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ABSTRACT. In this paper, we introduce a new hybrid projection algorithm
based on the shrinking projection methods for two hemi-relatively nonexpan-
sive mappings. Using the new algorithm, we prove some strong convergence
theorems for finding a common element in the fixed points set of two hemi-
relatively nonexpansive mappings, the solutions set of a variational inequality
and the solutions set of an equilibrium problem in a uniformly convex and
uniformly smooth Banach space. Furthermore, we apply our results to finding
zeros of maximal monotone operators. Our results extend and improve the
recent ones announced by Li [J. Math. Anal. Appl. 295 (2004) 115-126],
Fan [J. Math. Anal. Appl. 337 (2008) 1041-1047], Liu [J. Glob. Optim. 46
(2010) 319-329], Kamraksa and Wangkeeree [J. Appl. Math. Comput. DOI:
10.1007/s12190-010-0427-2] and many others.

1. INTRODUCTION

Let E be a Banach space and E* be the dual space of E/. Let C' be a nonempty
closed convex subset of E. Let J be the normalized duality mapping from F into
2F" defined by

Je={feE" (z,f) === fI"}, VzeE,
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where (-, -) denotes the generalized duality pairing.

The duality mapping J has the following properties:
(1) If E is smooth, then J is single-valued;

(2) If E is strictly convex, then J is one-to-one;
(3) If E is reflexive, then J is surjective;

(4) If E is uniformly smooth, then J is uniformly norm-to-norm continuous
on each bounded subset of F;

(5) If E* is uniformly convex, then J is uniformly continuous on bounded
subsets of F and J is singe-valued and also one-to-one(see [0, 12, 23, 30]).

Let A: C'— E* be an operator. We consider the following variational inequal-
ity: Find x € C such that

(Az,y —x) >0, VyeC. (1.1)

A point g € C is called a solution of the variational inequality (1.1) if
(Azxg,y — xo) > 0. The solutions set of the variational inequality (1.1) is denoted
by VI(A,C). The variational inequality (1.1) has been intensively considered
due to its various applications in operations research, economic equilibrium and
engineering design. When A has some monotonicity, many iterative methods for
solving the variational inequality (1.1) have been developed (see [1, 2, 3, 4, 7, &]).

Let C' is a nonempty closed and convex subset of a Hilbert space H and P :
H — C be the metric projection of H onto C, then Pg is nonexpansive, that is,

|Pox — Peyll < [lv —yll,  Ve,y € H.

This fact actually characterizes Hilbert spaces, however, it is not available in
more general Banach spaces. In this connection, Alber [1] recently introduced a
generalized projection operator Il in a Banach space F which is an analogue of
the metric projection in Hilbert spaces.

Recently, applying the generalized projection operator in uniformly convex and
uniformly smooth Banach spaces, Li [16] established the following Mann type
iterative scheme for solving some variational inequalities without assuming the
monotonicity of A in compact subset of Banach spaces.

Theorem 1.1. [16] Let E be a uniformly convex and uniformly smooth Banach
space and C' be a compact convexr subset of E. Let A : C' — E* be a continuous
mapping on C such that

(Ax — &, J ' (Jor— (Az — €))) >0, VreCl,
where £ € E*. For any xy € C, define the Mann type iteration scheme as follows:
Tp4+1 = (1 - Oén)xn + anHC(JIn - (Axn - f))a Vn Z 17

where the sequence {a,} satisfies the following conditions:
(a) 0 <ay, <1 foralln € Nj;
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(b) X0 (1 — o) = 00.
Then the variational inequality (Ax — &, y—x) > 0 for ally € C (when & =0, the

variational inequality (1.1) has a solution x* € C' and there exists a subsequence
{n;} C {n} such that

Tp, — 2° (1 — 00).

In addition, Fan [ 1] established some existence results of solutions and the
convergence of the Mann type iterative scheme for the variational inequality (1.1)
in a noncompact subset of a Banach space and proved the following theorem.

Theorem 1.2. [l 1] Let E be a uniformly convex and uniformly smooth Banach
space and C' be a compact convex subset of . Suppose that there exists a positive
number 3 such that

(Az, J ' (Jo — BAx)) >0, VreC,
and J — BA : C'— E* is compact. if
(Az,y) <0, VreC, yeVI(ACQ),

then the variational inequality (1.1) has a solution z* € C' and the sequence {x,}
defined by the following iteration scheme:

Tpr1 = (1 — )z, + e (Jz, — fAz,), Vn>1,

where the sequence {ay,} satisfies that 0 < a < o, < b < 1 for alln > 1
(a,b € (0,1] with a < b), converges strongly a point to z* € C.

