G. Then we have

(i) v(x)=1 if and only if R(y)=R and mg(y)=1,

(i) v(x)=—1 if and only if R(x)=R and mg(x)=2,

(iii) v(x)=0 if and only if R(y)=C.

The character y is called the character of the first kind (respectively, the
second kind, the third kind), if v(y)=1 (respectively, v(3)=—1, v(y)=0).

The following well known theorem (2], p. 73) plays an essential part in the
study of representations of p-groups.

(1.2) (Witt-Roquette) Let P be a p-group. Let F be a field of characteristic 0.
Suppose that one of the following hypotheses is satisfied

(i) p#2

(ii) p=2 and i=~—1ecF

(ili) p=2 and P does not contain a cyclic subgroup of index 2.

Then if y is a nonlinear irreducible faithful character of P there exist Py<]P
and a character { of Py such that |P: Py|=p, y=CP and F(y)=FQ).

REMARK. In the case (iii), if F(x)$i, the character { is nonlinear.

Let G be a group, let H be a subgroup of G and let { be a character of H.
Even if { is an irreducible character of H, the character £¢ is not always irre-
ducible. However in the case where { is a linear character, using the Mackey
decomposition theorem ([2], p. 51), we have following
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LEMMA 1.3. Let G be a finite group, let H be a subgroup of G, and let { be
a linear character of H. Put y=C(¢. Then y is not an irreducible character of G
if and only if there exists an element x of G—H such that xhx=*h='eKer { for all
he H°NH, where Ker {={heH|{(h)=C(1)}.

Proor. Let HzH(z,=1), Hz.H, ---, Hx,H be all the (H, H) double cosets in G.
By the Mackey decomposition theorem,

(ot Ve =(C%, %6 = zi (€ a™nm, Ca®tam)n™ nn

=142 (C)u®am, Ca®tam)u®an -
i=2

Therefore y is not irreducible if and only if for some z; 2=i=n) () a* nm,
Cu®iom)e®ian+0. Since ¢ is a linear character, (({**)a”qa, Ca®tnm)a®an+0 if and
only if C(wihxi~t)=C%(h)={(h) for all ke H**NH. And the condition {(x:ihx:")=L(%)
means z:hxi-h-‘eKert, because ¢ is a linear character. Hence y is not irreducible
if and only if there exists an element x of G—H such that zhz~'A~*eKer { for all
heH*NH.

LEMMA 14. Let G be a finite group, let H be a subgroup of G and let { be
a character of H. Put y=(% Then Ker x=g£]a(Ker o).

Proor. Let x be an element of N (Ker ). Since g~'zgeKer { for all geG, we
geq

have y(x)={%x)=C%1). Therefore xeKer y. Conversely, we assume that zeKer y.
Let {g1, ---, gn} be a set of (left) representatives of G/H in G. We may assume that
zeH% for i<s and x¢H" for i>s. Let m be the order of z. As is well known,

g9(z) is a sum of m-th roots of unity ey (1=7=¢(1)) if i=s and (%(x)=0 if i>s.
46}

Thus y(@)=3 3% ey. Since y(1)=3 3 ey if and only if {(1)s=x(1) and e;=1 for
i=1 j=1

i=1 j=1

all (i, ), we have that £%(x)=¢(1)=¢%(1) for all i, and this means that xegﬂG(Ker ¢).
€

§2. 2-groups

Let G be the quaternion group of order 8. It is well known that the ordinary
quaternion algebra 4 over Q appears in QG as a simple component. Let F be a
field of characteristic 0. The 2-groups with characters of Schur index 2 over F
can be determined in the following

THEOREM 2.1. Let F be a field of characteristic 0. Let P be a finite 2-group.
Then there is a faithful irreducible character of P of Schur index 2 over F if and
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only if P and F satisfy the following conditions :

(i) There exist subgroups QODADK of P such that K is a normal subgroup of
Q and that A|K is a cyclic subgroup of Q|K of index 2.

(i) Q/K is a generalized quaternion group of ovder 27+1=8.

(iii) If x is an element of P—A, there exists an element a in A*NA such
that xax—'a¢K.

