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WEIGHTED Lp � Lq ESTIMATES OF THE STOKES

SEMIGROUP IN SOME UNBOUNDED DOMAINS

By

Takayuki Kobayashi and Takayuki Kubo

Abstract. We consider the Navier-Stokes equations in half-space

and a perturbed half-space in Lp space with Muckenhoupt weight.

As the first step, we shall describe the Helmholtz decompostion of Lp

space with Muckenhoupt weight and the weighted resolvent estimates

for the Stokes equations. Next we shall show the Lp � Lq estimates

of Stokes semigroup with hxi s type weight. Finally as the applica-

tion of the weighted Lp � Lq estimates, we shall obtain the weighted

asymptotic behavior of the solution to the Navier-Stokes equations.

1 Introduction

Let nb 2. Let WHRn be the half-space H or a perturbed half-space

with smooth boundary qW. To be precise, the half-space H is defined by H ¼
fx ¼ ðx 0; xnÞ A Rn j xn > 0g and the perturbed half-space is a unbounded domain

which has a positive number R satisfying

WnBR ¼ HnBR; ð1:1Þ

where BR ¼ fx A Rn j jxj < Rg.
In this paper, we consider the following Navier-Stokes equations in W:

qtu� Duþ ðu � ‘Þuþ ‘p ¼ 0 in ð0;yÞ �W;

‘ � u ¼ 0 in ð0;yÞ �W;

limjxj!y uðt; xÞ ¼ 0; uðt; xÞ ¼ 0 on ð0;yÞ � qW;

uð0; xÞ ¼ aðxÞ in W:
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Here uðt; xÞ ¼ ðu1ðt; xÞ; . . . ; unðt; xÞÞ and pðt; xÞ denote unknown velocity field and

scalar pressure and aðxÞ is a given vector function.

The Navier-Stokes equations (NS) have been already studied by many

authors in some bounded domains and unbounded domains. In particular, we

have many results concerning to (NS) in Lp-framework.

The results of Farwig and Sohr [14] and Miyakawa [33] are the first

step to discuss the nonstationary problem (NS) in the Lp-space. They showed

the Helmholtz decomposition of the Lp-space of vector fields LpðWÞ ¼
Lp
s ðWÞlGpðWÞ for nb 2 and 1 < p < y, where Lp

s ðWÞ and GpðWÞ denote as

follows:

Lp
s ðWÞ ¼ fu A Cy

0 ðWÞ j‘ � u ¼ 0 in Wgk�kL pðWÞ ;

GpðWÞ ¼ f‘p A LpðWÞ j p A L
p
locðWÞg:

Let P be a continuous projection from LpðWÞ to Lp
s ðWÞ associated with the

Helmholtz decomposition. The Stokes operator A is defined by A ¼ �PD with

some domain. It is proved by Farwig and Sohr [14] that �A generates a bounded

analytic semigroup e�tA on Lp
s ðWÞ.

When we prove the existence theorem of global solution to (NS) with small

data, the following Lp � Lq estimates of the Stokes semigroup play the important

role:

ke�tAf kLq aCt�nð1=p�1=qÞ=2k f kLp ; ð1:2Þ

k‘e�tAf kLq aCt�nð1=p�1=qÞ=2�1=2k f kLp ð1:3Þ

for f A Lp
s ðWÞ and t > 0, where 1a pa qay, ðp0y; q0 1Þ for (1.2) and

1a pa q < y, ðq0 1Þ for (1.3). The Lp � Lq estimates of the Stokes semigroup

have been already studied by many authors in some domains. In fact, when W is

the whole space, applying the Young inequality to the concrete solution formula,

we have (1.2) and (1.3) for 1a pa qay ðp0y; q0 1Þ. When W is the half-

space, it is proved by Ukai [35] and Borchers and Miyakawa [4] that (1.2) and

(1.3) hold for 1a pa qay ðp0y; q0 1Þ (cf. Desch, Hieber and Prüss [11]).

When W is an infinite layer case, Abe and Shibata [1] proved that (1.2) and (1.3)

hold for 1 < pa q < y. When W is a bounded domain, (1.2) and (1.3) for

1 < pa q < y follow from the result of Giga [22] on a characterization of the

domains of fractional powers of the Stokes operator. In an infinite layer case

and a bounded domain case, an exponential decay property of the semigroup is

available.
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When W is an exterior domain, (1.2) holds for 1a pa qay ðp0y;

q0 1Þ but (1.3) holds only for 1a pa qa n ðq0 1Þ. At first Iwashita [25]

proved that (1.2) holds for 1 < pa q < y and (1.3) for 1 < pa qa n when

nb 3. The refinement of his result was done by the following authors: Chen [6]

(n ¼ 3; q ¼ y), Shibata [34] (n ¼ 3; q ¼ y), Borchers and Varnhorn [5] (n ¼ 2,

(1.2) for p ¼ q), Dan and Shibata [8], [9] (n ¼ 2), Dan, Kobayashi and Shibata

[10] (n ¼ 2; 3), and Maremonti and Solonnikov [31] (nb 2). Especially, it was

shown by Maremonti and Solonnikov [31] that Iwashita’s restriction qa n in

(1.3) is unavoidable.

When W is a perturbed half-space, Kubo and Shibata [30] proved (1.2) for

1a pa qay ðp0y; q0 1Þ and (1.3) for 1a pa q < y ðq0 1Þ when nb 2.

When W is an aperture domain, Abels [2], Hishida [24] and Kubo [29] proved

(1.2) for 1a pa qay ðp0y; q0 1Þ and (1.3) for 1a pa q < y ðq0 1Þ
when nb 2.

In usual Lp-framework, it is well-known that we can prove the global

existence of the solution to the Navier-Stokes problem with small Ln data. In

fact, the time-global existence was proved by many authors in the following

domain cases: Giga and Miyakawa [23] for bounded domains, Kato [27] for the

whole space, Ukai [35] and Kozono [28] for the half-space, Iwashita [25] for the

exterior domain, Abe and Shibata [1] for the infinite layer, Kubo and Shibata

[30] for the perturbed half-space and so on.

On the other hand, the results on the weighted Lp space case are not so

much than one of the Lp space case. For the whole space and an exterior domain

case, Farwig and Sohr [13] proved the Helmholtz decomposition of the Lp space

with Muckenhoupt weight. Moreover they considered the resolvent Stokes equa-

tion in the weighted Lp space and showed the weighted resolvent estimate and

that the Stokes operator generates an analytic semigroup in Lp space with

Muckenhoupt weight. The result on the weighted Lp � Lq estimate of Stokes

semigroup was not obtained. For the half-space case, H. O. Bae [3] proved the

Helmholtz decomposition of Lp space with some weights (for example, wðxÞ ¼
ð1þ jxjÞs for 0a s < 1=p 0) and he obtained the certain Lp � Lq estimate of

Stokes semigroup with the certain weight. A. Frölich [16] proved the one of Lp

space with the Muckenhoupt weight and the weighted resolvent estimate of the

resolvent Stokes equation in half-spaces and aperture domains (see [16], [17] for

detail). However, he did not obtain the results on the weighted Lp � Lq estimate

of Stokes semigroup.

This paper consists of six sections. In the next section, after notation is fixed

we present the statement of our main results: Theorem 2.3 on the resolvent
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estimate with Muckenhoupt weight, Theorem 2.4 on the Helmholtz decomposi-

tion of the weighted Lp space, Theorem 2.5 on the generation of the Stokes

semigroup as one of the corollary of Theorem 2.3, Theorem 2.7 on Lp � Lq

estimates of Stokes semigroup with hxi s ð0a s < n� 2þ 1=nÞ which plays

important role when we prove the asymptotic behavior for the solution to (NS)

and Theorem 2.8 on the asymptotic behavior for the solution to (NS) obtained by

Kozono [28] or Kubo and Shibata [30].

