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ASYMPTOTIC DIMENSION AND BOUNDARY
DIMENSION OF PROPER CAT(0) SPACES

By

Naotsugu CHINEN and Tetsuya HosAka

Abstract. In this paper, we investigate asymptotic dimension of
proper CAT(0) spaces and we show that for a proper cocompact
CAT(0) space (X,d), the asymptotic dimension asdim(X,d) is
greater than the covering dimension dim dX of the boundary of X.

1. Introduction and Preliminaries

In this paper, we study asymptotic dimension asdim(X,d) of a proper
CAT(0) space (X,d) and the covering dimension dim 0X of the boundary X
of X. Details of proper CAT(0) spaces and their boundaries are found in [2].

Asymptotic dimension was introduced by Gromov as an invariant of a
finitely generated group [9]. Asymptotic dimension of groups relates to the
Novikov conjecture and there are some interesting recent research on asymptotic
dimension (cf. [3], [6], [9], [13]). Asymptotic dimension of CAT(0) groups and
CAT(0) spaces are unknown in general. A group G is called a CAT(0) group if G
acts geometrically (i.e. properly and cocompactly by isometries) on some proper
CAT(0) space (X,d).

Let X be the Higson compactification of a proper metric space (X,d) and
vsX = X\ X the Higson corona of (X, d). Details of the Higson compactification
and the Higson corona are found in [10]. We note that asdim(X,d) > dim v, X
[6] and also that if asdim(X,d) < oo then asdim(X,d) = dim vz X [5].

The purpose of this paper is to prove the following theorem.

THEOREM 1.1. Let (X,d) be a proper CAT(0) space. Suppose that there exists
an isometry  : (X,d) — (X,d) such that some orbit {y'(x) :ie Z} is unbounded.
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Then
asdim(X,d) > dim v, X > sup{n: H"(0X) #0} + 1,

where H"(0X) is the reduced Cech cohomology of the boundary 0X of X.

It is known that if (X,d) is a proper cocompact CAT(0) space, then
the boundary 0X has finite covering dimension [12] and dimJdX =
max{n : H"(0X) # 0} [8]. Thus we obtain the following corollary.

CorOLLARY 1.2. If (X,d) is a proper cocompact CAT(0) space then

asdim(X,d) > dim vy X > dim 0X + 1.

For a CAT(0) group G which acts geometrically on a proper CAT(0) space
(X,d), Corollary 1.2 implies that asdim G > dim 0X + 1, ie., asdim G >
dim 0G + 1.

If the unbounded condition of some orbit of some isometry in Theorem 1.1 is
dropped, we can prove the following theorem.

THEOREM 1.3. If (X,d) is a noncompact proper CAT(0) space, then

asdim(X,d) > dim vz X > dim 0X.

2. Proper CAT(0) Spaces and Their Boundaries

We first give notation used in this paper.

NOTATION 2.1. Let the set of all natural number and real number denote by
N and R, respectively. Set B" = {xeR":>" x> <1} and 8" = {xeR"":
2;1:11 x?=1}. Let (X,d) be a metric space. Also set B(x,r) = {ye X :d(x, )
<r} and S(x,r)={ye X :d(x,y)=r}.

DEFINITION 2.2. Let X be a normal space. A map f : X — B” is said to be
essential, if there exists no map f: X — S"! such that f 151y = flr-1sm1y-
A map f: X — B" is said to be inessential, if there exists such a map above
f:X — S"! It is known that dim X > # if and only if there exists an essential
map f: X — B" (cf. [7]).

DeriNITION 2.3, Let (X,d) be a proper CAT(0) space, x € X, and se R;.
For every ze X, let &, . : [0,d(x,z)] — X be the geodesic segment from x to z in
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(X,d). Then we define a map p}: X — X as follows:

NN if d(x,z) <s
py(2) = {5“(3) if s <d(x,z).

For simplicity of notation, we write p, instead of p;.
The following remark and proposition are known.

REMARK 2.4. Let (X,d) be a proper CAT(0) space, x € X, and k € N.

