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BINGZHE HOU AND GENG TIAN*

Communicated by J. A. Ball

ABSTRACT. As is well-known, each positive operator T' acting on a Hilbert
space has a positive square root which is realized by means of functional cal-
culus. However, it is not always true that an operator have a square root.
In this paper, by means of Schauder basis theory we obtain that if a back-
ward operator weighted shift 7" with multiplicity 2 is not strongly irreducible,
then there exists a backward shift operator B (maybe unbounded) such that
T = B?. Furthermore, the backward operator weighted shifts in the sense of
Cowen-Douglas are also considered.

1. INTRODUCTION AND PRELIMINARIES

As is well-known, functional calculus is a fundamental tool in operator theory,
and people obtain many beautiful results by means of it. A natural and simple
question is ” Given an operator, does it have a square root?” Although the answer
is negative in general, by restricting the class of operators, we may obtain positive
results. In this paper, we will consider strongly reducible backward operator
weighted shifts, and give a square root for it by means of Schauder basis theory.

First, let us introduce some fundamental notations and results.

Let H be a complex separable Hilbert space and £(?) denote the collection of
bounded linear operators on H.
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Let S be a backward operator weighted shift with multiplicity 2. Its weights
{Wy}2, are a sequence of invertible linear operators on C2. We can denote S as
a matrix

o w, 0 ..7 C?
0 0 Wy, ...| C?

S=1o 0 o ..| c2

Furthermore, denote My = I, My, = WiWy - -- Wy, and A(S) = A'(S)|ker(s)-

Definition 1.1. Let 7' € £(#H). Then T is called strongly irreducible, if there
does not exist a nontrivial idempotent operator commuting with 7. The class of
strongly irreducible operators is denoted by S([I).

From C. L. Jiang and J. X. Li [1], one can see the following conclusion.

Lemma 1.2. Let S be the backward operator weighted shift with weights {W}72 ;.
Then the following are equivalent:

(1) 5 ¢ (S1),

(2) there exists a nontrival idempotent operator Py such that sup{ || M, ' PyMy||} <
k
0.

Let {e,}5°, be an orthonormal basis of H. Then for each vector f in #H, one

can write f = Y (f, en)en, where (- -) denotes the inner product on H.

n=1
Furthermore, for a sequence of vectors {f,,}>°_, in H, write
S fie
Fr = Jor a2

where the entries f,, is the n-th coordinate of vector f,,. We always use G7 to
denote a left inverse of Fy whenever the left inverse exists. Notice that Fy and
G} may be unbounded operators.

Definition 1.3. A sequence of vectors {f,,}5°_; in H is said to be quasinormed,
if there exist constants K7 and K, such that for all m, 0 < K7 < || ]| < Ks.

Definition 1.4. A sequence of vectors {f,,}>°_; in H is said to be a Schauder
basis for H if every x € H has an unique norm-convergent expansion

o0
T = Z Con o
m=1

The following results about unconditional basis will be used in this article. One
can see [0], [2] and [3] for details respectively.

Lemma 1.5 ([0]). {fm}o_, is an unconditional basis if and only if for any se-
quence of nonzero complex numbers {\n}, { A\ fm}So_, is an unconditional basis.

Lemma 1.6 ([2]). Let {fn}°_, be an unconditional basis and let T' be an invert-
ible operator. Then TFy generate an unconditional basis, i.e. {TFy(e,)}oe, is
an unconditional basis.
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Lemma 1.7 ([3]). {fm}_, is a quasinormed unconditional basis if and only if
{fm}_, is a Riesz basis, if and only if Fy is bounded and invertible.

