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UPPER BEURLING DENSITY OF SYSTEMS FORMED BY
TRANSLATES OF FINITE SETS OF ELEMENTS IN L?(R9)

BEI LIU! AND RUI LIU?*

Communicated by D. R. Larson

ABSTRACT. In this paper, we prove that if a finite disjoint union of translates
Ur— i {fx(@ — 1) }er, in LP(RY) (1 < p < 00) is a p’-Bessel sequence for some
1 < p' < oo, then the disjoint union I' = (J;_, I'y has finite upper Beurling
density, and that if (J;_, {fx(z — ) }yer, is a (Cy)-system with 1/p+1/qg =1,
then T" has infinite upper Beurling density. Thus, no finite disjoint union of
translates in LP(R?) can form a p/-Bessel (C,)-system for any 1 < p’ < oo.
Furthermore, by using techniques from the geometry of Banach spaces, we
obtain that, for 1 < p < 2, no finite disjoint union of translates in L?(R%) can
form an unconditional basis.

1. INTRODUCTION

Given 1 < p < oo and 7 € R? we define the translation operator 77, on
LP(RY) by (T, f)(x) = f(z —~) for all z € R% If T' C RY, then the collection
of translations of f € LP(R?) along I is defined to be T,(f,I') = {T, f},er. Our
main focus shall be on the upper Beurling density of such I', the disjoint union
Ui, Tk, given that J,_, T,(fx, ['x) has some additional structure in LP(R?). The
“additional structure” takes two forms: (J;_, T,(fx, T'x) is a p’-Bessel sequence or
is a (C,)-system.

The nature of T,(f,I') has been studied in a number of papers [21, 2, 10, 19],
mainly using techniques of harmonic analysis. Our techniques will come partially
from the geometry of Banach spaces. Recall that, in 1992, Olson and Zalik [20]
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proved that there do not exist any Riesz bases for L*(R) generated by Ty(f,T).
Then Christensen [0] conjectured that there are no frames for L*(R) of the form
Ur—; To(f, Tx). In 1999, Christensen, Deng and Heil [11] proved this conjecture
by studying density of frames. For more density theorems, please see the research
survey [12]. Recently, Odell, Sari, Schlumprecht and Zheng [ 8] used techniques
largely from the geometry of Banach spaces to consider the closed subspace of
LP(R) generated by translates of one element in LP(R).

In Section 2, we extend the concept of (C,)-system from Hilbert spaces to
reflexive Banach spaces and give our basic Lemma 3.3 and examples in LP(R?).

In section 3, by using techniques in [11, 18], we prove that if | J;_, T,(fx, [x) in
LP(R?) (1 < p < o0) is a p’-Bessel sequence for some 1 < p’ < oo, then the disjoint
union I' = | J;_, T4 has finite upper Beurling density, and that if {J;_, T,,(fx, T'x)
is a (C,)-system with 1/p 4+ 1/q = 1, then I has infinite upper Beurling density.
Thus, no collection | J;_, T,,(fx, T'x) of pure translates can form a p’-Bessel (Cy)-
system in LP(R?) for any 1 < p/ < co. This extends the Christensen/Deng/Heil
density result in [11] from classical (Hilbert) frames in L?(R?) to more general
p'-Bessel (C,)-systems in LP(RY).

In the last section. by using techniques from the geometry of Banach spaces, we
obtain that there is no unconditional basis of LP(R?) of the form (J;_, T;,(fx, I'x)
for 1 < p < 2. Tt partially extends the latest work [1&] on uniformly separated
translates of one element in LP(R). The extension is to higher dimensions, to
multiple generating functions, and to completely arbitrary sets of translates.

2. PRELIMINARIES AND NOTATION

In 2001, Aldroubi, Sun and Tang [3] introduced the concept of p-frame in
LP(R), which is a generalization of classical (Hilbert) frames [9, 4, 7] and can be
naturally extended to Banach spaces [3, 5].

Definition 2.1. Let X be a separable Banach space and 1 < p < oo. A family
{fe}i2, € X is a p-frame for X* if there exist constants A, B > 0 such that

AlR)P <> [(h, fi)P < BI|P for all h e X~
k=1
The number A and B are called the lower and upper p-frame bounds. The
sentence {fi}72, is a p-Bessel sequence if the right-hand side inequality holds.
We say that {f}32, is a Bessel sequence if it is a 2-Bessel sequence.