(1) XU0oX is a compactification of X which is homeomorphic to lim{B(x, k),
Prlp(x 1)} such that X is homeomorphic to im{S(x, k), pi|g(y s41)} and
H"(0X) is isomorphic to im{H"(S(x,k)), (Pklsxrs1) }-

(2) For every compact subset D of X\B(x,k), we have

diam D

diam p;(D) < B

ProposITION 2.5 ([10, Proposition 1]). Let (X,d) be a noncompact proper
metric space, let X be the Higson compactification of (X,d), let (Y,a) be a
compact metric space, and let f:(X,d) — (Y,o0) be a map. Then, f has an
extension to X if and only if f has property (x),: for every r >0 and every
&> 0, there exists a compact set K of X such that diam f(B(x,r)) <& for all
xe X\K.

3. Proofs

We prove the main theorems. We first show Theorem 1.1.

ProoF oF THEOREM 1.1. Let (X,d) be a proper CAT(0) space. Suppose that
there exists an isometry v : (X,d) — (X,d) such that some orbit {'(x) : i e Z} is
unbounded.

Let ne N such that H"(8X) # 0. Fix xo € X.

Since B(xo, k) is contractible for each k e N, H"(0X)( =~ H"'' (X UdX,0X))
is isomorphic to liLn{H”“(B(xo,k),S(xo,k)),(pk|B(,¥()7k+1))*}. Since H"(0X) # 0,
for every k € N there exists a map a : (B(xo, k), S(x0,k)) — (B"™,S") such that
0 # [ak] S H”fl(B(XO,k),S(Xo,k)) and [ak+1] = [(lk o pk].

Since {y'(x):ieZ} is unbounded, there exists a sequence ij,ip,... of N
such that " (B(xo,k)) Ny (B(xo, k")) = & whenever k # k' and {y"(B(xo,k)) :
k € Z} is unbounded.
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Here we consider f; = aj o pj oy : y*(B(xo,k)) — B""! for each keN,
Y =), V¥ (B(x0,k)), p=d|y, and f =], xfi:Y — B""". Since [a] #0
in H"(B(xo,k),S(xo,k)), we note that f; is essential for each k € N. Then f
satisfies (), by Remark 2.4 (2). Hence there exists an extension f:¥» —B"!
of f.

Now we show that g = f |‘,py : v,,Y—>B”+1 is essential. On the contrary,
suppose that g is inessential, i.e., there exists an extension g:v,Y — S" of
9lg-1(sm :g71(S") — S". Since S" is an ANR, there exist an open subset U
of Y’ containing v,Y U f~!(S") and an extension §: U.—> S” of g‘Uf|f,](SN):
v, YU f71(S") — S". Here there exists k € N such that y*(B(xo,k)) = U. Then
ly (Bxo k) : " (B(xo,k)) — S" is an extension of fk|f[1<sn) Y (B(xo, k) — S,
which is a contradiction because f; is essential.

Therefore dim v; X >n+ 1. O

We can check the following lemma which is used in the proof of
Theorem 1.3.

LemMMA 3.1. Let X be a compact space and let Y and A be closed subsets
of X. Suppose that Z=(YNA) x[0,1]UA x {0}UY x {1} and H: Y x [0,1]U
X x {0} — B" satisfies that H(Z) = 8"~ Then, there exist a closed neighborhood
Voof Y x[0,1] in X x [0,1] and a map H : V — B" such that H'VH(YX[OA,I]UXX{O})
= Hlyn(yp.juxxqoy and H((VNA) x [0, DUV N (X x {1}))) =S"".

We prove Theorem 1.3.

ProoF oF THEOREM 1.3. Let (X,d) be a noncompact proper CAT(0) space.
Suppose that H"(0X,A) # 0 for some ne N and some closed subset A4 of 0X.

Let Ay = Pi(A) for each k € N, where Py : 0X — S(x¢,k) is the projection.
Since H"(0X,A) is isomorphic to lim{H"(S(x0,k), Ak), (Pk|s(x0,k+1))*}’ there
exists [ax| € H"(S(xo, k), Ax)\{0} such that [axi1] = [ak © pilg(y, k+1)] for each
keN.