2. SQUARE ROOT AND SCHAUDER BASIS

Proposition 2.1. Let {f,,}5°_; be a sequence of vectors in H. Let {e,}°, be an
orthonormal basis of H, and let Fy be the matriz defined as above. If

A 0 0

0 A, 0 ...
Ff: 0 0 Ag e ]?

Qe bk
0 Ci
(1) {fm}5o_, is a Schauder basis.

b
(2) sup | =] = K < oo.
o Ck

where Ay = 1s invertible, then the following conditions are equivalent

(3) {fm}oo_, is an unconditional basis.
Proof. (1) = (2). Suppose that {|g—:|}zo:1 is infinite. Then there is a subsequence

o oo
k; such that > |Z—if|2 <oo. Letz=—-3"
i=1 i i=1

Zil ear,- Then x € H. Notice that x has

an unique expansion
o

1 1
r = E <_f2k;i—1 - b_kai)7
im1 ki ki
since for_1 = apeor_1 and for = breor_1 + crear. However, this expansion is not
convergent in the norm topology since Hi for,—1]] = 1. It is a contradiction to

{fm}_, being a Schauder basis.
(2) = (3). I sup |IC)—2| = K < 00, we can choose a sequence of nonzero complex
k

numbers { A\, }, such that f/. = A\, fm,

A0 0
0 A, 0 ...
Fp==10 0 A, ...|
by
where Aj = 0 Clk} . Since F) is the matrix representation of an invertible

bounded linear operator, {f/ }°°_; is an unconditional basis and hence {f,,}5°_,
is an unconditional basis by Lemma 1.5.

(3) = (1). Follows immediately from the definitions of Schauder and uncondi-
tional bases. UJ

Before introduce our main result, notice that there exists an unbounded opera-
tor densely defined whose square is bounded. For instance, let T' be an unbounded
operator defined by T'(e;) = 0, T'(e2,) = %egn,l and T'(egp 1) = 2neq, for n > 1.
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Then T?(ey) = T?(es) = 0 whereas T?(e2,,) = (1—35=)ean—2 and T?(egn41) = €21,
that implies 7 is bounded.

We always denote the backward shift on {e,}>>, by By, i.e., Bs(e;) = 0 and
Bs(e,) = ep—q for n > 1.

Theorem 2.2. Let S be the backward operator weighted shift of multiplicity 2
with weights {Wy}22,. Then the three following conditions are equivalent:

(1) S ¢ (SI).
(2) There exists an unconditional basis { f, }5_, such that S = B?, where B is
the backward shift on { fm}oe—y. In other words, S = FyBG.

(3) There exists a backward weighted shift operator By on {e,}2 |, which may
be unbounded, such that S is similar to Bx.

Proof. (1) = (2).
Step 1. Suppose each W}, is upper triangular. By Lemma 1.2, there exists a
nontrival idempotent operator P such that sup{||M, ' PyMy]||} < oc. Notice that
k

. . . . 1
nontrival idempotent operators on C? have matrices either of the form [O g}

0 3 o m My
or [0 1] . Denote M, = [ 0 mkg}

Case 1. If Py = [(1] g] , then

1 mep Mmy2+Bmp3
_ 1 ME1 M 1 k2
Mk 1P0Mk = |:Tr6€1 m’“llmk3:| |i0 g:| |: Okl m:§:| = |:0 7’661 ‘| )

mg3

Thus sup{|™28mes |V« o0 Let D = [1 _5] . Now for k =0,1,2,..., define
k

M1 0 1
. 1 _ Mmya+Bmys
Ak+1 = Mk D = mécl TR
M3

Let {fm}_, be a sequence of vectors in H such that

Since

My + B

M2 +5mk3)/( 1 )
Mp1ME3 mgs

Sl;p{l(— 1} = sgp{\ |} < oo,

we have {f,,}°°_; is an unconditional basis by Proposition 2.1.
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In addition,

A 0 0 0010 ... A0 0
o 0 Ay, 0 0001 ... 0 Ay' 0
FiBGr=10 0 A4 0000 ... 0 0 A
0 My'M, 0 0 0 W, 0 0
0 0 MMy 0 0 0 Wy, 0
— |0 0 0 My M — 10 0 0 Ws
0 00 0 0

Therefore, S = B?, where B is the backward shift on {f,,}>_,.