(iv) N K*=1.

rEP
(V) Flepm+e,n') QoA is a division ring, where em is a primitive 2™-th root of
unity.

Proor. We assume that there exists a faithful irreducible character x of P
of Schur index 2 over F. Since mp(y)=2, y is not linear. If P does not contain
a cyclic subgroup of index 2, by (1.2) there exist Py<]P and a character Co of P,
such that |P:Py|=2, y=(P and F(3)=F(,). If &, is realizable in F(&), then y=¢,*
is realizable in F(y)=F(f,), which contradicts the assumption mp(y)=2. Therefore
mr(Co)#1 and ¢, is not linear. So we can define inductively a subgroup P; of P
and a character {; of P; (i=0,1,2,---,¢) such that [Pt Py =2, §;=(,Pi, F(&)=
F(Ci+1), mp(L)#1 and P,/Ker {, contains a cyclic subgroup of index 2. We denote
P, Ker{, {; by Q, K, g, respectively. And if we denote by A the inverse image of
the cyclic subgroup of Q/K of index 2 in @, then Q, A, K satisfy the condition (i).
As is well known, @ is a splitting field of Q/K if Q/K is not a generalized quater-
nion group. In the case where Q/K is a generalized quaternion group of order
2"1=8, the faithful irreducible character ¢ of Q/K corresponds to the simple com-
ponent F({)®eA of F()[Q/K] and m#({)#1 if and only if F()®e is a division
algebra. Thus we have (ii) and (v), because F (§)=F(epn+¢,7"). The faithful
irreducible character { of Q/K is induced by a faithful linear character i of A/K,
and y=(P=27. Therefore by Lemma 1.3 the condition (iii) is satisfied. Moreover
since y is a faithful irreducible character of G, from Lemma 1.4 the condition (iv)
is satisfied.

Conversely we assume that the conditions (i), (ii), (iii), (iv) and (v) are satisfied.
Let 2 bz a faithful linear character of A/K. We denote 29, 22 by &, x respectively.
Then by Lemmas 1.3 and 14 y is a faithful irreducible character of P. The as-
sumptions (ii) and (v) mean mg({)=2. If y is realizable in F(y)cF(), we have
mr(OI(&, Ye=1, which contradicts the fact m#({)=2. Using the fact that me(x)|2,
we have mg(y)=2.

ReEMARK. In the case where F' is an algebraic number field, the necessary and
sufficient conditions for F(e,n+e,7")®e4 to be a division ring were given [1] by
Fein, Gordon and Smith.
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When F=R, we have following

THEOREM 2.2. Let P be a finite 2-group. Then there is a nonlinear faithful
wreducible chavacter of P of the first kind (vespectively, the second kind) if and
only if P satisfies the following conditions (i), (ii), (iii) and (iv).

(i) There exist subgroups QO ADK of P such that K is a normal subgroup of
Q and that A|K is a cyclic subgroup of Q|K of index 2.

(ii) Q/K is a dihedral group (respectively, a generalized quaternion group) of
order 2"+1=8.

(iii) If x is an element of P—A, there exists an element a in A*NA such
that xar—a'¢K.

(iv) n K=#=1.

rep

Proor. Let y be a faithful irreducible character of P. We assume that
R(y)=R. By (1.2) there are a subgroup P; of P and a character & of P; (1=0, 1,
2, -, t) such that |P;:Pi.|=2, {;=Ci:P%, R(:)=R(:+1) and P,JKer ¢, contains a
cyclic subgroup of index 2. In the case where y is of the second kind, the theorem
holds by Theorem 2.1, because R(e,n +¢,7")Qod=R®qA is the Hamilton’s quaternion
field. Hence we can assume that y is of the first kind. We denote P, Ker&,, ¢,
by @, K, respectively. Let A be the inverse image of the cyclic subgroup of Q/K
of index 2 in @. Then the conditions (i) and (iv) are satisfied. Since RO)=R(y)
=R, Q/K is a dihedral group or a generalized quaternion group. If Q/K is a
generalized quaternion group, y is of the second kind. Hence Q/K is a dihedral
group. Since the faithful irreducible character { of Q/K is induced by a faithful
linear character of A/K, by Lemma 1.3 the condition (iii) is satisfied. Conversely
we assume that the conditions (i), (ii), (iii) and (iv) are satisfied. Further assume
that Q/K is a dihedral group. Let 2 be a faithful linear character of A/K. We
denote 2* by y. By Lemmas 1.3 and 1.4 y is a faithful irreducible character of P.
Since a faithful irreducible character i? of Q/K is realizable as a character of a
R[Q/K]—module, y is realizable as a character of a RP-module. Hence y is of the
first kind.

