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ON THE WAVELET-GALERKIN METHOD WITH
DESLAURIERS-DUBUC INTERPOLATING SCALING
FUNCTIONS

By

Naohiro Fukubpa

Abstract. Compactly supported orthonormal wavelets are often
used in numerical analysis. However, since these functions have not
an explicit formula in the time domain, the difficulty of integrations
often occurs. In this paper, we introduce the Galerkin method with
Deslauriers—Dubuc interpolating scaling functions, and we use the
biorthogonality of the wavelets to overcome the difficulties of in-
tegration. We present numerical results that show the efficiency and
accuracy of this method.

1 Introduction

The Galerkin method is a powerful tool for calculating numerical solutions of
differential equations. In particular, lower-degree polynomials are often used for
the basis and test functions since the resulting coefficient matrices of the Galerkin
equations have simpler structures. This method is called the finite element method
(FEM). Let us consider the following problem as an example:

—u"+u=f, 0<x<l,
{u(O):u(l) =0.

A weak formula that corresponds to the problem is given by

a(u,v) = {f,vy;. for all ve H}(0,1) (2)

(1)

with a bilinear form

1 1

uv dx + J u'v' dx.
0

a(u,v) = J

0
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Here we denote the Sobolev space H'(0,1) = {ue L*(0,1)|u’ € L*(0,1)} and
H(0,1) = {ue H'(0,1)|u(0) = u(1) = 0} is its subspace. A solution of (2) is
called a weak solution.

The Galerkin method constructs an approximate solution as the weak solu-
tion. Let V¥, = H! be an n-dimensional subspace, and let ¢, ..., ¢, be a basis of
V,. By substituting u, € V,, for u and v, € V, for v we obtain

a(ty,vy) = {f,vppp2 for all v, € V. (3)

We consider the approximate solution u; € V; of the form

() = 3 Uy (x).
=

Taking v, =¢; (j=1,2,...,n) in (3) we obtain a Galerkin equation:
MU =F,

where M = {a((p[,%)}
vector generated by the inner products of f and the test functions, and U is a

ij=1,.n 1s a coefficient matrix, F="'{(f,¢;)},_; , Is a

unknown vector U = {Uj,..., U,}. The coeflicients {U;}; are thus obtained as
the solution of the equation U = M~'F.

Classical FEM employees the hat function B,(x) = max{l — |x|,0} as the
basis and test functions. If we put {g;(x) = v;(x) = By(x/h — i)}il:/i“1 < H}(0,1),
then we can easily see that the components of the stiffness and mass matrices are
given, respectively, by

1 25 j:iﬂ
ai,j:<§0;7U]{>L2:ZX -1, j=i+1,
0,  otherwise,

and

4, j=1i,
h
Clﬁ,j:<(pivvj>L2:6X I, j=itl,
0, otherwise.

Thus the coefficient matrix M is a tridiagonal matrix, and its components are
given by M;; =2/h+2h/3, M;;+1 =—1/h+h/6, and M;; =0 otherwise. The
sparsity of this matrix results in decreased computing costs.

Wavelet theory has been developing rapidly in several fields since its incep-
tion in the 1980’s, and many wavelets has been introduced. The application of
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wavelets to the Galerkin method is an interesting topic, and the flexibility of
wavelet functions provides many options for approximation spaces. Especially,
compactly supported orthogonal wavelets or scaling functions give sparse ma-
trices, including the stiffness matrix, because of their locality and orthogonality.
Among these, the Daubechies scaling function [5], which is well known as a
compactly supported orthogonal function, is commonly used for numerical
analysis. But the Daubechies wavelets and scaling functions do not have explicit
expressions in the time domain, so if we try to compute the inner product
on a wavelet {f,¥>;. or a scaling function {f,p>;» with high-dimensional
accuracy, it is computationally expensive. Therefore, in some cases inner
products with scaling functions are simply approximated by its sampling, i.e.,
(f, 272927 - —k)y,» ~ f(27k), but the accuracy of these approximations
depends on the smoothness of f, and getting high-precision analysis results
requires evaluation of the integrals. To overcome this difficulty with integrations,
many methods using wavelets and scaling functions have been introduced [1, 3, 6,
8, 16].