Case 2. If Py = [8 ﬂ , then

D S 17 T
M,C_IP()Mk = |:mé€1 mimkg:| |:0 6:| |:mk’1 mk2:|

0 Brus—muo
0 1] |o mgz{ “}’

0 1

mg3

Thus sup{|2ma=me2 |} < o0, Let D = [1 ﬁ] . Now for k =0,1,2,..., define
k

mg1 0 1
L Brug—mus]
Apy1 = M,;lD = [mécl LTS
migs .
Let {fn}5o_, be a sequence of vectors in H such that
A, 0 0
0 Ay O

Fr=10 0 A4y ...|>

Since

(O~ 2y 1y =sup{|m’“3—;m’“2|} < 0,

sup
{ ( Mp1MEs3 mes

we have {f,,}°°_; is an unconditional basis by Proposition 2.1.

In addition,

A0 0 0010 . A0 0

) 0 Ay 0 000 1. 0 Ay' 0

FyBGr=10 0 A4 0000 . 0 0 A
0 My'M, 0 0 . 0w, 0 0
0 0 MMy 0 . 0 0 Wy, 0
=10 0 0 My'Ms ...l = |0 0 0 Ws
0 . 00 0 0

0 0 0

Therefore, S = B?, where B is the backward shift on {f,,}>_;.
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Step 2. For S, there exists an unitary operator
U, 0 0

0 U, 0
U=1l0 0 U

such that UyW, U, is upper triangular for each k = 1,2,.... Let T = USU..
Then

0 UWLU;? 0 0
0 0 Uy WUz 0
7—10 0 0 UsWsU,

0 0 0 0

By the conclusion in step 1, there exists an unconditional basis {f/ }°°_, such
that T = B, where B’ is the backward shift on {f/ }>_,. Now define {f,,}>_,
such that Fy = U~ 'Fp. According to Lemma 1.6, {f,,}>°_, is an unconditional
basis. Since T'= USU~" = FpB}G%, S = U™'FpB2G} U = FyBG and hence
the unconditional basis { f,, }°_; is required.

(2) = (3). Let

Ifill O 0 ..Je
R B A R
100 sl €3’
LAl 0 0 e

0 AT 0 e

JT=1 0 0 Al ... ] e

and let F = F t+J*. There exists a backward weighted shift operator B such that

LAl
O 00 e
0 0 O 2 0 ... €2
2 = JB2J* = A
BA=dBTl =g 0 o 0 1 e (2.1)
5 .
For instance, we can choose
_0 1 O O 0 O -
0 o Lol 0 0 0 €
Vel i | e
2 3
P L 17 B 0 |ey ,
oo el 0 e (22)
2 5
12075l es
oo R TR




198 B. HOU, G. TIAN

Then
S = FyBiG} = FyJ*B{JG].
By Lemma 1.7, F is an invertible operator and consequently S = ﬁBf\ﬁfl, ie.

S is similar to B3.
(3) = (1). Let

1000 ..76€
0000 ...]e

p=(0010 . .|e
0000 .

then PB% = B3P and hence B3 is strongly reducible. Since strong reducibility
is similar invariant, S ¢ (S7). O]

Proposition 2.3. Let S be the backward operator weighted shift of multiplicity 2
with weights

o 1 Wi, o
Wk—[o 1}, fork=1,2,---,
and let {>°_ w2, be bounded. Then S is similar to B2.

Proof. Let I, be the identity 2 x 2 matrix acting on C2. Thus

0 W, 0
0o 0 W,
S=1o0 0 o0
and

0 I, 0
00 I
2
Bi= 10 o

- O

Now choose invertible 2 x 2 matrices

n—1

Ai=Land A, =W,.. W,_; = [(1] Z"f:llwk} forn>2.

