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ON p-HARMONIC MAPS INTO SPHERES

By

Sorin DrRAGOMIR and Andrea TOMMASOLI

Abstract. We study the topology of p-harmonic maps ¢: M — S’
from a compact Riemannian manifold M into a sphere S”. We also
show that any p-energy minimizing map ¢: M — S’ omitting a
totally geodesic submanifold of codimension two X = SV is of class
C!. This extends results by B. Solomon, [13], from harmonic to
p-harmonic maps.

1. Introduction

Let (M,g) and S be Riemannian manifolds and 2 < p < 0. Let 1: S — R
be an isometric immersion in some Euclidean space R" and let W'?(M,S) be
the Sobolev space

Whr(M,S)={pe W'*(M,RY) : ¢(x) e S for ae. xeS}

Let us consider the p-energy integral

Ey(4) = jM ldg|l? dvol(g), ¢ e WP(M, S).

We study p-harmonic maps i.e. C* maps ¢ : M — N which are critical points of
E, (with respect to any variation of compact support). The theory of p-harmonic
maps has undergone an ample development both from the point of view of
partial differential equations (cf. e.g. [2]-[3], [5], [7]-[9] and [15]) and differential
geometry (cf. e.g. [6], [10], [14] and [16]). When S = S” = R"*! is the standard
sphere we show that any nonconstant p-harmonic map ¢ : M — SV either links or
meets X = {x=(x1,...,%41) €S”: x; =x =0} (cf. Section 2 for definitions).
This generalizes a result by B. Solomon, [13], where the previous statement
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was established for p=2. A map ¢e W'P(M,S) is p-energy minimizing if
E,(¢) < E,(y) for any compact set K = M and any map y € Wllocp(M S) such
that y = ¢ a.e. in M\K. Building on the results of N. Nakauchi, [9], we show
that any p-energy minimizing map ¢ € Wl1 '’(M,S") which omits a neighborhood

of £ in S” is C!. Given a subset E = M we set

e—0t =1

H,(E) = lim 1nf{z diam(X,)” : | X, o E,diam(X,) < e}

where diameters are meant with respect to the Riemannian distance function on
M. Then h(E) =inf{c > 0: H,(E) =0} is the Hausdorff dimension of E. For
each map ¢: M — S let Reg(4) consist of all points x e M such that ¢ is
continuous at x. Then Sing(¢) = M\Reg(¢) is the singular set of ¢. We establish
an upper bound on the Hausdorff dimension A[Sing(¢)] of a p-energy minimizing
p-harmonic map ¢ € Wl1 ’(M, S) whose target manifold S is covered by a warped
product manifold (cf. Theorem 3 below).
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2. p-Harmonic Maps into Warped Products

Let (L,gr) be a Riemannian manifold and S =L x,, R a warped product
where we C*(S), w> 0, is the warping function. S carries the Riemannian
metric h = I1;g; +w? dt ® dt where I, : S — L is the natural projection. Let
M be a compact orientable n-dimensional Riemannian manifold. By a result
of B. Solomon, [13], for any harmonic map ¢ : M — S there is 74 € R such that
#(M) = L x {t,}. The purpose of this section is to establish a similar result for
p-harmonic maps.

LemmA 1. Let ¢ : M — L x,, R be a p-harmonic map (p > 2). Let u=1TIly0¢
where II, : S — R is the projection. Then u is a solution to the elliptic equation

(1) div[|dgl|”=> (w0 6)*Vu = ||dg]|"(w o §)(w: 0 §).

In particular if w is a function on L (i.e. ow/ot=0) then ¢(M) = L x {t,} for
some tg e R.
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ProoF. Let F =TI 0¢. Let pe C*(M) and let us set
9s(x) = (F(x),u(x) +sp(x)), xeM,|s| <e,

so that {¢}, is a smooth l-parameter variation of ¢. Let g be the Riemannian
metric on M. The Hilbert-Schmidt norm of the differential d¢, is given by

(2) dg))> = ldF||* + (w o ¢)*{|Vull® + 259(Vu, Vo) + O(s%)}.