In 2007, S. Nitzan and A. Olevskii introduced the concept of (C,)-system in
Hilbert spaces [15, 16, 17]. It is a weaker form of the frame-type condition, which
is a relaxed version of this inequality:

AIFIP <D IS f)P forall fe .
k=1

Now we extend this useful definition of (C,)-system to reflexive Banach spaces.

Definition 2.2. Let X be a separable reflexive Banach space and 1 < ¢ < oo be
a fixed number. We say that a sequence of {f;}2°, C X is a (C,)-system in X
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with constant C' > 0 (complete with {, control over the coefficients) if for every
f € X and € > 0, there exists a linear combination g = Y ay fi such that

/a
IF—glx <z and (Y Jault) " <Ol (21)

where C' = (C(q) is a positive constant not depending on f.

Remark 2.3. By Proposition 4.2 in Section 4, given p,q € (1,00) with 1/p+1/q =
1, we have that: if 1 < p < 2, then every seminormalized unconditional basis of
LP(RY) is a g-Bessel (Cy)-system; if 2 < p < oo, then every seminormalized
unconditional basis of LP(R?) is a Bessel (C),)-system.

We define some types of sequences in R¢ and upper Beurling density [11, 7].

Definition 2.4. Let I' = {v;};c; C R%

(i) A point v € R? is an accumulation point for T if every open ball in R?
centered at v contains infinitely many 7.

(17) T is 6-uniformly separated if § = inf;+; |y; — ;| > 0. The number ¢ is the
separation constant.

(231) T is relatively uniformly separated if it is a finite union of uniformly sep-
arated sequences I'y. That is to say that I can be partitioned into finite
disjoint sets Iy, ..., I, such that each sequence I'y = {7;}ier, is dp-uniformly
separated for some §; > 0.

For h > 0 and = € R?, we define cube Q,(z) by

d
Qn(z) = H[xl —h/2,x;+ h/2), where z = (x1,...,2q).

i=1
When x = 0, we use Qj, instead of Q,(0) for simplicity. Let I' = {v;}:e; C R%
For each h > 0, let vt (h) denote the largest number of points from I' that lie in
any cube Qp(x), i.e.,

i (1) = sup #(T' N Qu(x)).
zeRd

The upper Beurling density of I' is defined by

+
D*(T) = limsup r (h)
h—o00 hd

Lemma 2.5. Let I' = {~;}ics be a sequence in R, Then the following statements
are equivalent.
(i) DT(T') < 0.
(13) T is relatively uniformly separated.
(i13) For some (and therefore every) h > 0, there is a natural number Ny, such
that each cube Qn(hn), n € Z¢, contains at most Ny, points from A. That
is,

Ny, = sup #(A N Qp(hn)) < oo.

nezd
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3. MAIN RESULTS

First we need the following basic lemma.

Lemma 3.1. Let I' be a sequence in R?, and 1 < p,q < oo with I/p+1/qg=1.
Assume that f € LP(RY), f € LY(R?) and (f,f) # 0. If T is not relatively
uniformly separated, then, for any 0 < e < |[(f, f)|, we have

sup #{y €T : (T, [, T5f)| > e} = 0.

Proof. Consider the function = — (T, f, f) for all z € R?. Since the function is
continuous, for any 0 < € < |(f, f)| there is a cube @}, for some h > 0 such that

(Tof. f)| > e.

inf |
zEQ
Consider an arbitrary N € N, by Lemma 2.5, there is a cube Q(3) for some

B € R? which contains at least N elements from I'. Then for any v € Qn(3),
v — B € Qp, we have

(T f, Taf)| = KT—sf. )] > <.
It follows that
#{y €T (T, 1. Tf)| > e} > #(T N Qu(B)) > N.

Since N € N is arbitrary, the conclusion follows. 0
For translate of one element, we get the following result.

Proposition 3.2. Let 1 < p < oo, f be a nonzero function in LP(R?), and T be
a sequence in R, If T,(f,T) is a p'-Bessel sequence for some 1 < p’ < oo, then
I' is relatively uniformly separated.

Proof. Assume that I is not relatively uniformly separated. Then for any N € N,
choose ¢ such that 0 < ¢ < ||f|,. By Hahn-Banach Theorem, there is an f €
LY(R?) with ||f|, = 1 such that (f, f) = |||, > . Then, by Lemma 3.1, there
exists 8 € R? such that

#{y eT: (T,f, Tsf)| > ¢} > N.
Let I'y = {y €' : (T, f, T5f>| > ¢}. Then, we have

STULATHIY = Y (DL TP > Nev.

