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ABSTRACT. The generalization of the Bernstein polynomials based on Polya
distribution is considered in the present article. Here, we introduce a mixed
summation-integral type operators having Polya and Bernstein basis functions
in summation and integration respectively. We establish some direct results
which include an asymptotic formula, local and global approximation results
for these operators in terms of modulus of continuity.

1. INTRODUCTION AND PRELIMINARIES

In the year 1968, Stancu [13] introduced a sequence of positive linear operators
rPY.c [0,1] — C[0, 1], depending on a non-negative parameter « given by

PO =31 (5) i o) (1)

(x) is the Polya distribution with density function given by
_ (n) [T+ va) [y (1= = + pa)
g Ao+ Aa)

In case a = 0 these operators reduce to the classical Bernstein polynomials. For
a = 1/n a special case of the operators (1.1) was considered by Lupag and Lupag

(@)

where p,

,x € [0,1].
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[4], which can be represented in an alternate form as

N 2(n!) < (n k
PT(LI/ )(f, T) = W % (k:)f <ﬁ) (nx)p(n — nx)p_g, (1.2)
where the rising factorial is given as (), = z(z+1)(z+2)...(r +n —1). Recently
Miclaus [12] established some approximation results for the operators (1.1) and for
the case (1.2). In order to approximate Lebesgue integrable functions Durrmeyer
[7] proposed the integral modification of usual Bernstein polynomials, which was
later studied in different forms by Agrawal and Gupta [2], Abel et al. [1], Gupta—
Ispir [10] and Gupta—Maheshwari [11] etc. We now propose the Durrmeyer type
integral modification of the operators (1.2) as follows:

DIY(f,2) = (n+1) S " (2) / P (1)  (8) dt, (1.3)
where 2( ')_
am oy _ 20
Pk (5’3) = W (k) (nﬂf)k(n - n-??)n—k
and

Pn(t) = (Z) th(1 — t)n*.

Some approximation properties related the present paper can be found in [3],
[11] and in the recent books [3], [9]. In this paper, we consider the operator (1.3)
and obtain a Voronovskaja type asymptotic formula and local and global direct
estimates.

2. AuxiLIARY RESULTS

We start this section with the following useful lemmas, which will be used in
the sequel.

Lemma 2.1. (Miclaus [12]) For e; = t',i = 0,1,2 we have
P (e, ) =1, PY™ (ey, ) =

and , )
PO/ gy gy = M2y 2001 )
n+1 n+1

Lemma 2.2. Fore; =t',i =0,1,2 we have

nr + 1

n+2

n3z? + 5n’r — nz? + 3nx + 2n + 2
(n+1)(n+2)(n+3)

Proof. By simple computation, we have

D™ (eq ) = 1,DWM (e, x) =

Dy ez x) =

/0 Pr ()" dt = % (2.1)
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Obviously DS/™ (g, z) = 1 as fol Pri(t)dt = —=. Next using (2.1) and applying
Lemma 2.1, we have

n

E+1
DY er) = DA (@)

— n—+ 2
1 nr+1
— pL/n) p/n) _ ‘
n+ 2 [n " (e1, ) + " (eo,x)} n+2

Finally

(k+1)(k+2)

DM (eg,x) = Y pli™ (@)
? ,; kA (n+2)(n + 3)

= T 2)1(n 3 [n2P£1/”)(62, z) + 3nPY™ (er, ) + 2P (g, x)]
1 n3x? + 2n’x — n2z?

- (n+2)(n+3)[ n+1 —|—3mc—i—2}

B 1 n?x? + 2n%x — n22? + 3nz + 3nxz + 2n + 2

B (n+2)(n+3){ n+1 }

n3x? 4+ 5nlx — nx? + 3nx + 2n + 2
(n+1)(n+2)(n+3)

Remark 2.3. By simple applications of Lemma 2.2, we have

n n

and

DMM((t — x)?, x)
= D,gl/”) (t*,x) — 20D/ (t,x) + 2*

n3x? + 5n’x — n?x? + 3nx + 2n + 2 5 nr+ 1 )
= — 2 x
(n+1)(n+2)(n+3) n+2
(r —2*)(3n* —5n —6) + 2(n + 1)

(n+1)(n+2)(n+3)

Lemma 2.4. For f € C'|0, 1], we have HDq(zl/")(f,x)H < |Ifl-

Proof. From the definition of operator and Lemma 2.2, we get

1

DU ()] < e DA @) [ o)1 @)
k=0 0

< A1 DR (1,2) = |1 f]-
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Lemma 2.5. Forn € N, we have