Now we will prove some lemmas used in the following section.

LEMMA 23. Let P be a finite 2-group, let Q be a subgroup of P of index 2,
let {1,9} be a set of representatives of P|Q, and let p be an irreducible character of
Q with R(pP)=R. Further we assume that |P|-! EQ(y+yg)((gh)2)=1 (respectively,
—1).

If up® is irreducible, then
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(1) p is of the third kind and pf is of the first kind (respectively, the second
kind).

If P is not irreducible, the following conditions are satisfied

(2) There exist characters y and y', y+y', of P such that pP=y+y' and that
1,y and ¥ satisfy one of the following conditions

(i) p,x and y' arve of the first kind (respectively, the second kind).

(ii) g is of the second kind (respectively, the first kind), and y and 3 are of
the third kind.

Conversely if ome of the conditions (1) and (2) is satisfied, then we have

|P|~* ’gilq(#+#”)((gh)2)=1 (respectively, —1).
€
Proor. Since |P:Q|=2, we obtain 4%2¢Q for all zeP, which implies
|\PI=t 2 uP(h?)
hepP

=|P|=* T (u+po)A?)
hEP

=|P|* T (p+pO) A+ | P 5 (u+ 0 )(gh)?).
heQ heQ

Now we assume that P is an irreducible character of P and R(p)=R. We will
show that this assumption induces a contradiction. Remarking that p is of the
first kind (respectively, the second kind) if and only if g¢ is of the first kind
(respectively, the second kind), we have |Q|™* hée p(h®)=1Q|! h% #°(h?) by (1.1). Thus
|P|-1 %‘,Q(/z +p9)(h*)==+1. By the assumption R(#")=R we obtain |P|—1h§2y1°(h2)= +1.
This contradicts the assumption that |P|~! %}Q(,u-i— 1)(gh)*)=+1. Therefore we have
that g is of the third kind if uf is irreducible. Moreover by (1.1) |P|? ,§Q(”+
¢0)(A*)=0, and so |P|! h%}PyP(W):lPl“hEZ‘}? (+p%)(gh)?). Therefore in the case
where p? is irreducible, #¥ is of the first kind (respectively, the second kind) if
and only if lPI’léjq(pﬁu”)((gh)z):l (respectively, —1).

Next we assume that pf is not irreducible. We may decompose £ into a sum
of irreducible characters of P, uP=y+y’. Using the fact 1=(yq, tle=(1 #")r we
obtain (y, ¥’)=0. Since 2u=yo+x¢=(pP)e=pn+¢’ we have p=p. Hence

|P|~t 25 x(h?)
hepP
=PI 3 /()
=|P|~ h@@ ph®)+| P~ ,§Q p(gh)?).
On the other hand by the assumption
|P[~ EQ#((gh)2)=2‘1(IP I“hgé (p+ 2 )(gh)?)=x271
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If 1 is of the third kind, we have |P|! gpx(hz)———iZ‘l, which contradicts the
Frobenius- Schur theorem (1.1). Therefore y is of the first kind or of the second
kind. In the case where p is of the first kind, |P|™! %}Px(hz)=lP1‘1 hZe]PX’(hz)zl
(respectively, 0) if and only if le“lh%(;.e+yg)((gh)2)=1 (respectively, —1). In the
case where p is of the second kind, |P|- LZ} w(A*)=|P|* ’§Px’(h2)=0 (respectively,
—1) if and only if lPI"h%_é(/z+/¢")((gh)2)=l,e(l;espectively, —1). Hence the lemma

was proved.

LeMMA 24. Let ¢ be a primitive 2"k-th root of unity (=1, .-, m). Assume
that ny=2 and Zm} ex€Q. Then we have ;n‘] e =0.
k=1 k=1

Proor. This is easy, therefore we omit it.