In section 3, we introduce the known results concerning the weighted Lp

space which we use through this paper. In secton 4, we shall show the Helmholtz

decomposition of Lp
wðWÞ in perturbed half-space. Moreover we shall consider the

resolvent Stokes equations corresponding to (NS) and shall show the resolvent

estimate. Our proof is based on the method due to Farwig and Sohr [13]. Since

the results on the bounded domains and half-space are proved by Fröhlich

[18] and [20], by cut-o¤ technique with their results, we can prove the resolvent

estimate for large l, which implies that the Stokes operator �A generates analytic

semigroup in Lq
w;sðWÞ.

In secton 5, we shall prove the weighted Lp � Lq estimate of Stokes semi-

group obtained in section 4. First we consider the whole space case and the half-

space case. For the whole space case, we can easily prove by Young’s inequality.

For the half-space case, using Ukai’s solution formula (see [35]), we can reduce

to the whole space case. For a perturbed half-space case, we derive the weighted

Lp � Lq estimates from the results for the half-space case and the estimate for

WVBR which is proved by Kubo and Shibata [30]. Finally, we consider the

application of the weighted Lp � Lq estimates to the Navier-Stokes equations

in section 6. As we mentioned, the Navier-Stokes equations in the half-space

and a perturbed half-space admits a unique strong solution u when the initial

data is su‰cient small. As the application of the weighted Lp � Lq estimates,

we consider the case where the initial data belongs to Ln
wðWÞVLnðWÞ, where

wðxÞ ¼ hxisn for 0a s < n� 2þ 1=n.

2 Main Theorems and Notations

In this paper, we shall consider the Navier-Stokes equations in the half-space

and a perturbed half-space. For this purpose, we first introduce the definition of

their domains. Let H denote the half-space by H ¼ fx ¼ ðx 0; xnÞ A Rn j xn > 0g.
We call a domain W perturbed half-space if there exists a positive number R such

that

WnBR ¼ HnBR; ð2:1Þ
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where BR ¼ fx A Rn j jxj < Rg. We next introduce the class of weight functions

and weighted Lp spaces.

Definition 2.1 (Muckenhoupt class AqðRnÞ). Let 1 < q < y. A weighted

function 0aw A L1
locðRnÞ belongs to Muckenhoupt class Aq if the function w

satisfies

sup
Q

1

jQj

ð
Q

w dx

� �
1

jQj

ð
Q

w�1=ðq�1Þ dx

� �q�1

aC < y;

where the supremum is taken over all cubes QHRn and jQj denotes the

Lebesgue measure of Q.

For example, the weighted function wðxÞ ¼ ð1þ jxjÞa or wðxÞ ¼ jxja

ð�n < a < nðq� 1ÞÞ belong to Muckenhoupt class AqðRnÞ. For a perturbed half

space W we introduce a restricted class of Aq on W.

Definition 2.2. Let W be a perturbed half space with C2-boundary qW with

BR satisfies (2.1). Then for 1a q < y, Aq ¼ AqðWÞ is the class of weighted

function defined as follows: The each element w of Aq belongs to AqðRnÞ and has

the bounded domain G ¼ GðwÞHWVBRþ1 such that w A C0ðGÞ and wj
G
> 0.

We define a weighted Lq space with Muckenhoupt weight w A Aq as follows:

Lq
wðWÞ ¼ u A L1

locðWÞ j kukLq
wðWÞ ¼ kuw1=qkLqðWÞ ¼

ð
W

jujqw dx

� �1=q
< y

( )

for 1 < q < y. Similarly, we define the weighted spaces as follows:

Wk;q
w ðWÞ ¼ fu A Lq

wðWÞ j‘au A Lq
wðWÞ; jaja kg;

ŴW k;q
w ðWÞ ¼ fu A L1

locðWÞ j‘au A Lq
wðWÞ; jaj ¼ kg

and

W
k;q
0;w ðWÞ ¼ Cy

0 ðWÞ
k�k

W
k; q
w ðWÞ

for 1 < q < y, k A N and w A Aq. The space Wk;q
w ðWÞ equipped with the norm

kuk
W

k; q
w ðWÞ :¼

X
jajak

k‘aukq

L
q
wðWÞ

0
@

1
A
1=q

is a reflexive Banach space.
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For 1 < q < y, let q 0 denote the dual exponent: 1=qþ 1=q 0 ¼ 1 and w 0

denote the dual weight: w 0 ¼ w�1=ðq�1Þ. The dual space of ŴW 1;q 0

w 0 ðWÞ is denote by

ŴW �1;q
w ðWÞ ¼ ŴW

1;q 0

w 0 ðWÞ� and endowed with the norm

kFk
ŴW

�1; q
w ðWÞ ¼ sup

00j A ŴW 1; q 0
w 0 ðWÞ

jhF ; jij
k‘jk

L
q 0
w 0 ðWÞ

for F A ŴW �1;q
w ðWÞ.

For the half-space and the perturbed half-space, we shall investigate the

Navier-Stokes equations (NS). As first step of analysis of Navier-Stokes equations

(NS) in Kato’s argument [27], we need the weighted Lp � Lq estimates of Stokes

semigroup. To this end, we consider the generalized resolvent Stokes equations

corresponding to (NS):

ðl� DÞuþ ‘p ¼ f ; div u ¼ g in W u ¼ 0 on qW; ðGSÞ

where f A Lq
wðWÞ, g A W 1;q

w ðWÞV ŴW �1;q
w ðWÞ and l A Se ¼ fl A Cnf0g j jarg lj <

p� eg ð0 < e < p=2Þ. Then the following resolvent estimate holds.

Theorem 2.3. Let WHRn be a perturbed half-space with C2-boundary

and let 1 < q < y, w A Aq, 0 < e < p=2 and d > 0. For every f A Lq
wðWÞ, g A

W 1;q
w ðWÞV ŴW �1;q

w ðWÞ and l A Se, jljb d, the problem (GS) has a unique solution

ðu; pÞ A W 2;q
w ðWÞ � ŴW 1;q

w ðWÞ. Furthermore ðu; pÞ satisfies the a priori estimate

kðjlju;‘2u;‘pÞkLq
wðWÞ aCðe; dÞðkð f ;‘gÞkLq

wðWÞ þ klgk
ŴW

�1; q
w ðWÞÞ: ð2:2Þ

In order to define the Stokes operator, we need the Helmholtz decomposition

of the weighted space Lq
wðWÞ for perturbed half-spaces.

Theorem 2.4. Let WHRn be a perturbed half-space with C 2-boundary and

let 1 < q < y and w A Aq.

(i) Lq
wðWÞ has a unique algebraic and topological decomposition

Lq
wðWÞ ¼ Lq

w;sðWÞl‘ŴW 1;q
w ðWÞ;

where Lq
w;sðWÞ is the closure of Cy

0;sðWÞ ¼ fu A Cy
0 ðWÞ j‘ � u ¼ 0g with

respect to the norm k � kLq
wðWÞ. In particular there exists a unique bounded

projection operator

Pq;w : Lq
wðWÞ ! Lq

w;sðWÞ

with null space ‘ŴW 1;q
w ðWÞ ¼ f‘p j p A ŴW 1;q

w ðWÞg and range Lq
w;sðWÞ.
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(ii) ðPq;wÞ� ¼ Pq 0;w 0 and ðLq
w;sðWÞÞ� ¼ L

q 0

w 0;s 0 .