When we use the orthogonal functions as basis and test functions, resulting
mass matrix becomes a diagonal matrix, but in almost all cases, the highest
derivative of the original equation is a leading term. Thus, in the above case,
the structure of the stiffness matrix plays an important role. Fukuda et al. [12]
introduced a uniform approach that generates Riesz bases such that the asso-
ciated stiffness matrices become tridiagonal. This method is highly accurate, but
the difficulty with the integral remains unsolved. In this paper, we further develop
the method of [12] and use the propeties of the biorthogonality of the wavelets to
overcome the difficulty with the integrals of the test functions. The Deslauriers—
Dubuc interpolating scaling functions [9, 10] are used as basis functions.

Section 2 contains the definitions and properties of the Deslauriers—Dubuc
interpolating functions and the biorthogonal B-spline wavelets that will be to be
needed in later sections. In Section 3, we construct a Galerkin equation with our
method and explains how to apply the results derived in [12] to the interpolating
functions. In the last section, we present some numerical results which prove the
efficiency and accuracy of this method.

2 Interpolating Schemes

2.1 Deslauriers—Dubuc Interpolating Wavelet

Deslauriers and Dubuc [9] and Dubuc [10] introduced an interpolation
scheme [14] that constructs a function on R from an initial value {f(k)},.,. The
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functions obtained from the initial value {dx},., are called the fundamental
functions. We denote the Deslauriers—Dubuc fundamental functions of order D =
2L+1 (L=0,1,...) by Fp. Fp satisfies the refinement relation

Fp(x) = Fp(k/2)Fp(2x — k)
keN

and supp Fp = [-D, D]. The smoothness of Fp increases as D increases [9)].

Fp is known as a scaling functions of the interpolating wavelet function. In
general, an interpolating scaling function ¢ has some useful properties. First,
p(k) = 0k o for k € Z, which is useful in terms of the approximation. Second, the
two scale equation is given by ¢(x) =3, ., 0(k/2)p(2x — k), which means that
the filter coefficients {/}, are equal to the half values ¢(k/2). Moreover, the
associate wavelet function is simply ¥(x) = ¢(2x — 1).

In the case of Deslauriers—Dubuc scaling functions, the filter coefficients
{hi}, are easily calculated from the Lagrange polynomial: If

N+l
Lk(x):H%, k=-N,-N+1,...,N+1, (4)
T
then
hak = Jk,0,
I _[Lk(1/2), k=-N-—-1,...,N,
Al = 0, otherwise.

For example,

1 1
{hlah07hl}_{§ala§}
when D =1, and

1 9 9 1
{h737h727h717h07h17h2uh3} _{_1_67071_6717E707_E}

when D = 3.

2.2 Average Interpolation

Donoho [11] and Harten [13] generalized the Deslauriers—Dubuc interpola-
tion scheme and also introduced a scheme called average interpolation. The
fundamental functions of the average interpolation scheme Ap of order D = 2L
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Figure 1: Deslauriers—Dubuc fundamental functions

(L=1,2,...) still have compact supports supp Ap = [-D, D + 1] and satisfy the
two scale equation

Ap(x) =Y exdp(2x — k).

keZ

For example,

O | —
CO| —
—
—
o] —
|
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{0727 C_1,C0,C1,C2, 03} = {—

when D =2,

33 nmir, i I 3 3
128° 128" 64°64" " 64" 64 1287128

{6—37 ¢_2,C_1,Cp,C1,C2,C3, C4} = {

when D = 4.
The fundamental functions 4p and Fp have a strong relationship. If we set
9= Ap and ¢ = Fp, 1, then it holds that