DI (¢ = 2 2) < —62 (@),

where 6, (r) = ¢* (x) + =5, where ¢ (x) = (1 — x).
Proof. By Lemma 2.2, we have
DU ((t - 2)° ,z)
(m—:v2 (3n? —5n—6)+2(n+1)
n+1)(n+2)(n+3)

i” n—i—Z}

IN

which is desired.
3. DIRECT ESTIMATES

In this section, we first present the following asymptotic formula for the oper-

ators D™ (f, x).
Theorem 3.1. Let f € C[0,1] and If f" ewists at a point x € |0,
lim n [DY(f, ) — 1()] = (1~ 20) £() + 207D )

n—oo

Proof. By Taylor’s expansion of f, we have

1], then

£ = F@) + (=21 ) + (- 2D 4 )t - o,

where e(t,z) — 0 as t — z. Applying D™ on above Taylor’s expansion and

using Remark 2.3, we have
W (fx) = fla) = f(@) DY - x) @) + %f (@) D™ ((t = x)?, )

+D M (e(t, 2)(t - 2)?, ),

lim 7 [DV™ (f;2) = f ()]

1
= lim nf’ () DYV((t — x),z) + lim nﬁf” (z) D™ ((t — z)?, x)
+ lim nDY™ (e(t, z)(t — )2, z)

lim n [DIV™ (f;2) = f ()]

= =20 )+ U ) 4l aDE (¢ (40) (- )7 2)

= -2 @+ D
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In order to complete the proof, it is sufficient to show that F' = 0. By Cauchy—
Schwarz inequality, we have

F = nh_{go nD/™ (£* (t,2),z) 1/ D{/m ((t— z)?, x) 2 (3.1)

Furthermore, since ¢ (z,xz) = 0 and &2 (., z) € C[0, 1], it follows that
nh~>nolo nD/™ (g% (t,z),z) =0, (3.2)

uniformly with respect to « € [0,1]. So from (3.1) and (3.2) we get

71113)10 nD/™ (&% (t, ), 2) 12 D/m ((t— z)* ) 2 _o.
Thus, we have

T n [DU () — £ ()] = (1 - 20) £ () + 20T pr ),

which completes the proof. 0J

We begin by recalling the following K —functional:

K (£,8) =t {|If =gl +3|g"| : g e W2} >0,

where W? = {ge€C0,1]:¢',¢g € C[0,1]} and |.|| is the uniform norm on
C'[0,1]. By [5], there exists a positive constant C' > 0 such that

K (f,6) < Cu ( f, \/S) , (3.3)

where the second order modulus of smoothness for f € C'[0, 1] is defined as

w2<f,\/5): sup sup |f(x+2h)—=2f(x+h)+ f(2)].

0<h<+/5 T,x+2he[0,1]

We define the usual modulus of continuity for f € C'[0,1] as
w(f,0) = sup sup |f(x+h)—f(z).

0<h<d x,2+h€e[0,1]

Now we present direct local approximation theorem for the operator DY n) (f,x).

Theorem 3.2. For the operators D,(f

(DR (i) = | @)] < Cwn (£, (n+ 1) 6n (@) +w (f, (0 +2)7),
where f € C'[0,1], 6, (z) = [¢? (z) + L] Y2 and x e [0,1].

n+1

/ n), there exists a constant C' > 0 such that

Proof. We are introducing the auxiliary operators as follows

DU (f,0) = D () + £ ) = £ (5 ).

Obviously by Lemma 2.2, we have
DY (1,2) = DY/ (1,2) = 1
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and
nr + 1
=T.
n+2
Let g € W2 and t € [0, 1]. By Taylor’s expansion we have

DI/ (t,2) = DV™ (¢, 2) + 2 —

g<t>=g<x>+<t—x>g'<x>+/ (t — u) g (u) du.

Applying the operator D™ to both sides of above equation, we get

D (g,0) g,2) = g(o)+ D ( [ )" )
= @+ 00 ([ (-0 @) s )

nr+1

w2 fnr+1 "
_/:v (n+2 —u)g (u) du.
D™ (g,) = g ()]

t
<20 ([ 1= ullg” (] du. )
nr+1 na + 1

n+2
+
/m n+2

< DY ((t— o a) I+ (L ) .
- ’ n+2

Hence

- u] o ()] du

On the other hand, from Lemma 2.5, we have

DO/ (¢ — ) 2) + (1 - 29”)2

n+ 2
3 1—22\?
< 52
- n+1"(x)+<n+2>
3 1 4
< x) + x).