Motivated by Li [16] and Fan [I1], Liu [I7] introduced the iterative sequence
for approximating a common element of the fixed points set of a relatively weak
nonexpansive mapping defined by Kohasaka and Takahashi [15] and the solutions
set of the variational inequality in a noncompact subset of Banach spaces without
assuming the compactness of the operator J—(3A. More precisely, Liu [17] proved
the following theorems:

Theorem 1.3. [I7] Let E be a uniformly convex and uniformly smooth Banach
space and C' be a nonempty, closed convex subset of E. Suppose that there exists
a positive number (3 such that

(Az, J ' (Jz — BAz)) >0, VzeC, (1.2)
and

(Az,y) <0, VxeC, yeVIACQD), (1.3)
then VI(A,C) is closed and convez.

Theorem 1.4. [I7] Let E be a uniformly convex and uniformly smooth Banach
space and C be a nonempty closed conver subset of E. Assume that A is a
continuous operator of C' into E* satisfying the conditions (1.2) and (1.3) and S :
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C — C is a relatively weak nonexpansive mapping with F = F(S)NVI(A,C) #
(). Then the sequence {x,} generated by the following iterative scheme:

(2 € C chosen arbitrarily,

zn = He(anJz, + (1 — ay,) JJSzy,),

Yo = J 0Tz + (1 = 6,) I (J2, — BAz)),
Co=1{2€C:9(z,y0) < d(2,20)},
C,=1{2€C1NQn_:0(z,yn) < o(2,2,)},

Qo =C,

Qn=4{2€C,1NQu1:{Jrg— Jay,x, —2) >0},
(Tnt1 = e,ng, Jx0, VN > 1,

where the sequences {a,} and {d,} satisfy the following conditions:

0<4,<1, limsupd<l1l, 0<a,<1, liminfea,(1—a)>0.

n—oo n—oo
Then the sequence {x,} converges strongly to a point Hrs)nvia,c)dxo.

Let f : C'xC — R be a bifunction. The equilibrium problem for f is as follows:
Find € C such that

fli,y) >0, VyeC. (1.4)

The set of solutions of the problem (1.4) is denoted by EP(f).

Equilibrium problems, which were introduced in [5] in 1994, have had a great
impact and influence in the development of several branches of pure and applied
sciences. It has been shown that equilibrium problem theory provides a novel and
unified treatment of a wide class of problems which arise in economics, finance,
physics, image reconstruction, ecology, transportation, network, elasticity and
optimization. Numerous problems in physics, optimization and economics reduce
to finding a solution of the problem (1.4). Some methods have been proposed to
solve the equilibrium problem in a Hilbert space. See [5, 10, 20].

Very recently, Kamraksa and Wangkeeree [11] motivated and inspired by Li
[16], Fan [11] and Liu [17] introduce a hybrid projection algorithm based on the
shrinking projection method for two relatively weak nonexpansive mappings, a
variational inequality and an equilibrium problem in Banach spaces as follows:

Theorem 1.5. [I1] Let E be a uniformly convex and uniformly smooth Banach
space and C' be a nonempty closed convex subset of E. Let f be a bifunction from
C x C to R satisfying (By) — (Ba4) in section 2. Assume that A is a continuous
operator of C into E* satisfying the conditions (1.2) and (1.3) and S,T : C' — C
are two relatively and weakly nonexpansive mappings with F := F(S) N F(T) N
VI(A,C) N EP(f) # 0. Let {x,} be the sequence generated by the following
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iterative scheme:

(29 = x € C chosen arbitrarily,
zn = He(anJx, + BndT e, + v d Sxy),
Yn = J* (0 Jxn + (1 — 0,) (S 2, — BAZ)),
u, € C such that f(u,,y)+ i(y — Up, Juy — Jy,) >0, Yy e C,
Cor1={2€C,:0(z,u,) < d(z,2,)},
Co=0C,
(Tng1 = e, Jo, Vn <0,
where the sequences {a,}, {Bn}, {7}, {7} and {\,} in [0, 1] satisfy the following
restrictions:
(@) an + Bn + 90 = 1;
(b) 0 <0, <1 and limsup,,_,, 0, < 1;
(¢) {rn} C la,00) for some a > 0
(d) liminf, . a,B, > 0 and liminf, ., a7y, > 0.
Then the sequence {x,} converges strongly to a point llpJz.