¢'(x) = p(x + 1) — p(). (5)
Since

x+1
o 1) =) = o0

X

= %L{ Ni(y = x)p(y) dy

d v
:a(ﬂ*Nl (x)a
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Figure 2: Fundamental functions of the average interpolation scheme

(5) is equivalent to

¢=0¢*Ny, (6)
where fV(x) = f(—x) and N,, is the m-th order B-spline, i.e., N1 =y and
Ny = Ny—1 %Ny (m>2). For the construction of Riesz bases, this means that

¢ is an elevation of ¢ with elevator Ny ([12]). In terms of the low-pass filters
mPP (&) =3, hPPe~* < and mA(&) =3, hile™™*<, it is denoted as mP? = m4m,
where m(&) = (1 +e)/2, or simply, {hPP} = {h4} % {1/2,1/2}.

ReEMARK 1. Deslauriers—Dubuc fundamental functions also have a special
relationship to Daubechies scaling functions [5]. Let ®% be a Daubechies
scaling function of order N. Then Beylkin and Saito [15] proved the following
equation:

| @BIOR(x— 3) e = Pova() )
Therefore F>y,; is called the autocorrelation function of <I),€.

Orthogonal wavelets lose several properties due to strong restrictions, but we
can construct many wavelets by discarding the orthogonality. Cohen, Daubechies
and Feaubeau [7] constructed biorthogonal spline wavelets, whose primal and
dual functions both have compact support.

Generally, the biorthogonal B-spline wavelets are specified with two
parameters. Let ¢, and ¢, ; be the primal and dual scaling functions of the
biorthogonal B-spline wavelet, then the associated low-pass filters my and m are
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given by

my(&) = e /2 cosP (g)

and

(p+p)/2—-1 -
I’;l()(é) _ e—ieé/z COSﬁ (g) ; ((p + p)/]f -1+ k) Sin2k (§>>

where p + p is an even integer, ¢ = 0 when p is even, and ¢ = 1 when p is odd.

For p = 1, we note that my(&) = e /> cos(£/2) is just the low-pass filter of
the Haar wavelet. Thus, in this case, ¢, = N;(x). Moreover, Donoho [11] showed
that the dual scaling functions are equal to the fundamental functions: more
precisely, for D =2,4,... it holds that

91,041 = Ap. (8)

0.8r

0.6

041

02F

0.0
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(a) ¢1

Figure 3: Biorthogonal B-spline functions

3 Wavelet-Galerkin Method with Biorthogonal Functions

In this section, we introduce a way to construct approximate solutions for
certain differential equations by using Deslauriers—Dubuc fundamental functions.
As mentioned above, these functions have compact support, are symmetric, and
satisfy Fp(k) =0k 0; the Daubechies functions do not have these properties.

With ¢ =F;, h=1/(n+1) and n>5, we seek a numerical solution

n—2
w(x) =Y Ukp(x/h— k) )
k=3
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for the Dirichlet boundary value problem (1). The standard Galerkin method
leads to

a(una(pk):<fa(pk>L27 k:3,4,...7l’l—2. (10)
From this, we obtain the Galerkin equation
MU =F, (11)

where M = {[g¢jp] dx+ [q o0, dx};; is a coefficient matrix; F=
</ 9012 =1, > and U is a unknown vector U = "{U},..., U,}. This equation
can be solved to obtain the coefficients Uj.

In this case, the stiffness matrix is a heptadiagonal matrix, which is relatively
full compared with the one for classical FEM. Moreover, as in the case of the
Daubechies function, Deslauriers—Dubuc fundamental function ¢, does not have
an explicit formula; the difficulty of the integral on the right-hand side of (10)
thus remains.

To deal with this problem, we replace the ¢, by the hat functions v =
B;(-/h — k) and consider

alug,v)) = ey, k=3,4,...,n—2.
This leads to a new Galerkin equation:
MU=F, (12)

with M = {Ix p;v; dx + Jr 0 dx}; 3 F =", vidretjey, s and U="U,...,
U,}. Equation (12) is more convenient and manageable than (11) for the fol-
lowing reasons:

(i) Both F3 and B, are elevated functions of pair of biorthogonal functions
with elevator N), thus the resulting stiffness matrix is a tridiagonal
matrix, which is sparse compared with the one of (11).