(iii) If u A Lq1
w1
ðWÞVLq2

w2
ðWÞ for qj A ð1;yÞ and wj A Aqj ð j ¼ 1; 2Þ, then

Pq1;w1
u ¼ Pq2;w2

u.

Given the Helmoltz projection Pq;w, the Stokes operator Aq;w in Lq
w;sðWÞ for

a perturbed half-space is defined by Aq;w ¼ �Pq;wD with domain

DðAq;wÞ ¼ fu A W 2;q
w ðWÞVLq

w;sðWÞ j u ¼ 0 on qWg:

For the Stokes operator, we obtain the following results which say that the

Stokes operator generates an analytic semigroup in Lq
w;sðWÞ:

Theorem 2.5. Let WHRn be a perturbed half-space with C2-boundary

and let 1 < q < y, w A Aq and 0 < e < p=2. Then for every l A Se and every

f A Lq
w;sðWÞ the resolvent problem

luþ Aq;wu ¼ f ; u A DðAq;wÞ

has a unique solution u A DðAq;wÞ.

(i) For l A Se and jljb d > 0, this solution satisfies the resolvent estimate

kðlu;Aq;wuÞkLq
wðWÞ aCðe; dÞk f kLq

wðWÞ:

(ii) The Stokes operator generates an analytic semigroup fe�tAq; wgtb0.

(iii) Moreover Aq;w is a closed operator and ðAq;wÞ� ¼ Aq 0;w 0 .

In this paper, for simplicity, we use the abbreviations A for Aq;w and P for

Pq;w if there is no confusion.

Remark 2.6. The same results as Theorem 2.3–2.5 for half-space and

exterior domains have been proved by Fröhlich [18] and Farwig and Sohr [13].

We next consider the weighted Lp � Lq estimates for the Stokes semigroup

e�tA. As well-known, The Lp � Lq estimates play an important role when we

prove the unique existence of a global solution to (NS). Here setting the weighted

function w as wðxÞ ¼ hxi sp ¼ ð1þ jxj2Þsp=2 ð1 < p < yÞ, we obtain the following

weighted Lp � Lq estimates for the Stokes semigroup in the half-space and a

perturbed half-space:

Theorem 2.7 (Weighted Lp � Lq estimates). Let nb 2 and let W be the

half-space or a perturbed half-space with C2-boundary. Let 1 < pa q < y,
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0a s < ðn� 1Þð1� 1=pÞ and wðxÞ ¼ hxisp. Then for a A Lp
wðWÞVLpðWÞ, we

have

khxi se�tAPakLq aCt�nð1=p�1=qÞ=2khxi sakLp þ Ct�nð1=p�1=qÞ=2þs=2kakLp ;

khxi s‘e�tAPakLq aCt�nð1=p�1=qÞ=2�1=2khxi sakLp þ Ct�nð1=p�1=qÞ=2þðs�1Þ=2kakLp

for t > 0.

Finally we shall apply the weighted Lp � Lq estimates to Navier-Stokes

equations (NS). Following Kato’s argument [27], we can prove the unique

existence of global solution to (NS) with small initial data. By applying the

Helmholtz projection P to (NS), we can rewrite (NS) as follows:

qtuþ Auþ P½ðu � ‘Þu� ¼ 0; uð0Þ ¼ a: ðP-NSÞ

By Duhamel’s principle, we obtain the integral equation:

uðtÞ ¼ e�tAa�
ð t

0

e�ðt�tÞAP½ðu � ‘Þu�ðtÞ dt:

By the usual Lp � Lq estimate and contraction mapping principle, we can prove

that there exists the unique strong soluton u to (NS) with small initial data and

the solution u satisfies the following asymptotic behavior as t ! y:

kuðtÞkLqðWÞ aCt�1=2þn=ð2qÞ for na qay;

k‘uðtÞkLqðWÞ aCt�1þn=ð2qÞ for na q < y

(see Kozono [28] and Kubo and Shibata [30]). Here for given a A Ln
sðWÞ and

0 < T ay a measurable function u defined on W� ð0;TÞ is called a strong

solution to (NS) on ð0;TÞ if u belongs to

u A Cð½0;TÞ;Ln
sðWÞÞVCðð0;TÞ;DðAÞÞVC1ðð0;TÞ;Ln

sðWÞÞ

together with limt!0kuðtÞ � akLn ¼ 0 and satisfies (P-NS) for 0 < t < T in Ln
sðWÞ.

When the initial data belongs to Ln
wðWÞ ðwðxÞ ¼ hxi snÞ additionally, we can

show the following theorem on the weighted asymptotic behavior as t ! y by

the weighted Lp � Lq estimates:

Theorem 2.8. Let nb 2, W be the half-space and a perturbed half-space. Let

0a s < n� 2þ 1=n and wðxÞ ¼ hxi sn. If a A Ln
wðWÞVLn

sðWÞ with small kakLn , the

solution uðtÞ satisfies the following asymptotic behavior:
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khxisuðtÞkLq aCt�1=2þn=ð2qÞþs=2 for na q < y; ð2:3Þ

khxis‘uðtÞkLq aCt�1þn=ð2qÞþs=2 for na q < y ð2:4Þ

as t ! y.

3 Preliminaries

In this section, we shall introduce some facts and lemmas which we use

in this paper. First we shall introduce the lemma concerning the Muckenhoupt

weight function. The weights w A Aq have the important property that regular

singular integral operators are constinuous on Lq
wðRnÞ into itself.

Lemma 3.1. Let 1 < q < y, w A Aq and let T be a regular singular integral

operator. Then T is bounded on Lq
wðRnÞ. More precisely, there is a positive

constant C such that for all f A Lq
wðRnÞ, we have

kTf kLq
w
aCk f kLq

w
:

Proof. See [21, Chapter IV, Theorem 3.1]. r

By Lemma 3.1, the Riesz transforms Rj f and the partial Riesz transform Sj f

define by

Rj f ðxÞ :¼ F�1
x

ixj

jxjFx½ f �ðxÞ
� �

j ¼ 1; . . . ; n; ð3:1Þ

Sj f ðxÞ :¼ F�1
x 0

ixj

jx 0jFx 0 ½ f �ðx 0; xnÞ
� �

j ¼ 1; . . . ; n� 1 ð3:2Þ

are continuous on Lq
wðRnÞ and Lq

wðHÞ into itself respectively. Here Fx and Fx 0

denotes the Fourier transform with respect to x and the partial Fourier transform

with respect to x 0 ¼ ðx1; . . . ; xn�1Þ respectively. These Riesz transforms are used

in Ukai’s solution formula. Here the weight wðxÞ ¼ hxi s considerd for fixed xn as

weight in Rn�1 is in the class Aq only �ðn� 1Þ=q < s < ðn� 1Þð1� 1=qÞ.
In this paper, we consider a perturbed half-space by using the cut-o¤

technique. For this purpose, we introduce the cut-o¤ function. We fix R0 sat-

isfying (2.1). Given RbR0, let c A C1ðRÞ be nondecreasing with cðxÞ ¼ 1 if

jxjbR and cðxÞ ¼ 0 if jxjaR� 1 and set cR ¼ cðjxjÞ.
By this cut-o¤ function, we can show the following lemma which means the

interpolation between W 2;q
w ðWÞ and Lq

wðWÞ.
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Lemma 3.2. Let W be a perturbed half-space with C 2-boundary and let