~vel vel'n

Since N € N is arbitrary and ||Tsf]l, = ||fll, is fixed, T,(f,T) is not a p'-
Bessel sequence, which leads to a contradiction. Thus I' is relatively uniformly
separated. O

The following equivalent form extends Lemma 1 in [15] by using a standard
duality argument in Banach spaces.
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Lemma 3.3. Let X be a separable reflexive Banach space and 1 < p,q < oo with
1/p+1/g=1. A system {f.} C X is a (C,)-system in X with constant K > 0
if and only if

1 > 1/p
— < p *
Bl < (n§:1 (P, )] ) for all h e X

Proof. For sufficiency, suppose that {f,} is not a (C,)-system in X with constant

K > 0. Let
A= {g = Zanfn : (Z|an|q)1/q < K}

be the set of finite linear combination and C be the closure of A in X. It is easy to
prove that C is a closed convex subset of X. By assumption, C does not contain
the closed unit ball B of X. That is, there exists an f € X with ||f]] < 1,
and f is not in C. By the Hahn-Banach theorem, there is an h € X* such that
[(h, f)| = 1 and sup,cc |(h, g)| < 1. Hence, for sufficiently small ¢ > 0, we have
sup,cc |(h, g)] < 1 —e. This implies for any M € N,

(fuh,fnw)”” C [

(Tl lan|0)t/a<t 5

1 M

= = s Y )
n=1

(M o) /a<K

1
— sup |(h,
5| (h.9)

%(1—5).

A\

By the arbitrary of M, we have

00 » 1/p 1 1 1 )

which leads to a contradiction.

For necessity, let {f,} be a (C,)-system with constant K > 0 in X. For every
h € X* and € > 0, there exists an f € X, ||f|| =1, and [(h, f)| = ||h]|. Choose a
linear combination g = Y a, f, such that ||f — g|| < ¢ and

(Y a9 < K| 1| = K.
Then

1Pl = [, £
[(h, = 9)| + [(h, 9)]
ellll + Y lanll(h, f2)]

i+ (S lanlt) " (X leh sr) "
e+ 5 (1)

IN A

IN

IN



UPPER BEURLING DENSITY OF TRANSLATES IN L?(R%) 91

That is,

< (X fn>|p)1/p (he X*e>0).

Since ¢ is arbitrarily small, take ¢ — 0, we complete the proof. |

The following result is elementary but very useful.

Lemma 3.4. Let 1 < p < oo, f € LP(RY), and T’ be a sequence in RL. If T
is relatively uniformly separated, then for all cubes Qu(x), for any x € R and
h > 0, we have

(1) 2oner IxQum TSIy < oo (i) 2o er IXanw T5 I} = 0, as h = 0.

Proof. (i) Since T is relatively uniformly separated, it is a disjoint finite union of

Op-separated sequences 'y for 9, > 0 with &k = 1,...,n. Let § = lr<r}€i£1 0r > 0 be
SKsn

the relatively separated constant and choose 0 < ¢ < §/ vd. Because any cube
Qn(x) is bounded, it must be contained in Qqy. for some N € N. Thus, it is
enough to prove that > [[Xqgun. T+ f|[h < oo for all N € N. For any = € R? and
h >0, let

d d
= H Hx],xj—i-h
: ]:1

Then

Z HXQstT’qug = Z Z HXQ2NET’YfH§

vel k=1 vely,

= > > > lxerea Sl

k=1 v€l'y acQynNZ4

= > > > Ixeren TSI

k=1 acQonnZd vl

= > > > Ixgrea- /I

k=1 acQaonNZd vEl

:Z Z Z/EMH z)[P d.

k=1 acQqonnNZd vel
Since diam(Qj(aa)) = \/de < 6 for any a € Qon N Z%, we get

Ql(ea) —v= QI (ca—7)



92 B. LIU, R. LIU

are mutually disjoint for v € I'y. Thus

Shentfll =3 3 % / DPde (3.1)

~vel k=1 aEQQNﬂZd yel'y

< Z > e

k=1 acQqonnZ3
= n@2N)!|fIIp
< oQ.