(i) Both F3 and B, are refinement functions; therefore we can explicitly
calculate the mass matrix.

(ili) Compared to (10), the integrals on the right-hand side of (12) are
simpler, and they can be processed more quickly by computer. Thus our
scheme quickly obtains the solution u once f has been set.

Let us more fully consider the advantages stated in (i), above. Fukuda et al.
[12] proved that if ¢ is orthogonal, i.e., <@, ¢(- — k)>;> = Jk.0, then the stiffness
matrix generated by its elevated function ® = ¢ x N is a tridiagonal matrix, i.e.,
(D', @' (- — k)>p2 = 20k,0 — 0,1 We can easily see that this is also true for a pair
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of biorthogonal functions, i.e., if {p;,9,(- — k)>;> =k 0, then
gy * N5 (92 % N1)' (- = k) D2 = 2050 — O 1- (13)

Since F3; and B, are elevated functions of the pair of biorthogonal functions
Ay = ¢, 3 and N; = ¢, with elevator Ny’ (see (5) and (8)), the resulting stiffness
matrix is a tridiagonal matrix.

REMARK 2. One may expect that there exists an elevator & such that the
stiffness matrix become a diagonal matrix, ie., {p* &, ¢ * &(- — k)) = oo with
an orthogonal function ¢. But this means that & is the sign function, and the
resulting elevated function is thus non compactly supported. We therefore can not
use this function for the Galerkin finite element method.

Now let us consider (ii), above. Let f and g be compactly supported refinable
functions. Then, Iy = [ f(x)g(x —k) dx = f+g¥(k). Here we remark that
pY(x) = p(—x) is also refinable when p is refinable. Since the convolution of
refinable functions is refinable [2], it can be given as a solution of an eigenvalue
problem.

In the case f = F3 and g = B,, the above is summarized as follows:

THEOREM 3. Set M) = {F3,By(- —k)>;» and Sy = {F;,B)(- —k))>r>. Then
we obtain
131/180 if k=0,
37/240  if k=41,

My =< —11/600 if k=42, (14)
1/3600  if k=43,
0 otherwise,
and
2 if k=0,
Sk =4 -1 if k=+I, (15)

0 otherwise.

Proor. Equation (15) is easily seen from (13), so let us prove (14). Set f =
F3+ By = F3x B,. Then f is a refinable function with filter coefficients

s 1f 1 9 9 1 11
{hk}k—“z{ 6 %16 16" 16}*{2’1’2}

1 1 11725171 1 1
64’ 3278’32732732°87 327 64
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From the two-scale equation, we get M= f(k)=>, hnf(2k—m)=
Yomoke—mf(m) =3, oMy, and we can obtain the M as the eigenvector

of

M3\ [hy hy O O 0 0 0 M,
M_2 /1_1 h_2 h_3 h_4 0 0 0 M_z
M,l h1 /’l() /1,1 /Lz /’l,3 /1,4 0 M,l
M, h3 hy hy hy hy h, his|= My (16)
M, 0 hy h3 hy hy hy hy M,
M2 0 0 0 h4 /13 hz /’ll M2
M3 0 0 0 0 0 h4 /13 M3
under the normalization ), Mj = 1. O

REMARK 4. In [12] and [17], with ®7 and elevator N, a Riesz basis pf =
®? % Ny was constructed. Since ®2 is orthogonal, {p, (- —k)> corresponds
to S in Theorem 1. Moreover, {p? ¢pP(- —k)> also corresponds to My in the
theorem. Although this may seem strange, it is justified by the autocorrelation
property (7); from Fy = Z[®P « ®PV] = |®P|%, we have

{F3,Bo(- —k)pp2 = 2—17[JR F5(&)By(¢)e™ dé

1 G

= | PR (@ de

4 Numerical Results

In this section we present some numerical results to showing the efficacy of
our method. Let us illustrate some numerical examples. All computations were
carried out with a Mac OS X, Intel Core 17, 3.4GHz, and by using Mathematica

ver. 8.0.1.0.
We consider the following Dirichlet boundary value problem:

—u"+u=f, 0<x<l,
{u(O) =u(l)=0.