Let

Since {> " _, wg}2, is bounded, then A is an invertible bounded linear operator
and it is easy to see ASA™! = B2 O
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3. SQUARE ROOT IN THE SENSE OF COWEN-DOUGLAS

Now let us consider the operator weighted shift Cowen-Douglas operators. The
definition given by Cowen and Douglas [!] is well known as follows.

Definition 3.1. For ) a connected open subset of C and n a positive integer, let
B, () denotes the operators 7" in £(H) which satisfy:

(a) QCo(T) ={w € C: T — w not invertible};

(b) ran(T —w) =H for w in §;

(c) Vkeryea(T —w) = H; and

(d) dim ker(T —w) = n for w in Q.

JueXian Li et. al. gave an sufficient and necessary condition for operator
weighted shift Cowen-Douglas operators in [5].

Lemma 3.2. Let n > 1 and let S be a backward operator weighted shift of mul-
tiplicity n with weights {Wy}32,. Then S € B,(Q) if and only if

sup{[[Will, W1} < oo

Proposition 3.3. Let S € By(Q2) be a backward operator weighted shift of multi-
plicity 2 with weights {Wy}32,. Then the two following conditions are equivalent:
(1) S ¢ (S1).
(2) There exists a backward weighted shift operator By € By(Q2) such that S is
sitmilar to BsBy.

Proof. (2) = (1) is similar to the last part in the proof of Theorem 2.2.
(1) = (2). Let S ¢ (ST), then S is similar to B%, where B, is defined by (2.2).
Set

01 0 0 0 .
o o Lol o 0 !
. Il 51l £l €2
By= 100 0 gy O s,
00 0 o &l €1

[E2l

then B3 = B.By. It suffices to prove that B, belongs to Bi(9). Since JB2J* in
(2.1) belongs to B2(£2), then according to Lemma 3.2, there exist constants K

and K5 such that 0 < K| < \|L|ffﬂ”|| < K, for each n > 1. Then BA belongs to

B;(2) by Lemma 3.2. O

Let Sy € By(f2) be a backward operator weighted shift of multiplicity 2 with
weights {W}32,, where W, = [w’“ 0 } . Denote M, = H W, — [mm 0 1

0  wpe 0 mpe
One can write

S_Tl 0] H
4710 Ty Hy
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where H; and H, are subspaces with orthonormal basis {ea—1}52; and {eqx }72 4
respectively, and

0 w11 0 0 c. 0 W19 0 0
0 0 W21 0 N 0 0 Wo2 0

=10 0 0 wy ...|°' T2=l0 0 0 wsy

We shall use the following theorem and give the proof in appendix.

Theorem 3.4. Let S and S’ be two backward operator weighted shifts of mul-
tiplicity r with weights {Wy}32, and {W]}2, respectively. Then S and S are
similar if and only if there exist an invertible r X r matriz D and a constant C
such that
sup{|[ M DM, | M D My} < €
k

The following two lemmas are special cases of the above theorem.
Lemma 3.5. Let B and B’ be two backward weighted shift opemtors with wezghted
sequences { A\ }22, and {\,}22, respectively. Denote By = H i and B, = H AL

=1
Then B and B’ are similar if and only if there exist constants Cy and Cg such
that

Cl<mf{!—\}< up{l |}<Cz

Lemma 3.6. Let S and S’ be two backward opemtor weighted shifts of multiplicity

2 with weights {W.}32, and {W/}32, respectively, where Wy, = {wgl w() } and
k2

Wi = [wéﬂ wZJ . Denote M, = zlim = [Wgﬂ mokj and M, = ili[l W/ =
mgﬂ WSM . Then S and S" are similar if and only if there exist constants Cy
and Cy such that
C, mm mk:2 { mm ka
k

Theorem 3.7. Let S; be deﬁned above. Then the followmg three conditions are
equivalent:

(1) There exists a backward weighted shift operator By € B1(S) such that Sy
is similar to B3.