1 < q < y and w A Aq. Then there is a constant c ¼ cðq;w;WÞ > 0 such that for

all u A W
2;q
w;0ðWÞ and all e A ð0; 1Þ,

k‘ukLq
wðWÞ a c ek‘2ukLq

wðWÞ þ
1

e
kukLq

wðWÞ

� �
: ð3:3Þ

Proof. Since the half-space case is proved by Fröhlich [18, Corollary 4.5], it

is su‰cient to consider a perturbed half-space case. Let cR be a cut-o¤ function

defined above. Recall that the following estimate holds in a bounded domain G

with Lipschitz boundary:

k‘ukLq
wðGÞ aC ek‘2ukLqðGÞ þ

1

e
kukLqðGÞ

� �
ð3:4Þ

for all u A W 2;qðGÞ and 0 < e < 1 (see Fröhlich [18]). Applying uð1� cRÞ to (3.4)

and ucR to (3.3) for half-space H, we have

k‘ukLq
wðWÞ a k‘ðuð1� cRÞÞkLq

wðWRÞ þ k‘ðucRÞkLq
wðWÞ

aC ek‘2ðuð1� cRÞÞkLqðWRÞ þ
1

e
kuð1� cRÞkLqðWRÞ

� �

þ C ek‘2ðucRÞkLq
wðHÞ þ

1

e
kucRkLq

wðHÞ

� �

aCek‘2ukLq
wðWÞ þ C eþ 1

e

� �
kukLq

wðWÞ þ Cek‘ukLqðWRÞ:

Applying the third term k‘ukLq
wðWRÞ to (3.4), we obtain (3.3). r

The following four lemmas proved by Fröhlich [18], [16] and [20].

First lemma says that the weighted resolvent estimate holds in bounded

domains.

Lemma 3.3. Let GHRn be a bounded domain with boundary of class

C1;1 and let 1 < q < y, 0 < e < p=2 and w A Aq. Then for every f A Lq
wðGÞ, g A

W 1;q
w ðGÞV ŴW �1;q

w ðGÞ and l A Se U f0g the resolvent Stokes equation (GS) with

boundary condition: u ¼ 0 on qG has a unique solution ðu; pÞ A W 2;q
w ðGÞ �

ŴW 1;q
w ðGÞ. Further

kðlu;‘2u;‘pÞkLq
wðGÞ aCeðkð f ;‘gÞkLq

wðGÞ þ klgk
ŴW

�1; q
w ðGÞÞ
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with a constant Ce > 0 independent of f , g, l and u, p. Here k‘2ukLq
wðGÞ may be

replaced by kuk
W

2; q
w ðGÞ.

Second lemma means that the weighted resolvent estimate in half-space H.

Theorem 3.4. Let nb 2, 1 < q < y, w A Aq and 0 < e < p=2. Then for

every f A Lq
wðHÞ, g A W 1;q

w ðHÞV ŴW �1;q
w ðHÞ and l A Se, there exists a unique solu-

tion ðu; pÞ to the resolvent problem (GS). This solution satisfies the estimate

kðjlju;‘2u;‘pÞkLq
wðHÞ aCðkð f ;‘gÞkLq

wðHÞ þ klgk
ŴW

�1; q
w ðHÞÞ; ð3:5Þ

where C > 0 dependents only on n, q, e. Moreover if for some r A ð1;yÞ and

some v A Ar additionally f A Lr
vðHÞ and g A W 1; r

v ðHÞV ŴW �1; r
v ðHÞ, then ðu; pÞ A

W 2; r
v ðHÞ � ŴW 1; r

v ðHÞ.

Next two lemmas are used when we consider the Helmholtz decomposition of

the weighted Lp space.

Lemma 3.5. Let 1 < q < y and w A Aq. Then there is a constant c A R such

that

k‘pkq;w aC sup
00f A ŴW 1; q 0

w 0 ðHÞ

jh‘p;‘fij
k‘fkq 0;w 0

for p A ŴW 1;q
w ðHÞ.

Lemma 3.6. Let 1 < q < y and w A Aq. Then �Dq;w is an isomorphism, i.e.

for any F A ŴW �1;q
w ðHÞ, there exists p A ŴW 1;q

w ðHÞ such that

ð‘p;‘fÞ ¼ hF ; fi for f A ŴW
1;q 0

w 0 ðHÞ

and the weak solution p satisfies

k‘pkLq
wðHÞ aCkFk

ŴW
�1; q
w ðHÞ:

4 Helmholtz Decomposition and Resolvent Estimate

The goal of this section is to prove Helmholtz decomposition of the weight

Lp-space (Theorem 2.4) and the resolvent estimate (Theorem 2.3) in a perturbed

half-space. Since their facts can be proved by the method due to Farwig and Sohr

[13], we may omit their complete proof. Here we shall describe the outline of the

proof.
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We shall first show the Helmholtz decompositon (Theorem 2.4). In order to

prove Theorem 2.4, we need the uniquness theorem of the corresponding weak

Neumann problem which implies the Helmholtz decomposition (Theorem 2.4)

(see [13] for detail).

Theorem 4.1. Let W be a perturbed half-space and let 1 < q < y and

w A Aq. Then for every F A ŴW �1;q
w ðWÞ the weak Neumann problemð

W

‘p � ‘c dx ¼ hF ;ci; c A ŴW
1;q 0

w 0 ðWÞ ð4:1Þ

has a unique solution p A ŴW 1;q
w ðWÞ. Furthermore

k‘pkLq
wðWÞ aCkFk

ŴW
�1; q
w ðWÞ ð4:2Þ

with a constant C ¼ CðW; q;wÞ > 0. Moreover if F A ŴW�1;q1
w1

ðWÞV ŴW�1;q2
w2

ðWÞ for

weights wj A Aqj
, qj A ð1;yÞ, j ¼ 1; 2, then the weak solution u of (4.1) satisfies

p A ŴW 1;q1
w1

ðWÞV ŴW 1;q2
w2

ðWÞ.

Proof. This theorem can be proved by the method due to [13]. Here we

shall remark the di¤erence between the exterior domains case considered in [13]

and the perturbed half-spaces. Compared with the exterior domains case, proof of

the following preliminary estimate is di¤erent:

k‘pkLq
wðWÞ aCðkFk

ŴW
�1; q
w ðWÞ þ kpkLq

wðWRÞÞ ð4:3Þ

given F A ŴW�1;q
w ðWÞ and p A ŴW 1;q

w ðWÞ satisfying (4.1). If we obtain (4.3), we can

prove Theorem 4.1 in a same way as [13]. Therefore here we shall prove the (4.3).

A well-known variational inequality on W 1;q
w ðWRÞ yields

k‘ðpð1� cRÞÞkLq
wðWRÞ aCðkFk

ŴW
�1; q
w ðWÞ þ kpkLq

wðWRÞÞ;

where cR is the radially symmetric cut-o¤ defined in section 3 (see Fröhlich [16]

for example). Therefore it is su‰cient to prove

k‘ðpcRÞkLq
wðHÞ aCðkFk

ŴW
�1; q
w ðWÞ þ kpkLq

wðWRÞÞ: ð4:4Þ

To prove (4.4), we consider a test function f A Cy
0 ðWÞ and define ~ff ¼

f� jWRj�1 Ð
WR

f dx. Then we see pcR A ŴW 1;q
w ðHÞ andð

H

‘ðpcRÞ � ‘f dx ¼
ð
W

‘p � ‘ðcR
~ffÞ dx�

ð
WR

‘p � ~ff‘cR dxþ
ð
WR

p‘cR � ‘f dx

¼
ð
W

‘p � ‘ðcR
~ffÞ dxþ

ð
WR

p � divð ~ff‘cRÞ dxþ
ð
WR

p‘cR �‘f dx;
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where we used the fact: supp ‘cR HWR and en � ‘cR ¼ qncRðxÞ ¼ c 0ðjxjÞxn=jxj
vanishes at xn ¼ 0. By using Lemma 3.6, we obtain (4.4). r

Theorem 2.4 can be proved by the method due to [13] with Theorem 4.1.