LEmmA 25. Let P be a finite 2-group, let Q be a subgroup of P of index 2,
let (1,9} be a set of representatives of P|Q and let p be a character of Q. Let T
be a subgroup of Q, let 2 be a linear character of T and let X={h, -, hn) be a
set of (left) representatives of Q|T. We put

A={(hi, h)e XX Q | hi(gh)*h:"*e T— Ker 4, hi(gh)*h;"*eKer 1},
B={(hi, h)e XX Q| hi(gh)*h;" eKer 2},
a=|A| and p=|B]|.
Assume that |P|- %}Q(p +19)(gh)%)eq.
1) If p=p’ and 2°=yp, then we have
|P|- 2, (1 p)(0h))=1QI7 (B~ ).
(2) If 22=(pP)q, then we have
P17 5 (et e (o)) =1 P (f—a0).

Proor. First we assume that g=p’ and A°9=p. Then |P|! Eq(p+p")((gk)2)=

Q| %Q#((gh)2)=l€?l“ & A eh)=1QI™ P2y ié Ahi(gh)*hi™), where Ah(gh)*hi=)=0 if

high?h,'¢T. If h(gh)*h;"'eT and the order of A(gh)*h;~Ker 2 in T/Ker 2 is 27,
then A(%:(gh)?h:™') is a primitive 2"-th root of unity. Thus by the assumption that
|P|-t Zq(/x—l-y")((gh)z)eQ and by Lemma 2.4 it holds that
he
|P| g@(#+u")((gh)2)
=|Q[7 ¥ Ahlgh?h)+|QI7 X Ahdgh)*hi™)
(hhy€d (h.h)EB
=|Q|7(f—a).
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Secondly we assume A9=(zP)e. Then along the same line as above we obtain
|P|7t 2 (1) (gh)*)
heQ

=PI7 % 2(gh)’)

m

=|P|7* 2 X Ahlgh)hi™)

heQ i=1

=|P|7(f—a).

§3. R-elementary groups at 2

Let H be an R-elementary group at 2, i.e.

(i) H is a semi-direct product P{a) of a 2-group P and a cyclic 2’-group <a),
and

(ii) For each zeP, zax'=a or a.

We denote (a), Cp(a) by A,Q respectively. If H is a direct product PxXA of P
and A, an irreducible character y of H is decomposed into a product of an irre-
ducible character x of P and an irreducible character = of A, y=pr. In this case
y is of the first kind (respectively, the second kind) if and only if p is of the first
kind (respectively, the second kind) and r=1,4. But in § 2 we already studied when
P has irreducible characters of the first kind (respectively, the second kind). So
in this section we assume that A#1 and |P:Q|=2, and we only study the irre-
ducible characters of H which are faithful on A. We denote by {1,¢} a set of
representatives of P/Q.

Let y be an irreducible character of H. We assume that R(y)=R and Ker yN
A=1. Let gy, be an irreducible character of QA satisfying (Xo4, %:)#0. Then we
can decompose x, into a product of an irreducible character ¢ of @ and an irre-
ducible character ¢ of A, y,=wr. We assume that Ker z#+1. If x is an element
of Ker r, then we have

2, (@)=p(L)e(x) + p(D)clgrg™) = p(L)z(x) 4+ p(1)z(x™1)
= p(1)r(1)+ p(1)x(1)=y,H#(1).

Therefore (yx,#)4 is not faithful, which contradicts the fact that x, is faithful.
Hence t is faithful. Since A is not trivial, R(r)=C, which means R(ur)=C. Since
r#7=1% (ur,(pr)?)=1. By the Frobenius reciprocity theorem ((pr)%, (pe)?)a=(pr+
(ur), uclea=1, and so y=(ur)?. Moreover we have p?=p, because R(y)=R.