In classical FEM, the hat function B, is used to represent an approximate
solution, and in [12], an elevated Daubechies scaling function pf = @ * N; was
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used. To compare these two, we calculated the approximate solutions using the
Galerkin method:

2/-1

u(x) = Z By (2/x — k),
n=1

24
i(x) = Z U3 (27x — k),

n=0

2/-3

i(x) =Y uF3(2/x — k),

n=3

with test functions By(2/x —k) (k=1,...,2/ = 1); ¢?(2/x—k) (k=0,1,...,
2/ —4); and By(2/x — k) (k=3,3,...,2/ — 3), respectively. The error was esti-
mated by the relative /2-error:

o — \/Ziio(u(k/ﬂ) — ik /27))?

(17)
[l .2
The results with various choices of u are presented as follows:
Table 1: The case of u(x) = x°(1 — x)°
B,-B, p?-p? F-B
2/ ¢ ¢j-1/e ¢ ¢1/e ¢ ¢-1/¢
6 1.50 x 10~* — 2.87 x 1074 3.65x 1074 —
7 530 x 1073 2.83 4.66 x 1073 6.16 1.76 x 103 20.7
8 1.88 x 1073 2.83 9.49 x 10~ 491 8.13 x 1077 21.7
9 6.63 x 1076 2.83 3.33x 1076 2.85 3.68 x 1078 22.1
10 2.35x107° 2.83 3.15x 1076 1.06 1.20 x 107° 30.7
Table 2: The case of u(x) = Ns(5x)
B>-B, 0707 F3-B;
2/ ¢ ej-1/e ¢ ¢j-1/e ¢ ¢-1/¢
6 1.51 x 107 — 431 x 1074 6.18 x 1074 —
7 533 x 107 2.83 6.76 x 103 6.38 5.50 x 1073 11.2
8 1.88 x 1073 2.83 1.28 x 1073 5.29 4.88 x 106 11.3
9 6.66 x 1076 2.83 3.80 x 1076 3.36 4.32x 1077 11.3
10 2.36 x 107° 2.83 3.14 x 1076 1.21 3.77 x 1078 11.4
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Table 3: The case of u(x) = N3(3x)

B>-B, 0P -pP F3-B,

2/ ¢ ej-1/¢ ¢ ej-1/¢ ¢ €j-1/¢
6 1.51 x 10~* — 3.64 x 1072 — 7.50 x 102 —
7 522x 1073 2.90 1.31 x 102 2.78 2.67 x 1072 2.81
8 1.87 x 1073 2.79 4.66 x 1073 2.81 9.46 x 1073 2.82
9 6.57 x 1076 2.85 1.65 x 1073 2.82 3.35%x 1073 2.82

10 2.33x 107 2.82 5.84 x 1074 2.83 1.19 x 103 2.83

Table 4: The case of u(x) = N3(10x/3 —1/6) (supp u = [1/20,19/20])

B>-B; pP-p? F3-B,

2/ ¢ ej-1/¢ ¢ ej-1/¢ ¢ ej-1/¢
6 1.51 x 10~* — 8.24 x 10~ — 2.01 x 10° —
7 521 x 1073 291 2.13 x 107 3.87 7.80 x 1077 2.55
8 1.86 x 1073 2.80 517 x 107 4.12 6.39 x 10°8 124
9 6.63 x 10°° 2.81 1.36 x 1073 3.79 2.61 x 10°8 2.45

10 2.34 x 10°°¢ 2.84 4.47 x 107° 3.05 2.57 x 107 10.1

Table 5: The case of u(x) = sin’(27x)