The next lemma tells us a regularity property of the Helmholtz decomposition.

By using their method, we can obtain the following lemma.

Lemma 4.2. Let 1 < q < y, w A Aq and f A Lq
wðWÞ satisfying ‘ð‘ � f Þ A

Lq
wðWÞ and N � f ¼ 0 on qW, where N denotes the outer normal vector on qW.

Further let f ¼ f0 þ ‘p with f0 A Lq
w;sðWÞ, p A ŴW 1;q

w ðWÞ be the Helmholtz de-

composition of f . Then ‘2p A Lq
wðWÞ and ‘ � f A Lq

wðWÞ.

We next consider the weighted resolvent estimate (Theorem 2.3). For this

purpose, we consider the generalized resolvent problem

ðl� DÞuþ ‘p ¼ f ; div u ¼ g; u ¼ 0 on qW; ðGSÞ

where f A Lq
wðWÞ, g A W 1;q

w ðWÞV ŴW �1;q
w ðWÞ and l A Se ¼ fl A Cnf0g j jarg lj <

p� eg ð0 < e < p=2Þ. Since we can prove Theorem 2.3 in the same way as [13],

we shall show the outline of its proof. First step of its proof is to show the

following lemma which tells us a priori estimates:

Lemma 4.3. For a given solution ðu; pÞ A W 2;q
w ðWÞ � ŴW 1;q

w ðWÞ to (GS) it holds

the a priori estimates

kðlu;‘2u;‘pÞkLq
wðWÞ aCðkð f ;‘gÞkLq

wðWÞ þ klgk
ŴW

�1; q
w ðWÞ

þ kðu;‘u; pÞkLqðWRÞ þ klukW 1; q 0 ðWRÞ� Þ ð4:5Þ

with a constant C ¼ CðW;R;w; q; eÞ > 0 independent of l A Se. Here W 1;q 0 ðWRÞ� is

the dual space of W 1;q 0 ðWRÞ.

Next step is to show that the operator Sq;wðlÞ defined as follows is injec-

tive: Sq;wðlÞ is the operator from W 2;q
w ðWÞ � ŴW 1;q

w ðWÞ to Lq
wðWÞ � ŴW�1;q

w ðWÞ by

Sq;wðlÞðu; pÞ ¼ ððl� DÞuþ ‘p;‘ � uÞ with domain DðSq;wðlÞÞ ¼ ðW 2;q
w ðWÞV

W
1;q
0;wðWÞÞ � ŴW 1;q

w ðWÞ. The following lemma implies the uniquness of the solution

to the resolvent problem.

Lemma 4.4. Sq;wðlÞ is injective and its range RðSq;wðlÞÞ is dense in

Lq
wðWÞ � ŴW�1;q

w ðWÞ for all l A Se.
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Lemma 4.3 and Lemma 4.4 can be proved by the method due to Farwig

and Sohr [13]. By two lemmas above and Lemma 3.2, we can prove Theorem 2.3

(see [13]).

5 Weighted Lp � Lq Estimates of Stokes Semigroup

In this section, we shall prove weighted Lp � Lq estimates of Stokes semi-

group in half-sapces and perturbed half-spaces. To this end, we begin to prove

the following lemma on weighted Lp � Lq estimates in the whole space Rn and

the half-space H.

Lemma 5.1. Let nb 2, 1 < p; ra q < y and w ¼ hxi sp. Let W be the whole

space Rn or the half-space H. Let s be a positive number such that 0a s <

nð1� 1=pÞ if W ¼ Rn or 0a s < ðn� 1Þð1� 1=pÞ if W ¼ H. Then for a A Lp
wðWÞV

LrðWÞ, we have

khxise�tAPakLqðWÞ aCt�nð1=p�1=qÞ=2khxisakLpðWÞ þ Ct�nð1=r�1=qÞ=2þs=2kakLrðWÞ;

khxi s‘e�tAPakLqðWÞ aCt�nð1=p�1=qÞ=2�1=2khxi sakLpðWÞ

þ Ct�nð1=r�1=qÞ=2þðs�1Þ=2kakLrðWÞ

for t > 0.

Proof. We shall first consider the whole space Rn case. In this case, it is

well-known that the Stokes semigroup e�tA is represented by

e�tAf ¼ ðE0 � f ÞðxÞ :¼
ð
Rn

E0ðt; x� yÞ f ðyÞ dy

for f A Lp
w;sðRnÞ, where E0ðtÞ is heat kernel: E0ðtÞ ¼ ð4ptÞ�n=2

e�jxj2=ð4tÞ. Since

hxis
a hx� yi s þ hyis, we have

jhxi s‘jaje�tAPaja C

ð4ptÞn=2
ð
Rn

hx� yi s x� y

2t

� �a

e�jx�yj2=4tPaðyÞ dy

þ C

ð4ptÞn=2
ð
R n

x� y

2t

� �a

e�jx�yj2=4thyisPaðyÞ dy

¼: G1 � Paþ G2 � ðhxi sPaÞ:

We first consider the first term G1. Since G1 is estimated by

jG1ðt; xÞjaCt�n=2þðs�jajÞ=2e�jxj2=ð8tÞ;
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we obtain

kG1kL~rr aCt�nð1�1=~rrÞ=2þðs�jajÞ=2

for 1 < ~rr < y. Thus by Young’s inequality with 1þ 1=q ¼ 1=rþ 1=~rr, we have

kG1 � PakLq a kG1kL~rrkPakLr aCt�nð1=r�1=qÞ=2þðs�jajÞ=2kPakLr :

We next consider the second term G2. By Young’s inequality, we have

kG2 � ðhxisPaÞkLq a kG2kLrkhxisPakLp aCt�nð1=p�1=qÞ=2�jaj=2khxisPakLp :

Since the weight function hxi sp and the Helmholtz projection P can be com-

mutable when the exponent s satisfies �n=p < s < nð1� 1=pÞ, we obtain the

desired result for the whole space.

Next we consider the half-space case. In half-space, we have the solution

formula obtained by Ukai [35]. Let Rj and Sj be the Riesz transform and the

partial Riesz transform defined by (3.1) and (3.2). And let gf ¼ f jH , gf ¼ f jH
and e zero extension operator from H to Rn. Finally, let EðtÞ be the solution

operator for the heat equation in H, which is derived from E0ðtÞ by odd ex-

tension from H to Rn. Then the solution ðuðtÞ; pðtÞÞ of the non-stationary Stokes

equations in H is

uðtÞ ¼ WEðtÞVa; pðtÞ ¼ �DgqnEðtÞV1a;

where

W ¼ I �SU

0 U

� �
; V ¼ V2

V1

� �

with

S ¼ tðS1; . . . ;Sn�1Þ; U ¼ rR 0 � SðR 0 � S þ RnÞe; R 0 ¼ tðR1; . . . ;Rn�1Þ;

V1a ¼ �S � a 0 þ an; V2a ¼ a 0 þ San

and D is the Poisson operator for the Dirichlet problem of the Laplace equa-

tion in H. Taking the fact that Rj and Sj is bounded operator on Lq
wðRnÞ and

Lq
wðRn�1Þ to themselves respectively into account, we can reduce to the whole

space case, so that we obtain the desired result for the half-space. r

Next we shall prove the perturbed half-space case by using cut-o¤ technique

with Lemma 5.1. We first consider the Lp � Lq estimates for t > 2.