In this section, for an irreducible character y of H satisfying Ker yn A=1 and
R(y)=R, we mean by p,t above p,t respectively.
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LEMMA 3.1. (1) y is of the first kind if and only if
|P|7 X% (42 )(gh))=1.
heQ
(2) y is of the second kind if and only if
|P|=* 3 (p+p9)(gh)")=—1.
heQ

ProoFr. Since R(pr)=R((¢r)")=C, by (1.1) we have

QA 33 pe(h®)=|QA|™ X (pr)'(A*)=0.

heQA heQA
Thus

(|7 3 )
= H|~" % (e + () %)
=|H I"hegA(mH#f)")(hz) +|H I"‘h GquA(mJr(.m')")((gh)z)
=|HI™ 3 e+ X(@h))
= IH|7 5 X (e -+ (e X(ahk))
=IH|™ 3 2 (et ok
=|P|™ %Zq(m +(p0)?)((gh)?)
=|P|™ ’§Q(#+#")((gh)2)-

Therefore by (1.1) Lemma 3.1 holds.

Now we will characterize R-elementary groups at 2 with characters of the
first kind and R-elementary groups at 2 with characters of the second kind.
First we study in the case where R(z)=R and g is a linear character of Q.

ProproSITION 3.2. H has an irreducible charvacter y of the first kind (vespec-
tively, the second kind) such that Ker yN A=1, R(x)=R and p is linear, if and only
if H satisfies the following condition (A).

(A) There exists a subgroup K of Q such that K<P and P|K is an elementary
abelian group of order =4 (respectively, a cyclic group of order 4).

Proor. If R(z)=R, then we have p’=g=p. We denote Kerp by K. For
zeK plgrg=)=p(x)=p(x)=p(1), which implies geNp(K). Since Np(K)DQ, we
obtain that P[>K. Because p is linear and R(ux)=R, it holds that |Q/K|=2. Thus
|P/K|=4. From the assumption R(y)=R we have IPI—‘hé%(/x+;z”)((gh)2)=i1 by
Lemma 3.1. Since R(z)=R, by Lemma 2.3 there exist characters & and &', §+¢&/,
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of P such that pP=¢&+¢’. Moreover by Lemma 2.3 & and & are of the first kind
(respectively, the third kind) if y is of the first kind (respectively, the second kind),
because p is of the first kind. First we will show that KerénNKer&’=K. In fact
(E+&Ne=(P)o=2p, and so Ker éNKer&’DK. Let xzeKerénKeré&’. If 2ze P—Q, we
have 0=pf(x)=&x)+& (x)=E1)+£’(1), which is impossible. Therefore ze®, and
2p(1)=61)+¢&'(1)=&(z)+£&'(x)=2p(x), which implies p(x)=,(1). Hence we have zeK,
and it holds that KerénKer & =K. Therefore we may assume that P/K is a
subgroup of P/Ker é x P/Ker &’. In the case where y is of the first kind, we have
R(E)=R(E)=R. Thus |P/Ker¢|, |P/[Ker¢’|<2, and P/K is an elementary abelian
group of order =4. In the case where y is of the second kind, we have R(&)=
R(&)=C. Since K=Ker énKer ¢’cKer &, we obtain 4= |P/K|=|P/Ker &£|=4. Hence
|P/K|=4 and K=Keré. Further R(¢§)=C means that P/K is a cyclic group of
order 4.

Conversely suppose that 7/ satisfies the condition (A). Let x be a faithful
linear character of Q/K and let r be a faithful linear character of A. We will
prove that (ur)? is an irreducible character of H of the first kind (respectively, the
second kind). First we assume that Q=K. Then p=1g, and ((1or)P4)ga=1or +147,
which implies that (1¢7)¥4 is an irreducible character of /. We define the char-
acters ¢ and &’ of P by &(x)=¢&(x)=1 for ze@ and &(x)=1, &(x)=—1 for ze P—Q.
Then 1oP°=¢£+¢’. Since ¢ and & are of the first kind, by Lemmas 2.3 and 3.1
(1gr)” is of the first kind. Secondly we assume that |Q/K|=2. In this case
(p)M)ga=pr+p7, and (pr)H is an irreducible character of /. Since R((ur)?)=R
and R(x)=R, by Lemma 2.3 there exist characters & and &/, £=£¢’, of P such that
pP=&+4+¢. In the case where P/K is an elementary abelian group of order 4 both
¢ and &’ are of the first kind. So in this case, using Lemmas 2.3 and 3.1, we
obtain that (uz)¥ is of the first kind. Next we assume that P/K is a cyclic group
of order 4. We put P/K={y). We define the linear characters ¢ and & of P/K
by &y)=i and & (y)=—i. Then we have p=&+4¢’. Since R(§)=R(&’)=C, by
Lemmas 2.3 and 3.1 we conclude that (ur)? is of the second kind.