As ¢: M — S is p-harmonic {dE,(¢,)/ds},_, =0 hence

3) JM 1dgl”~2{(w o $)(w: o )p|IVull> + (w 0 #)2g(Va, Vo) } d vol(g) = 0.

The identity
[dgll”>(w o )°g(Vu, Vo) = divp|[dg|” (w0 $)*Vid — g div[(w o ¢)° | dg]|"*Vu]

together with Green’s lemma yields

JM o{lldp|1” 2 (w o §) (w0 ¢) — div[l[dg]|”(w o )*Vul} d vol(g) = 0
hence (as g e C*(M) is arbitrary) the equation (1) holds. If w, =0 then (1)
becomes div||d¢||”*(w o #)>Vu] = 0. Consequently
div[|dgl|”> (w0 ) uVu] = [[dg]|"(w o §)*|[Vul|®
and integrating over M leads (by Green’s lemma) to Vu = 0 hence u is constant.

Q.e.d.

Let S"={x=(x1,...,x41) eR"™:xl+..4x2 =1} and T={xeS":
x1 = x; = 0}. We recall that S"\X is isometric to the warped product S7~! x, S!
where

S ={y=0",») eR" :yeS y >0},
[iST xSt = (0,+%), f(1,0) =y, yeSI'leS'cC
Indeed the map
I(3,.0) = (»u,yw,y), yeSI ' {=u+iveS',

is an isometry of Sfl X S! endowed with the Riemannian metric 7{g, | +
f*n5g1 onto (S'\Z,g,). Here 7 : SV x, 8! — 82! and mp : 877! x, ST — S!
are the natural projections. Also gy denotes the canonical Riemannian metric on
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the sphere SV < RY¥*!. The next section is devoted to p-harmonic maps from M
into S"\X.

3. p-Harmonic Maps Omitting a Totally Geodesic Submanifold

Let ¥ =S¥ be a codimension 2 totally geodesic submanifold. A continuous
map ¢: M — S¥ meets T if g(M)NE # . Let ¢ : M — S” be a continuous map
that doesn’t meet X. Then ¢ is said to /ink X if the map ¢ : M — S*\Z is not null-
homotopic.

THEOREM 1. Let ¢ : M — S” be a nonconstant p-harmonic (p > 2) map. Then
¢ either links or meets X.

For p =2 this is B. Solomon’s Theorem 1 in [13], p. 155. The proof of
Theorem 1 is by contradiction. We wish to apply Lemma 1 above for L = Si‘l
and we C*(S!7!) given by w(p) = y,. Let ¢: M — S"\Z be a null-homotopic
p-harmonic map. Let E: R — S' be the exponential map E(f) = e’. We endow
Sfl x R with the warped product metric I1{g,_; + (wo 1'[1)2 dt ® dt. Then n =
(id, E) is a local isometry of S7~! x,, R onto S'™! x; S'. There is a coordinate
system on R'*! such that £ = {xe§":x; =x, =0}. Let then y =1 'o¢ and
let us set F = m on/; and ﬂ:nzon/}. Let xo e M and {, = ii(xy) € S'. Let tp e R
such that E(ty) = (. As ¥ : M — S'' x S' is null-homotopic it follows that
a7 (M,x0) =0 hence by standard homotopy theory (cf. e.g. Proposition 5.3
in [4], p. 43) there is a unique function u: M — R such that u(xy) =# and
Eou=u. As #is smooth it follows that u e C* (M) as well. It is an elementary
matter that

LEMMA 2. Let S and S be Riemannian manifolds and n:S — S a local
isometry. Let q; : M — S be a p-harmonic map (p = 2) from a compact orientable
Riemannian manifold M into S. Then any smooth map ¢: M — S such that
mo¢= q; is p-harmonic.