Lemma 5.2. Let nb 2, 1 < p; ra q < y and W be a perturbed half-space

with C2-boundary. Let s be a positive number such that 0a s < ðn� 1Þð1� 1=pÞ.
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Then for a A Lp
wðWÞVLrðWÞ and w ¼ hxi sp, we have

khxise�tAPakLqðWÞ aCt�nð1=p�1=qÞ=2khxi sakLpðWÞ

þ Ct�nð1=r�1=qÞ=2þs=2kakLrðWÞ; ð5:1Þ

khxi s‘e�tAPakLqðWÞ aCt�nð1=p�1=qÞ=2�1=2khxi sakLpðWÞ

þ Ct�nð1=r�1=qÞ=2þðs�1Þ=2kakLrðWÞ ð5:2Þ

for t > 2.

Proof. By using the cut-o¤ technique, we divide W in WnWR and WR. By

the result on Kubo and Shibata [30] and Sobolev’s embedding theorem, we can

obtain

khxise�tAf kLqðWRÞaCke�tAf kLqðWRÞaCt�n=ð2pÞ�1=2k f kLp aCt�n=ð2pÞ�1=2khxi sf kLp

for f A Lp
w;sðWÞ. This implies (5.1) for WR. Similarly we can prove the (5.2)

for WR.

We shall next consider the Lp � Lq estimate for WnWR. For RbR0 þ 2, set

g ¼ e�Af A DðANÞ, uðtÞ ¼ e�ðtþ1ÞAf . We set

ZðtÞ ¼ cRuðtÞ � B½ð‘cRÞ � uðtÞ�; FðtÞ ¼ cRpðtÞ;

where uðtÞ and pðtÞ are the solution to Stokes equations withð
DR

pðtÞ dx ¼ 0; ð5:3Þ

where DR ¼ fx A W jR� 1 < jxj < Rg and B is the Bogovskiı̌ operator. It is

observed that ðZðtÞ;FðtÞÞ satisfies the equations:

qtZðtÞ � DZðtÞ þ ‘FðtÞ ¼ LðtÞ; ‘ � ZðtÞ ¼ 0; in H;

Zð0Þ ¼ cRa� B½ð‘cRÞa� ¼: z0;

where

LðtÞ ¼ �2‘cR : ‘uðtÞ � ðDcRÞuðtÞ þ ðqt � DÞB½ð‘cRÞ � u� þ ð‘cRÞpðtÞ:

Since ZðtÞ A C1ð½0;yÞ : Lp
w;sðHÞÞVCð½0;yÞ;DðAHÞÞ, we can write ZðtÞ as

follows:

ZðtÞ ¼ e�tAH z0 �
ð t

0

e�ðt�tÞAHPLðtÞ dt ¼ z1 þ z2 ð5:4Þ

where e�tAH is the semigroup in half-space obtained by Fröhlich [18].
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Given f A Cy
0 ðHÞ, we set

Y ¼ ð‘cRÞf� 1

DR

ð
DR

ð‘cRÞf dx

and then
Ð
DR

Y dx ¼ 0. By a property of Bogovskiı̌ operator, we can choose

w A W 1;p 0 ðDRÞ such that ‘ � w ¼ Y, wjqDR
¼ 0 and

kwkW 1; p 0 ðDRÞ aCkYkLp 0 ðDRÞ aCkfkLp 0 ðDRÞ

for 1=pþ 1=p 0 ¼ 1. On the other hand, by (5.3), we have

ðð‘cRÞpðtÞ; fÞ ¼
ð
DR

pðtÞY dx ¼ ðp;‘ � wÞ ¼ �ð‘u;‘wÞ � ðqtu; wÞ:

Here we recall the estimate for WR obtained by Kubo and Shibata [30]:

k‘e�tAPf kLrðWRÞ þ kqte�tAPf kLrðWRÞ aCt�n=ð2rÞ�1=2k f kLrðWÞ

for t > 2, 1 < r < y and f A Lr
sðWÞ. This estimate implies that

jðð‘cRÞpðtÞ; fÞja k‘ukLpðWRÞk‘wkLp 0 ðWRÞ þ kqtukLpðWRÞkwkLp 0 ðWRÞ

aCð1þ tÞ�n=ð2pÞ�1=2k f kLpkwkW 1; p 0 ðWRÞ:

By duality argument, we see

kð‘cRÞpðtÞkLp aCð1þ tÞ�n=ð2pÞ�1=2k f kLp :

Since we have supp LðtÞHWR, we obtain

kPLðtÞkLr aCkLðtÞkLr aCkLðtÞkLp aCð1þ tÞ�n=ð2pÞ�1=2k f kLp tb 1

for 1 < r < p < y. Therefore we see

khxisPLðtÞkLr aCkhxi sLðtÞkLr aCð1þ tÞ�n=ð2pÞ�1=2khxisf kLp : ð5:5Þ

Now we consider the estimate ZðtÞ by using (5.5). We can show the estimate

of z1 in (5.4) by using the weighted Lp � Lq estimates in the half-space as

follows:

khxise�tAPz0kLqðHÞ aCt�nð1=p�1=qÞ=2khxi sz0kLpðHÞ þ Ct�nð1=r�1=qÞ=2þs=2kz0kLrðHÞ;

khxi s‘e�tAPz0kLqðHÞ aCt�nð1=p�1=qÞ=2�1=2khxi sz0kLpðHÞ

þ Ct�nð1=r�1=qÞ=2þðs�1Þ=2kz0kLrðHÞ:
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We shall estimate z2 in (5.4). To this end, we assume that 1 < p1; r1 < p; r < y

with p1; r1 < minðp; nÞ, nð1=p� 1=qÞ < 2 and nð1=r� 1=qÞ < 2þ s. By Lemma

5.1 we have

khxisz2kLqðHÞ aC

ð t

t�1

ðt� tÞ�nð1=p�1=qÞ=2khxi sPLðtÞkLp dt

þ C

ð t

t�1

ðt� tÞ�nð1=r�1=qÞ=2þs=2kPLðtÞkLr dt

þ C

ð t�1

0

ðt� tÞ�nð1=p1�1=qÞ=2khxisPLðtÞkLp1 dt

þ C

ð t�1

0

ðt� tÞ�nð1=r1�1=qÞ=2þs=2kPLðtÞkLr1 dt

¼ I1 þ I2 þ I3 þ I4:

By using (5.5), we can estimate I1 and I2 as follows:

I1 aC

ð t

t�1

ðt� tÞ�nð1=p�1=qÞ=2ð1þ tÞ�n=ð2pÞ�1=2
dtkhxi sf kLp

aCt�n=ð2pÞ�1=2khxisf kLp

and

I2 aC

ð t

t�1

ðt� tÞ�nð1=r�1=qÞ=2þs=2ð1þ tÞ�n=ð2rÞ�1=2
dtk f kLr aCt�n=ð2rÞ�1=2k f kLr :

We next consider the estimate of I3.