Secondly we study in the case where R(y)=R and p is a nonlinear character

of Q.

ProrosiTION 3.3. H has an irreductble character y of the first kind (vespectively,
the second kind) such that Ker yNA=1, R(p)=R and p is nonlinear, if and only
if H satisfies the following condition (B).

(B) There exist subgroups T, K of Q which satisfy the following conditions

(i) TP K and T/K is a cyclic group.

(i) For xeQ—T there exists an element a of T*NT such that rax'a'¢K.
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There exists an element y of P—Q which satisfies yby *b*eK for all beT'NT.
(iii) Let X={h, -, hn} be a set of representatives of Q|T. We put

C={(hs, eXX Q| hilgh)hi~'e T—K, hilgh)'hi—"eK),
D={(hs, e XX Q | hilghyhi—e K},
r=|C| and o=|D|.

Then we have |Q|"*(6—y)=1 (vespectively, —1).

Proor. Since s is nonlinear, by Theorem 2.2 there exist a subgroup S of @
and a character £ of S such that R()=R and {®=p. Moreover in the case where
¢ is of the first kind (respectively, the second kind) S/Ker { is a dihedral group
(respectively, a generalized quaternion group). Therefore S/Ker { contains a cyclic
group 7T/Ker{ of index 2 and ¢ is induced by a faithful linear character 4 of
T/Ker . We denote Ker¢ by K. Since 19=p is irreducible but 2¥=pf is not
irreducible, by Lemma 1.3 the condition (ii) is satisfied. From Lemma 2.5 we
obtain (iii). So the condition (B) is satisfied.

Conversely we assume that the condition (B) is satisfied. Let 1 be a faithful
linear character of 7JK and let = be a faithful linear character of A. By Lemma
1.3 the condition (ii) means that 9 is irreducible but A” is not irreducible. We
denote 2¢ by x. Then (uP)o=p+p’ and p=p’, because p” is not irreducible. Since
(pr)=p7+#pr, (pr)¥ is irreducible. On the other hand by (1.1) [P[~! ’§Q(p—|—/ﬂ)((gh)2)
=|P|™* h‘%,"P/JP(h'“’)—|P|—1 ;L);Q(,a—l-yg)(hz)eQ. Therefore the assumption of Lemma 2.5
is satisfied, and the condition (iii) means |P|™! ’§Q(y+yg)((gh)2)=1 (respectively, —1).
Using Lemma 3.1 we conclude that (pr)? is of the first kind (respectively, the

second kind).
Thirdly we study in the case where R(u)=C.

ProprosiTION 3.4. H has an irreducible character y of the first kind (respec-
tively, the second kind) such that Ker yNA=1 and R(p)=C, if and only if H
satisfies the following condition (C).

(C) There exist subgroups SDTDK of P which satisfy the following conditions

(i) S K, SIK is a dihedral group (respectively, a generalized quaternion group)
and TIK is a cyclic subgroup of S|K of index 2.

(ii) For xeP—T there exists an element a of T*NT such that xax'a '¢K.

(iii) Ome of the following conditions is satisfied

(a) KcTNQ and (SNQ)/K is a cyclic subgroup of S/K of index 2.

(b)Y KcTnNQ and (SNQ)/K is not abelian, or KETNQ. Let X={hy, -, hn} be
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a set of representatives of Q/(TNQ). We put
C={(h:;, h)e XX Q| hi(gh)*hi '€ T—K, high)*h:"'€K},
D={(hi, h)e XX Q| hi(gh)*h:'e K},
7=IC| and 6=|D|.

Then we have |P|~'(6—y)=1 (respectively, —1) and |T:(TNQ)|=2.