Motivated by the results mentioned above, we introduce a new hybrid projec-
tion algorithm based on the shrinking projection method for two hemi-relatively
nonexpansive mappings. Using the new algorithm, we prove some strong con-
vergence theorem which approximate a common element in the fixed points set
of two hemi-relatively nonexpansive mappings, the solutions set of a variational
inequality and the solutions set of the equilibrium problem in a uniformly convex
and uniformly smooth Banach space. Our results extend and improve the recent
ones announced by Li [16], Fan [11], Liu [1 7], Kamraksa and Wangkeeree [11] and
many others.

2. PRELIMINARIES

A Banach space F is said to be strictly convex if x—;y < 1 for all z,y € E with

|lz|| = |Jy|| = 1 and = # y. It is said to be uniformly convex if lim,, .o ||T, —yn|| =
0 for any two sequences {z,} and {y,} in E such that ||z,| = |lys|]| = 1 and
lim_o || 22522 || = 1.

Let Ug = {x € E : ||z|| = 1} be the unit sphere of E. Then the Banach space
F is said to be smooth provided

et iyl o]
t—0 t

(2.1)

exists for each z,y € Ug. It is also said to be uniformly smooth if the limit (2.1)
is attained uniformly for x,y € Ug.

It is well known that, if E is uniformly smooth, then J is uniformly norm-to-
norm continuous on each bounded subset of E and, if £ is uniformly smooth if
and only if £* is uniformly convex.

A Banach space E is said to have the Kadec-Klee property if, for a sequence
{z,} of E satisfying that z,, = = € F and ||z,| — [|z||, z, — =.



16 Z.-M. WANG, M.K. KANG, Y.J. CHO

It is known that, if F is uniformly convex, then E has the Kadec-Klee property
(see [30, 9, 31] for more details).

Let C be a closed convex subset of £ and T be a mapping from C' into itself. A
point p in C' is said to be an asymptotic fixed point of T if C' contains a sequence
{z,} which converges weakly to p such that the strong lim,, . (z, — Tz,) = 0.

The set of asymptotic fixed points of T' is denoted by F (7).
A mapping T from C' into itself is said to be nonexpansive if
[Tz =Tyl < [lz—yl, Va,yeC.
The mapping T is said to be relatively nonexpansive [18, 19, 13] if

F(T)=F(T)#0, ¢(p,Tx) < d(p,x), YeeC, pe F(T).

The asymptotic behavior of a relatively nonexpansive mapping was studied in
[18, 19, 13]. A point p € C is called a strong asymptotic fixed point of T if C
contains a sequence {z,} which converges strongly to p such that lim,_..(x, —

Tx,) = 0. The set of strong asymptotic fixed points of 7" is denoted by F(T).

A mapping T from C into itself is said to be relatively and weakly nonexpansive
if

F(T)=F(T)#0. é(p,Tz) < é(p,x), Yrel, pe F(T).
The mapping T is said to be hemi-relatively nonexpansive if
F(T)#0, ¢(p,Tz) < ¢(p,x), Vxel, peF(T).

It is obvious that a relatively nonexpansive mapping is a relatively and weakly

nonexpansive mapping and, further, a relatively and weakly nonexpansive map-

ping is a hemi-relatively nonexpansive mapping, but the converses are not true
as in the following example:

Example 2.1. [28] Let E be any smooth Banach space and xy # 0 be any
element of £. We define a mapping 1" : £ — E as follows: For all n > 1,
T(z) = (3 + 7)o, if 2 = (5 + 52)70,
-, if © # (3 + 5 )o.

Then T is a hemi-relatively nonexpansive mapping, but it is not relatively non-
expansive mapping.

Next, we give some important examples which are hemi-relatively nonexpan-
sive.

Example 2.2. [21] Let E be a strictly convex reflexive smooth Banach space.
Let A be a maximal monotone operator of E into £* and J,. be the resolvent for
A with r > 0. Then J, = (J+7A)"J is a hemi-relatively nonexpansive mapping
from E onto D(A) with F(J,) = A~10.

Remark 2.3. There are other examples of hemi-relatively nonexpansive mappings
and the generalized projections (or projections) and others (see [21]).
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In [12, 1], Alber introduced the functional V' : E* x E — R defined by

V(¢,2) = [I9lI* — 2(¢, z) + |||,
where ¢ € E* and x € E. It is easy to see that

V(g,2) = (gl — [l]))*
and so the functional V' : E* x E — R* is nonnegative.

In order to prove our results in the next section, we present several definitions
and lemmas.