I3 a

ð t=2

0

ð1þ t� tÞ�nð1=p1�1=qÞ=2ð1þ tÞ�n=ð2pÞ�1=2
dtkhxisf kLp

þ
ð t=2

0

ð1þ tÞ�nð1=p1�1=qÞ=2ð1þ t� tÞ�n=ð2pÞ�1=2
dtkhxisf kLp :

Taking ð1þ tÞ�1
b ð1þ t� tÞ�1 for 0a ta t=2 into accont, we obtain

I3 aCð1þ tÞ�nð1=p�1=qÞ=2
ð t=2

0

ð1þ tÞ�n=ð2p1Þ�1=2
dtkhxi sf kLp

aCð1þ tÞ�nð1=q�1=pÞ=2khxi sf kLp :
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In a similar way to estimate of I3, we can get the estimate of I4 as follows:

I4 aCð1þ tÞ�nð1=r�1=qÞ=2þs=2k f kLr

Summing up, we obtain (5.1) for nð1=p� 1=qÞ < 2 and nð1=r� 1=qÞ < 2þ s.

Finally we remove the restriction nð1=p� 1=qÞ < 2 and nð1=r� 1=qÞ < 2þ s

by using the property of semigroup. We choose p1; . . . ; pl in such a way that

p ¼ p1 < p2 < � � � < pl ¼ q and nð1=pj�1 � 1=pjÞ < 2 for j ¼ 2; . . . ; l and r1; . . . ;

rm in such a way that r ¼ r1 < r2 < � � � < rm ¼ q and nð1=rj�1 � 1=rjÞ < 2þ s for

j ¼ 2; . . . ;m. By (5.1), we have

khxise�tAf kLq aCt�nð1=pl�1�1=plÞ=2khxi se�ðl�2Þ=ðl�1ÞtAf kLpl�1

þ Ct�nð1=rl�1�1=rlÞ=2þs=2ke�ðl�2Þ=ðl�1ÞtAf kLrl�1

aCt�nð1=p�1=qÞ=2khxi sf kLp þ Ct�nð1=r�1=qÞ=2þs=2k f kLr ;

which implies (5.1). Similarly, we can obtain (5.2). Therefore we obtain the

weighted Lp � Lq estimate of Stokes semigroup. r

Lemma 5.3. Let nb 2, 1 < pa q < y and W be a perturbed half-space with

C2 boundary. Let s be a positive number such that 0a s < ðn� 1Þð1� 1=pÞ and let

w ¼ hxi sp. Then for a A Lp
wðWÞ, we have

khxi se�tAPakLqðWÞ aCt�nð1=p�1=qÞ=2khxi sakLpðWÞ; ð5:6Þ

khxis‘e�tAPakLqðWÞ aCt�nð1=p�1=qÞ=2�1=2khxisakLpðWÞ ð5:7Þ

for 0 < ta 2.

Proof. In view of the weighted resolvent estimate (2.2), we have

k‘e�tAf kLp
wðWÞ aCt�1=2k f kLp

wðWÞ

for 1 < p < y and 0 < t < 2. Therefore it is su‰cient to prove (5.6). We set

s ¼ nð1=p� 1=qÞ. By Sobolev’s embedding theorem, we have

khxise�tAf kLqðWÞ aCkhxise�tAf kW s; pðWÞ

for 1 < pa q < y and 0 < s < 2. By real interpolation for s A ð0; 2Þ, we

have

W s;pðWÞ ¼ ðLpðWÞ;W 2;pðWÞÞs=2;p:
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Moreover by using the weighted resolvent estimate (2.3), we have

k‘ke�tAf kLp
wðWÞ aCt�k=2k f kLp

wðWÞ ð5:8Þ

for k ¼ 0; 1; 2 and 0 < t < 2. Therefore we see

khxise�tAf kW s; pðWÞ a khxise�tAf k1�s=2
Lp khxise�tAf ks=2

W 2; p

for 1 < p < y and 0 < t < 2. Here taking the fact

k‘hxis‘e�tAf kLp ¼
sx

ð1þ jxj2Þ
hxis‘e�tAf

�����
�����
Lp

aCkhxis‘e�tAf kLp

into account, by using (5.8) we can estimate the second term khxi se�tAf kW 2; p as

follows:

khxise�tAf kW 2; p aCðk‘2hxi se�tAf kLp þ k‘hxis‘e�tAf kLp þ khxi s‘2e�tAf kLpÞ

aCðkhxi se�tAf kLp þ khxis‘e�tAf kLp þ khxi s‘2e�tAf kLpÞ

aCðk f kLp
wðWÞ þ t�1=2k f kLp

wðWÞ þ t�1k f kLp
wðWÞÞ

aCt�1k f kLp
wðWÞ

for 0 < t < 2 and 1 < p < y. Summing up, we obtain

khxise�tAf kLqðWÞ aCkhxise�tAf kW s; pðWÞ aCt�nð1=p�1=qÞ=2khxisf kLp

for 1 < pa q < y and 0 < nð1=p� 1=qÞ < 2. We can remove the restriction

nð1=p� 1=qÞ < 2 by using the property of semigroup. This completes the proof of

the weighted Lp � Lq estimate for 0 < t < 2. r

6 Navier-Stokes Equations

In this section, we shall consider the application of the weighted Lp � Lq

estimates to Navier-Stokes equations. As we mentioned in Introduction (section

1), we know the unique existence results for Navier-Stokes equations in the half-

space and a perturbed half-space (see Kozono [28] for half-space case and Kubo

and Shibata [30] for a perturbed half-space case for detail). We consider the case

where the initial data a belongs to LnðWÞVLn
wðWÞ. Since a A LnðWÞ, we know that

there exists the unique strong solution u to (NS) and the solution u satisfies the

following assymptotic behavior:
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kuðtÞkLr aC1t
�1=2þn=ð2rÞkakLn for na ray; ð6:1Þ

k‘uðtÞkLr aC2t
�1þn=ð2rÞkakLn for na r < y: ð6:2Þ

In order to prove Theorem 2.8, we begin to prove that there is a constant M

independent of T b 4 such that

sup
0ata2

ðt1=2�n=ð2qÞkhxisuðtÞkLqÞ þ sup
2ataT

ðt1=2�n=ð2qÞ�s=2khxisuðtÞkLqÞaM ð6:3Þ

for qb n. To this end, we set

~mm ¼ sup
0ata2

ðt1=2�n=ð2qÞkhxisuðtÞkLqÞ; ~MM ¼ sup
2ataT

ðt1=2�n=ð2qÞ�s=2khxisuðtÞkLqÞ:

We first consider the case for 0a taT a 2. By using the weighted Lp � Lq

estimate (5.6) and the relation (6.2), we have

khxisuðtÞkLq

a khxise�tAakLq þ
ð t

0

khxi se�ðt�sÞAPðu � ‘ÞuðtÞkLq dt

aCt�1=2þn=ð2qÞkhxi sakLn þ
ð t

0

ðt� tÞ�nð1=qþ1=n�1=qÞ=2khxisuðtÞkLqk‘uðtÞkLn dt

aC khxisakLn þ C2kakLn ~mmB
1

2
;
n

2q

� �� �
t�1=2þn=ð2qÞ;

where Bð� ; �Þ denotes the beta function. Choosing kakLn smaller if necessary, we

obtain ~mmaCkhxi sakLn .