Proor. Since R(p)=C and p’=g, pF is a nonlinear irreducible character of P.
Thus by Theorem 2.2 there exist a subgroup S and an irreducible character { of
S such that ¢P=p?, R({)=R and S/Ker{ is a dihedral group (respectively, a gen-
eralized quaternion group) if pf is of the first kind (respectively, the second kind).
Further applying Lemmas 2.3 and 3.1 we have that S/Ker{ is a dihedral group
(respectively, a generalized quaternion group). Let 7 be the inverse image of the
cyclic subgroup of S/Ker{ of index 2 in S. Then there exists a faithful linear
character A of T/Ker { such that 25={. Since A¥={P=y" is irreducible, by Lemma
1.3 the condition (ii) is satisfied for K=Ker {. Thus if we put K=Ker {, then the
conditions (i) and (ii) are satisfied.

To prove the condition (iii) first we assume that KCcTNQ and (SNQ)/K is
an abelian group. Under this assumption we will show that (SNQ)/K is a cyclic
subgroup of index 2. In the case where y is of the first kind S/K is a dihedral
group. We put S/K=<x,y|x:"=1,y*=1, y‘zy=2"'), and we assume that (SNQ)/K
N<x>=<{x%. Since (yx*)?*=1 and (yx)~'x(yxr’)=2x"!, we may assume that ye(SNQ)/K.
Since (SNQ)/K={y, 2% is abelian, we have n=2. We define characters & and ¢&’
of {y,x*) by &)=L, &z*)=-1, &y)=1, &=*y)=—1, &1)=1, §'(=*)=-1, &(y)=—1,
&'(z*y)=1. Then {sne=£6+¢" and &5={. This means &F=(&5)P={P=puP. Therefore
EQ4EW =(P)g=(puP)o=p+ . Since &F=(&9)F is irreducible, &2 is also irreducible
and &9=p or p. However R(£9)=R, which contradicts the assumption R(x)=C.
Hence (SNQ)/KnN<x)+#<x%. Since [Kz)>:(SNQ)/KNLxDI=|S:(SNQ)|=|P:Q|=2, we
have (SNQ)/KN<x>=<{x>. We recall that (SNQ)/K is abelian, and we conclude
that (SNQ)/K=<x)>. Thus (SNQ)/K is a cyclic subgroup of S/K of index 2. In
the case where y is of the second kind S/K is a generalized quaternion group. We
put S/IK={x, y|z"=1, y2=x""", y~lzy=2"'). Since [<x):(SNQ)/KN<{x>|=2, (SNQ)/K
N<x>=<{x* or {z>. When (SNQ)/KN<{x>=<{x%, we mayass ume ye(SNQ)/K, and
(SNQ)/K={xz% y>. Since {x2? y)> is abelian, we have #=2 and (SN Q)/K={y)>, which
implies that (SNQ)/K is a cyclic subgroup of S/K of index 2. Thus, in any case,
(SNQ)/K is a cyclic subgroup of S/K of index 2.

Next we assume that KCc7TNQ and (SNQ)/K is not abelian or that K& TNQ.
First we show that |7:7TNQ|=2. Suppose that 7=TNEQ. Since KcT=TNQ,
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(SNQ)/K is not abelian. Since SOSNQ>DT and 7/K is cyclic, we obtain that
S=SNQ. Thus {F=({?)P=pP, which implies {®=p or f, because {9 is irreducible.
But R({?)=R, which contradicts the assumption R(z)=C. Therefore it holds that
IT:TNQI=2. We put n=ir.e. Since |T:TNQR|=2, we may assume ge7. Let
{x1=1, ---, za} be a set of representatives of P/T. Since |P:T|=|Q:TNQ|, we may
assume x;€Q. For 42eQ we can easily see that ZP(h)=§] 2”k(/¢)=k}§}1 7" k() =7%R).

=1

Therefore (#P)g=(4F)g=7%%, and so [PI‘I’L;Q(/H-#")((Qh)z): [P 2 9%(gh)?). By

heQ

Lemma 2.5 IPI“lh%(p—i—y")((gh)z):IP|—1(5—7). Further using Lemma 3.1 we have
|P|=1(0—7)=1 (respectively, —1).