Thus, by (3.4) and (3.5), we have

4
p/n) < 52 "
‘ n (gux) g(SL’)l =1 n(x) Hg H7

where = € [0, 1]. Furthermore, by Lemma 2.4, we get
+1
D/n) < |pa/m nr
D ()| < DY ()| + 1 @)+ | (B
< 3l

for all f € C'[0,1].

151
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For f € C'[0,1] and g € W?, using (3.6) and (3.7) we obtain

DY (f.2) = (@) = (DY (fw) ~ f<x>+f("n"“"j21)—f<x>'
< IDél/")(f—g:rH\D“/"’ r) = g ()|
Flalo) - £ @)+ |7 (2 1) -1 @)

1—-2%
< 4 _ 62 "
< Al =gl + o @ 1+ (1

Taking infimum over all g € W?2, we obtain

(n+2)
D () — )] < 48 (1, 0t @) o (1)
and by inequality (3.3), we get
[DU™ (f) = f ()] < Cws (f; (n+1)7" 6, (@) +w (f, (n+2)7")

so proof is completed. Il
Let f € C'[0,1] and ¢ () = \/x(1 — z), € [0,1]. The second order Ditzian—

Totik modulus of smoothness and corresponding K —functional are given by, re-
spectively,

wf (£V8) = swp  sup |f (et hp () = 2f (@) + f (@ = he (2))],

0<h<+/§ zthe(z)€[0,1]
f@,@u’,a) — inf {

where W2 (¢) = {g € C[0,1] : ¢ eAOZOC[O 1], ©?¢" € C'[0,1]} and g’ € ACj, [0, 1]
means that g is differentiable and ¢’ is absolutely contmuous on every closed inter-
val [a,b] C [0,1]. We know from Theorem 1.3.1 of [0] that there exists a positive
constant C' > 0, such that

1—2x
n+2

g eW (@)} (6>0).

Rap (£,8) < Cuif (£,V5). (3.8)
Also, the Ditzian—Totik modulus of first order is given by
Gy (fi0)=sup  sup |f(z+ M ()~ f(2)],

0<h<8 z+he(z)€[0,1]

where 1) is an admissible step-weight function on [0, 1].
Our last direct estimate is following global theorem in terms of weighted mod-
ulus of continuity.

Theorem 3.3. Let f € C'[0,1]. Then for x € [0,1], we have
| DS/ f — f|| < Cwf (f, (n+ 1)‘1/2) + Wy (f,(n+2)71),

where C' > 0 is an absolute constant, Y(x) =1 —2x and ¢ (z) = \/x(1 — z).
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Proof. Again we consider the auxiliary operators

DU (f,2) = DA™ (f,2) + f (x) — f (ij;) :

Using the definition of the operator D™ and Lemma 2.2, we obtained the

inequality (3.5) in the proof of Theorem 3.2 as
D™ () — g (o)

t
<D | [ = ullg” (o) dus o

nr+1
nr + 1

n+2
4—/9C n+2

Moreover, 6?2 is a concave function on x € [0,1], for u = Az + (1 — \) ¢, A € [0,1],
we get

‘ 9" (uw)] du. (3.9)

|t—u]: At —z < At — z <|t—x|
on (w)  0p A+ (1=A)t) = A5G (2) + (1= A) 63 (1) = 67 (x)

Thus, if we use this inequality in (3.9), we have

t
P (g.0) = g )] < D ([ Lt ) 20|
le ‘tzx:; B | 2 n
A o

1 1—22\”
< 52g"|| | DV (¢ — z)?
= 52 () n9 [ n (( ) 7x>+ "t 2
(3.10)
By the inequality (3.5), we have
3

D/ N < 2
DV (g2) =g (@) < == [|0nd"]

= ()

1)
Using (3.7) and (3.10), we have for f € C'[0, 1],
DY () @) < DY (f — g.)| + DY 0.2) — g ()]

g (@) - f (@) + \f(”l'“) —f<x>\

n -+ 2

IA

4
7 ol g 1+ e 1)

‘f(n:v+1>_f($)“
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Taking infimum over all g € W2, we obtain

DU (7.0 = @) < AR (£ ) + ]f(”“l) f@|. @

On the other hand

H(255) - 1)
- ‘f (24 to) g ) — £ @)

1-2%
£+ () Gy eray €10:1]

IN

sup

e’ (00 ) 10
(U wmem)

()

IA
&l

el

Therefore, from (3.8) and (3.11) we obtain

DY f = gl < Cuf (f,n+ 1)) + Ty (£ (0 +2)7),

which is the desired result. O

10.

11.

12.
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