Next we consider the case for 2a taT a 4. To this end, we set

Ij ð j ¼ 1; . . . ; 4Þ as follows:

I1 ¼ khxi se�tAakLq ; I2 ¼
ð t�2

0

khxi se�ðt�tÞAPðu � ‘ÞuðtÞkLq dt;

I3 ¼
ð2

t�2

khxise�ðt�tÞAPðu �‘ÞuðtÞkLq dt; I4 ¼
ð t

2

khxise�ðt�tÞAPðu � ‘ÞuðtÞkLq dt:

By the argument for ta 2, we see that there exists the positive constant C such

that

sup
0<t<2

ðt1=2�n=ð2qÞkhxisuðtÞkLqÞaCkhxisakLn ð6:4Þ
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with the constant C indenpendent of t. I1 is easily estimated as follows:

I1 aCt�1=2þn=ð2qÞkhxisakLn þ Ct�1=2þn=ð2qÞþs=2kakLn ð6:5Þ

Since t < 2 and t� tb 2, I2 is estimated by the weighted Lp � Lq estimates (5.1)

as follows:

I2 a

ð t�2

0

Cðt� tÞ�1=2khxisuðtÞkLqk‘uðtÞkLn dt

þ
ð t�2

0

Cðt� tÞ�1þn=ð2qÞþs=2kuðtÞkLnk‘uðtÞkLn dt

aCC2kakLn

ð t�2

0

ðt� tÞ�1=2t�1=2�1=2þn=ð2qÞ dt sup
0ata2

t1=2�n=ð2qÞkhxi suðtÞkLq

� �

þ CC1C2kak2Ln

ð t�2

0

ðt� tÞ�1þn=ð2qÞþs=2t�1=2 dt

aCC2kakLnkhxisakLnt
�1=2þn=ð2qÞ þ CC1C2kak2Lnt

�1=2þn=ð2qÞþs=2:

Similarly, we can estimate I3 and I4 as follows:

I3 a

ð2

t�2

Cðt� tÞ�1=2khxisuðtÞkLqk‘uðtÞkLn dt

aCC2kakLn

ð t�2

0

ðt� tÞ�1=2t�1þn=ð2qÞ dt sup
0ata2

t1=2�n=ð2qÞkhxi suðtÞkLq

� �

aCC2kakLnkhxisakLnt
�1=2þn=ð2qÞ

and

I4 a

ð t

2

Cðt� tÞ�1=2khxisuðtÞkLqk‘uðtÞkLn dt

aCC2kakLn

ð t

2

ðt� tÞ�1=2
t�1þn=ð2qÞþs=2 dt sup

2ataT

t1=2�n=ð2qÞ�s=2khxi suðtÞkLq

� �

aCC2kakLn
~MMt�1=2þn=ð2qÞþs=2

Summing up, we obtain

~MM ¼ sup
2ataT

ðt1=2�n=ð2qÞ�s=2khxisuðtÞkLqÞ

aCkhxisakLn þ CkakLn þ CkhxisakLnkakLn þ C ~MMkakLn :
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If necessary, choose kakLn small, we obtain

~MM ¼ sup
2ata4

ðt1=2�n=ð2qÞ�s=2khxi suðtÞkLqÞ

a
CðkhxisakLn þ kakLn þ khxisakLnkakLnÞ

1� CkakLn

: ð6:6Þ

By (6.4) and (6.6), we conclude that there exists a positive constant M indepen-

dent of T satisfied (6.3).

In order to consider the case for 4a taT , set Ij ð j ¼ 1; . . . ; 4Þ as follows:

I1 ¼ khxi se�tAakLq ; I2 ¼
ð2

0

khxise�ðt�tÞAPðu � ‘ÞuðtÞkLq dt;

I3 ¼
ð t�2

2

khxi se�ðt�tÞAPðu � ‘ÞuðtÞkLq dt;

I4 ¼
ð t

t�2

khxise�ðt�tÞAPðu � ‘ÞuðtÞkLq dt:

We notice that from the argument above, (6.4) and (6.5) hold. We next estimate

I2 by using Theorem 2.7. Noticing that t < 2 and t� t > 2, we have

I2 aC

ð2

0

ðt� tÞ�1=2khxi suðtÞkLqk‘uðtÞkLn dt

þ C

ð2

0

ðt� tÞ�1þn=ð2qÞþs=2kuðtÞkLnk‘uðtÞkLn dt

aCC2kakLnkhxisakLn

ð2

0

ðt� tÞ�1=2t�1þn=ð2qÞ dt

þ CC1C2kak2Ln

ð2

0

ðt� tÞ�1þn=ð2qÞþs=2t�1=2 dt

aCC2kakLnðkhxisakLnt
�s=2 þ C1kakLnÞt�1=2þn=ð2qÞþs=2:

Similarly, we can estimate I3 and I4 as follows:

I3 a

ð t�2

2

ðt� tÞ�1=2khxisuðtÞkLqk‘uðtÞkLn dt

þ
ð t�2

2

ðt� tÞ�1þn=ð2qÞþs=2kuðtÞkLnk‘uðtÞkLn dt
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aCC2kakLn

�
~MM

ð t�2

2

ðt� tÞ�1=2t�1þn=ð2qÞþs=2 dt

þ C1kakLn

ð t�2

2

ðt� tÞ�1þn=ð2qÞþs=2
t�1=2 dt

�

aCC2kakLnð ~MM þ C1kakLnÞt�1=2þn=ð2qÞþs=2

and

I4 aC

ð t

t�2

ðt� tÞ�1=2khxi suðtÞkLqk‘uðtÞkLn dtaCC2
~MMkakLn t

�1=2þn=ð2qÞþs=2:

Summing up, we obtain

~MMaCkhxi sakLn þ CkakLn þ CC2kakLnðkhxi sakLn þ C1kakLn þ ~MMÞ:

Choose kakLn small if necessaly, we have

sup
2<t<T

ðt1=2�n=ð2qÞ�s=2khxi suðtÞkLqÞ

a
CðkhxisakLn þ kakLn þ C1C2kak2Ln þ C2kakLnkhxi sakLnÞ

1� CC2kakLn

: ð6:7Þ

By (6.4) and (6.7), we conclude that there exists a positive constant M inde-

pendent of T satisfied (6.3). Since we obatin a positive constant M independent

of T , we can conclude

sup
0<t<2

ðt1=2�n=ð2qÞkhxi suðtÞkLqÞ þ sup
2<t<y

ðt1=2�n=ð2qÞ�s=2khxi suðtÞkLqÞaM;

which implies the weighted asymptotic behavior (2.3).

Finally we shall prove the asymptotic behavior for khxis‘uðtÞkLr for

na r < y and 0a s < ðn� 1Þð1� 1=nÞ. To this end, fix s as the number sat-

isfying 0a s < ðn� 1Þð1� 1=nÞ. Then we remark that there exists the positive

number ~qq such that s < ðn� 1Þð1� 1=n� 1=~qqÞ holds. We have

khxis‘uðtÞkLr a khxi s‘e�tAakLr þ
ð t

0

khxi se�ðt�tÞAPðu � ‘ÞuðtÞkLr dt ¼ I þ II :

Since we can prove the asymptotic behavior for I easily by using Theorem 2.7,

we shall estimate only the second term II . Since we see s < ðn� 1Þð1�
ðnþ qÞ=nqÞ for q > maxð~qq; rÞ, we obtain
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II aC

ð t

0

ðt� tÞ�nð1=qþ1=n�1=rÞ=2�1=2khxisPðu � ‘ÞuðtÞkLqn=ðqþnÞ dt

aC

ð t

0

ðt� tÞ�1þnð1=r�1=qÞ=2khxisðu � ‘ÞuðtÞkLqn=ðqþnÞ dt

aC

ð t

0

ðt� tÞ�1þnð1=r�1=qÞ=2khxisuðtÞkLqk‘uðtÞkLn dt

aC

ð t

0

ðt� tÞ�1þnð1=r�1=qÞ=2t�1þn=2qþs=2 dt

aCt�1þn=2rþs=2:

Therefore we obtain the asymptotic behavior (2.4).
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