(2) There exist constants Cy and Cy such that

. Mg1 M1
0 < Cy < inf{|—|} < sup{|—|} < Cs.
<2 < s ) < €
(3) Ty is similar to Ty,

Proof. (1) = (2). Let By € B1(Q2) be the backward weighted shift operator with
weighted sequence {\,}°%; such that Sy is similar to B3, which is a backward
operator weighted shift of multiplicity 2 with weights {W}/}2°,, where W] =
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Aok—1 A2k 0 A
’ . Then mj, = and m}, = “2+tL5y.. Consequently,
0, Aok A2k+1 b = P w2 e 4 Y
by Lemma 3.6, there exist constants C] and C!, such that
. M1, | M2 M1, | Mk2
C{<1r’;f{]—,\,]—,\}§sup{] / ‘?’_/‘}<Cév
My M k k1 M2

then there exist constants C; and C5 such that

MEg1, [ Mk2 ME1, (Mk2

Cy < inf{|—|, |=—|} < sup{|—|, |=——|} < C%.
' k {|52k| |ﬂ2k|} kp{|52k| |52k|} ?
Therefore,
“1 cinf M1 < M1 -1
G677 <in {|_mk2|} < S%Pﬂ—mm [} < G

(2) = (3). It is obtained immediately by Lemma 3.5.
(3) = (1). Since T} is similar to Ty, then Sy is similar to S, = T} & T;. Notice

00 wyp O 0 0
00 0 w11 0 0
Szli — 00 0 0 W1 0
00 0 0 0 W21
Let
01 0 0 O
0 0 w11 0 0
By—100 0 1 0
0 0 0 0 W21
Then By € B1(Q) and B = 9/, i.e., Sy is similar to Bj. O

Remark 3.8. If S; € By(Q2) is a backward operator weighted shift of multiplicity

2 with weights W), = [(1] g

a backward weighted shift operator By such that Sy ~ B3. But B, is not a
Cowen-Douglas operator from Theorem 3.7.

], k =1,2,---, then by Theorem 2.2, there exists

4. APPENDIX: THE PROOF OF THEOREM 3.4
The proof of Theorem 3.4. 7 <= 7. Let
My DM} 0 0

0 M;'DM; 0
A= —1 !
0 0 My DM,
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Then A is an invertible bounded linear operator and

0 My'DM; 0 0
0 0 M{'DM; 0
SA= |0 0 0 M;'DM} .| = AS'.

0 0 0 0
Thus S and S’ are similar.

7 =7 Suppose S and S’ are similar. Then there exists an invertible bounded
linear operator A such that SA = AS’. Moreover, A~1S = S’A~!. Write

-AH A12 R Aln . -Bll Blg R Bln .
A21 A22 R Agn e Bgl B22 R Bgn
A=| ¢+ i il B=at=| |
Aml Amg e Amn e Bml Bmg e an

where A;; and B;; are r x r matrices for every 4,7 € N. Since

W1A21 W1A22 e WlAQn .. .-
W2A31 W2A32 cee W2A3n
SA= : : : :
Wm—lAml Wm—lAm2 s Wm—lAmn
-O AHWll e Aln_lWT/L—l .. .-
O A21W1/ [P Agn_1W7/L_1
—AS = |1 : z ,
0 ApiW! ... App W/,
then
[An Aqo Az 1 Ay 1 ]
0 M7YA M M7 AM, 7'M, M7 A My~ M;
A=1|0 0 My YA M, MytA M M
0 0 0 My Ay Mj
Similarly,
_Bll Bl2 Bl3 Bl4 .. -_
0 M|™'ByM; M|;™'ByyM,"'M, M| BysM, ' M;
B=10 0 M,'Byy My M By My M
0 0 0 M4~ By M
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Notice A and B are bounded and A;' = By;. Consequently, we can take C' =
max{||A||, |A7'||} and D = A;; which is an invertible 7 X r matrix, then

St;p{HMElDMéH, |M; D™ M, ||} < O,
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