By Lemma 2 it follows that y = (F,u): M — S}™' x,,R is a p-harmonic
map. Then (by Lemma 1) (M) = S}~ x {#,} for some 7, € R. To end the proof
of Theorem 1 we establish

LEMMA 3. Any p-harmonic (p >2) map ¢: M — S}~ of a compact ori-
entable Riemannian manifold M into an open upper hemisphere Sfl is constant.
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PROOF. As ¢ is p-harmonic
div([|d®||?*VD*) 4 [|dD|fD* =0 (1 <a <)

(the p-harmonic map system, cf. e.g. [1]) where ® =10¢ and 7: S*~! — R" is the
inclusion. Integration over M leads (by Green’s lemma) to [, ||d®[|”®* d vol(g)
=0 hence (by @' > 0) ||d®|| =0 and ® is constant. Q.ed.

We recall that S}~' x S' ~ S! (a homotopy equivalence). Therefore a con-
tinuous map ¢ : M — S}~! x S! is null homotopic if and only if ;0 ¢ : M — S!
is null-homotopic. The homotopy classes of continuous maps M — S! form an
abelian group n'(M) (the Bruschlinski group of M, cf. e.g. [4], p. 48). Also (by
Theorem 7.1 in [4], p. 49) there is a natural isomorphism z!(M)~ H'(M,Z).
Then we may state the following

COROLLARY 1. Let M be a compact orientable Riemannian manifold with
H'(M,Z) = 0. Then any nonconstant p-harmonic map ¢: M — S’ meets X.

4. p-Energy Minimizing Maps

Let M be a compact orientable n-dimensional Riemannian manifold, n > 4.
By a result of B. Solomon, [13], any energy minimizing map ¢ : M — S" which
omits a neighborhood of a codimension two totally geodesic submanifold ¥ = S
is everywhere smooth. The main ingredient in the proof is R. Schoen & K.
Uhlenbeck’s Theorem IV in [11], p. 310. For the case of p-harmonic maps the
corresponding regularity result was recovered by N. Nakauchi, [9]. Cf. also [§].
We establish

THEOREM 2. Let M be a compact orientable n-dimensional Riemannian
manifold and ¢ : M — S” a p-energy minimizing map which omits a neighborhood
of a codimension two totally geodesic submanifold ¥ = S*. Then ¢ : M — SV is of
class C'.

Proor. Let S be a Riemannian manifold and let P(S,k) be the follow-
ing statement: any p-energy minimizing map ¢ e C'(S9™1)S), [p]+1<d <k is
constant. We need the following

LEMMA 4. Let S be a Riemannian manifold. Let us assume that there is an
integer k > [p] + 1 such that P(S,k) holds true. Then h[Sing(¢)] <n—k—1 for
any p-energy minimizing map ¢ : M — S. If n <k + 1 then Sing(¢) = .
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This is Proposition 1 in [9], p. 1052. Here / indicates the Hausdorff di-
mension (cf. §1). Let ¢: M — S’ be a p-energy minimizing map such that
H(M) = S*\V for some open set V' =S¥ with LT < V. Tt is well known that
H'(S97',Z) = 0 for any integer d > 3. By Corollary 1 above any nonconstant
p-harmonic map ¢ e C'(S97!,5") meets . Consequently P(S*\Z,k) holds true
for any k > max{[p] + 1,n} so that (by Lemma 4) the singular set of ¢ is empty.

Only the last statement in Lemma 4 was actually used to prove Theorem 2.
The following more general result may be established

THEOREM 3. Let M and S be Riemannian manifolds where M is compact,
orientable and n-dimensional. Let p > 2 and let us assume that i) the Riemannian
universal covering manifold of S is a warped product manifold S = L x,, R with
the warping factor we C*(L) and ii) there is an integer k > [p| + 1 such that
P(L,k) holds true. Then h[Sing(¢)] <n—k — 1 for any p-energy minimizing map
b Wil (M, S),

ocC

PROOF. As i (S9"!') = 0 for each d > 3, any p-harmonic map € C'(S71,5)
lifts to a map € C'(S9"!, S) which is p-harmonic (by Lemma 2) hence factors
through a p-harmonic map y € C'(M,L) (by Lemma 1). Thus P(L,k) implies
P(S,k) and we may apply Lemma 4. Q.ed.
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