(ii) For each k = 1,...,n, a € Qoy N Z¢ and fixed x € R?, we have
here QF (ea) = T'y, = U, o, QF (ea) — 7. Since
XQj(ea)—Fk|f(x)|p < |f(:c)|p7
by the Lebesgue Dominated Convergence Theorem, it follows that

; )P — 1 P
ll_l)I(l)Z/ - x)|Pde = lim |f(x)|P dz

€Tk e20JQ (ca)-1y

— 1 p
- 525{;@ iy XQ;r(Ea)—Fk|f(x)| dx

= 0.
Thus by (3.1),

Y e Tl = 1> S Y / D) do

vel’ k=1 a€QanN 74 vely

— 3 p
-y Y my [ e
k=1 acQonnZd Y€l (ea)
= 0.
Thus, we obtain that if I' is relatively uniformly separated, then for any N € N,
lli%z ||XQ2NET’Yf||g =0.
yel

Since for all x € RY, the translation I' — x = {y — 2z : v € I'} of I is relatively
uniformly separated, then

im > xau T A1 = lim > o, Thoafll = lim >~ lxa, TSIl = 0.
vel vyel yell'—x

Now the conclusion follows. O
Now we prove our main result.

Theorem 3.5. Let 1 < p,q < oo with 1/p+1/q =1 and n,d € N. For each
k = 1,...,n, choose a nonzero function f,, € LP(R?) and an arbitrary sequence
[, CRY. Let ' be the disjoint union of I'y,...,[,.
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() If for some 1 < p' < 0o, Up_; Tp(fx,Tk) is a p'-Bessel sequence, then
D*(T) < co.
(i) If Up—y Tp(fx,T) is a (Cy)-system, then DT (I') = oco.

In particular, there is no p'-Bessel (C,)-system in LP(RY) of the form UTp(fk, [x).
k=1

Proof. (i) Suppose that, for some 1 < p/ < oo, |Jp_; T,(fx, k) is a p/-Bessel
sequence. It is equivalent to that each T,(fr,I'x) is a p/-Bessel sequence for
L4(R%). Then, by Proposition 3.2, each I'y is relatively uniformly separated.
By Lemma 2.5, I';, has finite upper Beurling density for each 1 < k < n, i.e.
DT (Ty) < +oo. Then by definition we have

vi(h) = sup #(I' N Qn(2))

z€R4

= suﬂsd #(Up—1 (T N Qn(2)))

> sup #(Tx N Qu(x))

k=1 $6Rd

= Z vi (h).
k=1

IN

It follows that

t(h
DYT) = li;n sup Vrh(d )
—o0
Jim sup ZZ:1 VIJ‘; (h)
h—o0 h4

IA

S ey
im sup 1
k=1

h—o00

= 2": D*(T'y)
k=1

< +oo0. (3.2)

h)

IN

Thus, I' has finite upper Beurling density.

(ii) Since I' is the disjoint union of sequences I'y, then, by formula (3.2), we
have D*(I") < oo if and only if D*(I'y) < oo for each k = 1, ..., n. Assume that I'
has finite upper Beurling density. By Lemma 2.5, we know that [’y is relatively
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uniformly separated. Now consider the cube Qg = H?Zl[—h, h) for h > 0. Then

Z Z |<XQ2h7T’Yfk>|p = Z Z |<XQ2h7XQ2hT'Yfk>|p

k=1 vyel'g k=1 vyel'y
n
< Z Z ||XQ2h||§||XQ2thfk”£
k=1 vel"k
n
< HXthHZZ Z HXthT’Ykag'
k=1 'yEFk

By Lemma 3.4, we have for each k =1, ...,n,

Z HXthT’yfkng —0 as h—0.

v€lk
Thus, by Lemma 3.3, it is easy to see that |J, T'(fx,I'x) is not a (C,)-system.
Thus, we complete the proof. Il

Remark 3.6. (i) The result due to Christensen, Deng and Heil [11] is a special
case of Theorem 3.5 for p = p’ = 2.

(ii) As a consequence of Theorem 3.5, for no function g € LP(R?) and no con-
stants a,b > 0, p’ > 1 can be a collection of functions of the form {7, Erpg tnezm=1,..
a p'-Bessel (C,)-system in LP(R?), where the modulation operator E,,;, on LP(R?)
is defined by

(Embf) (l’) — 627rzmbxf(x)'
However, Hilbert frames of the infinite type {T,,a Evpg }m.nez exist in L*(R) (every
Hilbert frame is a Bessel (C5)-system). For more information on Gabor frames
and density theorems, please see [7, 12].

4. NONEXISTENCE OF UNCONDITIONAL BASES OF TRANSLATES IN LP(RR¢)

In this section, we will prove that there doesn’t exist any unconditional basis
of the form (J;_, T,(fx, %) in LP(RY) for 1 < p < 2. We use standard Banach
space notations as may be found in [13, 14]. Background material on bases,
unconditional bases and such can be found there. For the benefit of those less
familiar with these notions we recall some definitions and facts.