Conversely we assume that the conditions (i), (ii), (iii)-(a) are satisfied. Let &
be a faithful linear character of (SNQ)/K and let r be a faithful linear character
of A. Since &% is a faithful irreducible character of S/K, there exists a faithful
irreducible character 2 of 7/K such that 15=¢&S. By Lemma 1.3 the condition (ii)
means that 27 is an irreducible character. We denote &2 by u. Then p is irre-
ducible, because (§9)P=¢&P=2F is irreducible. Therefore pr is irreducible, and
pr# 97 =(p7)? means (pr)¥ is irreducible.  We will prove that (£7)54 is an irreducible
character of SA of the first kind (respectively, the second kind). If it is true,
(o) =((67)94)" =(ur)” means that (ur)# is of the first kind (respectively, the second
kind). In fact, under the condition R((¢7)S4)=R(((¢)S4)#)=R it is easily seen that
me((£7)54) =mpr((£7)S4)H). Since |S:SNQ|=2, we may assume that geS. Since
(SNQ)/K is a cyclic subgroup of S/K of index 2 and S/K is a dihedral group
(respectively, a generalized quaternion group), R(¢)=C and &=&. Therefore (&)
=£7, which implies that R((&z)S4)=R and (£r)%4 is irreducible. Since S/K is a
dihedral group (respectively, a generalized quaternion group), &5 is an irreducible
character of S of the first kind (respectively, the second kind). Hence by Lemma
2.3 we have

S| _1h€§w(5 +&%)((gh)*)=1 (respectively, —1).

Further by Lemma 3.1 we conclude that (£7)54 is of the first kind (respectively,
the second kind). So under the assumption that Kc7TNQ and (SNQ)/K is abelian
the proof of the proposition is completed.

Finally we assume that the conditions (i), (ii), (iii)-(b) are satisfied, and we
will prove that A has an irreducible character of the first kind (respectively, the
second kind). Let 2 be a faithful linear character of 7/K. We denote ir,o by 7.
Then 7 is a faithful linear character of (TNQ/TNQRNK). By Lemma 1.3 the
condition (ii) means that 4% is an irreducible character of P. Since |P:T|=|Q: TNQ)|,
we have (27)o=7?, and by Lemma 2.5 we obtain that |P|-(d—7)=|P | 3 n%(gh)?).

heQ
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By Theorem 2.2 A% is of the first kind (respectively, the second kind). Therefore
R(»9)=R. On the other hand

|PI= 3 a7 (h*)=|P|™" 2, n*(h*)
=PI 2?1 P17 3 f(gh)).

Using (1.1), we have |P[—1 nQ(IzZ) 0, which implies that 72 is of the third kind

if %9 is irreducible. But 1t contradlcts R(»?)=R. Now we may decompose 7? into
a sum of irreducible characters p; of Q,7°=pi+p2+-- 4. Since (AF)g=7°, we
have ((AP)q, pt:)#0, which implies (1%, ;;F)#0. Thus 2P(1)=p*(1), because % is
irreducible. Hence 247(1)=27°(1)=7"(1)=pP(1)+ p2F(1)+ -+ + p.F(1)=22P(1). There-
fore t=2 and pF=2% (i=1,2). We put pu=p. Then pf=p, and 72=p+p°. Now
we have

|P|-t hezé (e +p19)((gh)?)=1 (respectively, —1)

and by Lemma 2.3 we have p is of the third kind and ¢?=za. Since ((ur)#)ea=
pr+ iz, (uo)# is irreducible and R((¢7)¥)=R. Finally by Lemma 3.1 we have that
(po)® is of the first kind (respectively, the second kind).

From Propositions 3.2, 3.3 and 3.4 we get

THEOREM 3.5. Let H be an R-elementary group at 2. Let P be a Sylow 2-
subgroup of H and A=<{a) a cyclic normal 2'-group such that PA=H. We denote
Cela) by Q. We assume that A+1 and P+Q. Then there exists an irreducible
character y of H of the first kind (respectively, the second kind) satisfying Ker yN
A=1 if and only if one of the conditions (A), (B) and (C) in Proposition 3.2, 3.3 or
3.4 is satisfied.
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