Let bi = a1 o pilgiy,x)  (S(x0, k), Ax) — (B",S" "), B= Upen 4k and f =
Upen 2k © Upen S(x0,k) — B". Here we note that [b;] # 0 for each k e N.

Let X' = Clg, [ J, .nS(x0,k). Then f satisfies (x), by Remark 2.4 (2) and
there exists an extension f:(X',Clg, B) — (B",S"!') of f. We note that
veX < X' and f(tr)?d B) S" ! where try, B= Clg, B\B.

Let g = f|vdX : (vaX,trg, B) — (B",S"""). Then we show that [g] # 0 in
H"(vqX,trg, B). Suppose that [g] =0e H"(vqX,trg, B). Then there exists
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H: (vgX x [0,1],trz, Bx [0,1]) — (B",S"™") such that Hy =g and H;(vX) =
S"!. By Lemma 3.1, there exist a closed neighborhood ¥ of vzX x [0,1]
in X' x[0,1], a map H:V — B" and NyeN such that H(x,0)= f(x) for
all (x,0)e VN(X'x{0}), H wxxpo,1) = H and FI((UkZN0 Ar) < [0,1)UH(VN
(X' x {1})) =S8""'. Since there exists N;eN with N; >N, such that
S(x0,k) x [0,1] = V for all k > Ny, we have that [b;] = 0 for some k, which is a
contradiction.

Therefore, we obtain that dim vy X > dimgz v, X > n. O

4. Applications

We introduce some applications. We first note that if (X,d) is a noncompact
proper CAT(0) space, it follows easily that asdim(X,d) > 1.

CoRrROLLARY 4.1. If (X,d) is a noncompact cocompact proper CAT(0) space,
then asdim(X,d) > dim vz X > dim 0X + 1.

Proor. If (X,d) is a proper cocompact CAT(0) space, then dim dX =
max{n: H"(0X) # 0} by [8]. Hence Theorem 1.1 implies the desired conclusion.
O

RemMARK 4.2. If (X,dy) and (Y,dy) are metric spaces, then it is known
that

asdim(X X Y,dyxy) < asdim(X, dy) + asdim(Y, dy)
(cf. [3]).

Let (X,d) be a noncompact proper geodesic space. If asdim(X,d) =1,
then by Remark 4.2, asdim(X X R,dyxr) =2, because (X x R,dyyr) contains
(R2, dg2).

CoroLLARY 4.3. Let (X,d) be a noncompact proper CAT(0) space.
Then asdim(X x R,dyxr) = max{n: H"(0X) # 0} +2. In particular, if X is
a noncompact proper CAT(0) space that is homeomorphic to RZ* then
asdim(X x R, dy«r) = 3.

ProOF. By Theorem 1.1, asdim(X x R,dyyr) = max{n: H"(3(X x R))
# 0} + 1. Since 0(X x R) is homeomorphic to the suspension of 60X, we have
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that
max{n: H"(0(X x R)) # 0} = max{n: H"(0X) # 0} + 1,

which implies our assertion.
If X is homeomorphic to R?, then by [4], X is homeomorphic to the circle
and asdim(X,d) = 2. Hence, by Remark 4.2,

3 =max{n: H"(0X) # 0} + 2 < asdim(X x R, dyR)
< asdim(X,d) + 1 =3.

Thus asdim(X x R, dy«r) = 3. O

COROLLARY 4.4. Let (X,d) be a noncompact proper cocompact CAT(0)
space satisfying that asdim(X,d) = dim 0X + 1. Then

asdim(X X R, dyxr) = asdim(X,d) + 1.

Proor. By [8], we have that
asdim(X,d) + 1 = dim 0X + 2 = max{n : H"(0X) # 0} + 2.
Hence, by Corollary 4.3 and Remark 4.2, we obtain

asdim(X x R, dyxr) = asdim(X,d) + 1. O
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