A biorthogonal system is a sequence {z,, f,} C X x X* where f,(,,) = dpm.

{z,} C X is a (Schauder) basis for X if for all x € X, there exists a unique
sequence of scalars {a,} so that z = >"° | a,x,. This is equivalent to saying that
all z, # 0, Span{z,} = X and for some K < oo, all m < [ in N and all scalars

l
{a’n}nzh
m l
E ATy, E ATy
n=1 n=1

The smallest such K is the basis constant of {x,}.
{z,} is an unconditional basis for X if for all z € X, there exists a unique
sequence of scalars {a,} so that z = > | a,z, and the convergence is uncondi-

tional. i.e. x = Z;O:l Ar(n)Tr(n) for all permutations 7 of N.

<K
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If {x,} is an unconditional basis for the Banach space X and 6 = {6,}°2,
is a sequence of +1’s, define Sy : X — X by So(>_anz,) = > 0,a,x,. The
supremum over all such ||Sy|| is finite, and is called the unconditional constant of
the basis [13].

The following lemma is easy to prove, which we leave to interested readers.

Lemma 4.1. Let X be a separable reflexive Banach space with {x,, f,} C X x X*.
Assume that {x,, f,} is a biorthogonal system, that is, (Tn, fm) = Opm for n,m €
N. Then {x,} is a seminormalized unconditional basis of X if and only if {f.}
18 a seminormalized unconditional basis of X*.

Recall the following known inequalities in LP-space [1]. For 1 < p < oo, there
exist constants A,, B, > 0 such that, if {fx}7°, is a normalized C-unconditional
basic sequence in LP(R?), then

A lal) <>kl <X lal?) it 1<p <2 (41)
k=1 k=1 k=1

(Y la?) < | Y ak|, <CB(> ax)?)?, i 2<p <o, (42)
k=1 k=1 k=1

Proposition 4.2. Given p,q € (1,00) with 1/p+1/q=1. Then

(i) If 1 < p < 2, then every seminormalized unconditional basis of LP(R?) is
a q-Bessel (Cy)-system.

(i1) If 2 < p < oo, then every seminormalized unconditional basis of LP(R?)
is a Bessel (C,)-system.

Proof. Let {f;} be a seminormalized unconditional basis of LP(R%), and {f;} C
L%(R%) be the biorthogonal functionals of {f;}. Then, by Lemma 4.1, {f;} is a
seminormalized C-unconditional basis of L4(R?). Let Cy = inf || f;||, and Cy =
sup || fil-

We first prove (i). Since 1 < p < 2, we have 2 < g < co. By inequality (4.2),
for all f € LI(RY),

(U B = (5 —(F 1)
17l

< —51(5 F I Fillafid 1)
C . fi

< — illgJi) T

< GlXdamnt,

C L
= EH Z<f7f2>szq

c -
= &I
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Moreover, for the lower 2-frame bound, we have

(SIF P = (ZHfH2|<f il P) "
Z!f 1Fillg fi )72
e POCALL fz>Hfl

- B CC | Z<f, £ fil,

_ 2

v

v

g

Now we prove (ii). Similarly, by inequality (4.1), for all f € LIR?), we get

that N
1/2 C ~
(UG 2IP) < Z 2l

For the lower g-frame bound, we have

£ or\|q 1/q
Thus, we complete the proof. |

The following is the main result in this section.

Theorem 4.3. Let 1 < p < 2 and n,d € N. For each k = 1,--- ,n, choose
a nonzero function f, € LP(R?) and an arbitrary sequence I', C R Let T’
be the disjoint union of T',--- ,Ty,. Then \J,_, Tp(fe,Tk) can at most be an
unconditional basis for a proper subspace of LP(R?).

Equivalently, there is no unconditional basis of LF(R?) of the form J,_, Tp(fx, Tx).-

Proof. 1 \U;_, T,(fr, T'x) is an unconditional basis of LP(R?), then, by Proposition
4.2, it is a g-Bessel (Cy)-system for LP(RY). Since 1 < p < 2, 2 < ¢ < oo with
1/p+1/q =1, we have (3 |a,|)"? < (3 |an|?)/2. Then, by (2.1) in Definition
2.2, Up_, T,(fr, Tk) is a g-Bessel (C,)-system for the whole LF(R?). It leads to a
contradiction by Theorem 3.5. O
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