B>-B, 07-p7 F3-B;

2/ ¢ e-1/¢ ¢ e-1/¢ ¢ e-1/¢
6 1.53 x 10~* — 8.24 x 10~ — 2.01 x 10-¢ —
7 541 x 1073 2.82 213 x 1074 3.87 7.80 x 1077 2.55
8 1.91 x 1073 2.83 5.17 x 107 4.12 6.39 x 1078 12.4
9 6.77 x 1076 2.83 1.36 x 1073 3.79 2.61 x 1078 2.45

10 2.39 x 107¢ 2.83 447 x 10-¢ 3.05 2.57 x 107 10.1

Figures 4-7 shows the CPU time required to calculate the integrals of F, i.e.,
the inner products of f and the test functions versus the error (17).

From these results, we can conclude that our method obtain smoother
approximate solutions within the time required to perform classical FEM. In
particular, we note that when an exact solution rapidly decays to zero near the
boundaries of the domain, our method is more effective. When the decay is not
rapid, there is a slight loss of accuracy, which is presumably due to the shape of
the basis F;3. Since F3 is nearly zero at the endpoints of its support, non zero
values of the exact solution cannot be represented well in this region. However,
this weakness can be easily eliminated. Recall that our proposed method denotes
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Figure 4: case 1; u(x) = x*(1 — x)°
0.1 ——M-N;
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Figure 5: case 2; u(x) = Ns(5x)

an approximation solution using F3 as

2/-3

u(x) = Z U, F3(2/x — n).
n=3

(18)

To capture the behavior of u near the boundary of the domain, we denote the

approximate solution using F3 and B, as
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Figure 6: case 3; u(x) = N3(3x)
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0.001 ¢ —— 3N,
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| | | \ | | |
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Figure 7: case 4; u(x) = N3(10x/3 —1/6) (supp u = [1/20,19/20])

2/-3
a(x) = Y u,F3(2/x —n) + > Uy By (2/x — n). (19)
n=3 ne{l,2,2/-2,2/—1}

Figure 8 illustrates the basis and test functions of (18) and (19). This modification
increases the size of the coefficient matrix from 2/ — 5 to 2/ — 1, but the form of
the stiffness matrix does not change. In Figure 9 we show that the computational
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cost of the modification is comparable to the unmodified form and that the
efficiency of the modification.

Appendix. Cases of Higher-Order Equations

In the previous sections, we considered only second-order differential equa-
tions, but higher-order differential equations, such as the beam equation, are also
important. In the Galerkin equation, a 2m-th order differential appears in the
coefficient matrix form as (¢ ¢ (.- —k)>,.. For an orthogonal function ®,
Fukuda et al. [12] proved using the formula of inverse matrix of Vandermonde
type [4] that

(_1)02mCm if k= 07
(—l)lsz’1171 if k= il,
O 9" (-~ k) =1 (20)

(_1)n12n1cm7m if k= +m,
otherwise,

where ¢ = ® x N,,. Applying this approach to the biorthogonal function, we
obtain a pair of basis and test functions ¢ = F3 * N,,_; and ¢ = N,,;;. There is
no difficulty with the integral of the test function N,,., since N,, is a piecewise
polynomial that has an explicit expression in the time-domain, similarly to the
previous case of m = 1. Moreover, ¢ is a refinement function, so if we consider
the differential equation u®") +u = f, we can obtain an explicit coefficient
matrix. However, the basis function F3 x N,,_; is no longer an interpolation, so it
needs a little adjustment. From the Parseval theorem we get

1 . - .
{F3% N1, Ny1)12 = Z<F3Nm717Nm+l>L2

1 . ~ =
:E<F3aNm+1Nmfl>L2

1 A A im-
:%<F37Nm+1Nm—le Dr2

1 A im-
=2—n<F3,N2me >L2

= <F37N2m(' +WI)>L2.

This means that by using F3 and N, we can construct an effective scheme for
numerical computations.
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Figure 8: basis and test functions for (18) and (19)
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