Definition 2.4. [13] If E be a uniformly convex and uniformly smooth Banach
space, then the generalized projection IIo : E* — (' is a mapping that assigns
an arbitrary point ¢ € E* to the minimum point of the functional V' (¢, x), i.e., a
solution to the minimization problem

V(0.Te(6)) = inf V(@.y).

Li [16] proved that the generalized projection operator Il¢ : E* — C'is contin-
uous if F is a reflexive, strictly convex and smooth Banach space.

Consider the function ¢ : £ x F — R is defined by
¢(z,y) =V (Jy,x), Vr,y€ kL.

The following properties of the operator Il and V' are useful for our paper
(see, for example, [1, 16]):

(A1) V : E* x E — R is continuous;

(A2) V(¢,z) =0 if and only if ¢ = Jx

(A3) (JHC( ),x) < V(o, )forall¢€E* and x € E;
(A4) The operator Il is J fixed at each point z € E* and = € E;
(A5) If E is smooth, then, for any given ¢ € E* and x € C, x € Hc(gzﬁ) if and
only if

(p — Jr,x —y) >0, Yyel;
(A6) The operator Il : E* — c is single valued if and only if F is strictly
convex;

(A7) If E is smooth, then, for any given point ¢ € E* and = € Il (¢), the
following inequality holds:

V(J{L‘,y) < V<¢7y) - V(gba ZL‘), Vy € C;

(A8) v(¢, X) is convex with respect to ¢ when x is fixed and with respect to z
when ¢ is fixed;

(A9) If E is reflexive, then, for any point ¢ € E*, TIo(¢) is a nonempty closed
convex and bounded subset of C.

Using some properties of the generalized projection operator Ilo, Alber [1]
proved the following theorem:

Lemma 2.5. [I] Let E be a strictly convex reflexive smooth Banach space. Let
A be an arbitrary operator from a Banach space E to E* and 3 be an arbitrary
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fized positive number. Then x € C C E s a solution of the variational inequality
(1.1) if and only if x is a solution of the following operator equation in E:

x =1 (Jo — fAx).

Lemma 2.6. [13] Let E be a uniformly conver smooth Banach space and {y,},
{zn} be two sequences in E such that either {y,} or {z,} is bounded. If we have
limy, oo @(Yn, 2n) = 0, then lim,,_ ||yn — 2n] = 0.

Lemma 2.7. [7] Let E be a uniformly convex and uniformly smooth Banach
space. We have

lo + @[ < [I9]I* +2(®, J(¢ + @)), Vo, P € E.

From Lemma 1.9 in Qin et al. [22], the following lemma can be obtained
immediately:

Lemma 2.8. Let E be a uniformly convexr Banach space, s > 0 be a positive
number and Bs(0) be a closed ball of E. Then there ezists a continuous, strictly
increasing and convex function g : [0, 00) — [0, 00) with g(0) = 0 such that

12 (i) [1* < By (aillil*) — ciag(llzi — ) (2.2)
for all 1,9, - ;xy € Bs(0) = {z € E : ||z|| < s}, @ # j foralli,j €
{1,2,--+ N} and a1, a9, -+ ,ay € [0,1] such that ¥Y a; = 1.

For solving the equilibrium problem, let us assume that a bifunction f satisfies
the following conditions:

(B1) f(z,z) =0 for all z € C;

(B2) f is monotone, that is, f(z,y) + f(y,z) <0 for all z,y € C;

(B3) For all z, y, z € C,

limsup f(tz + (1 — t)z,y) < f(x,y);
t10

(B4) For all z € C, f(x,-) is convex and lower semicontinuous.

For example, let A be a continuous and monotone operator of C' into £* and
define

f(I,y):<A£L',y—IL‘>, \Vlfa?JEC-
Then f satisfies (B1)-(B4).

Lemma 2.9. [5] Let C be a closed and convez subset of a smooth, strictly convex
and reflexive Banach spaces E, f be a bifunction from C' x C' to R satisfying the
conditions (B1)-(B4) and let r > 0, x € E. Then there ezists z € C such that

1
f(z,y) + ;(y—z,Jz— Jx) >0, Yyed.

Lemma 2.10. [32] Let C be a closed and convex subset of a uniformly smooth,
strictly convex and reflexive Banach spaces E, f be a bifunction from C' x C' to R
satisfying the conditions (B1)-(B4). For allr > 0 and x € E, define the mapping

Tr:fv:{zGC:f(z,y)—i—%(y—Z,JZ—Jﬂ?) >0, VyeC}.
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Then the following hold:
(C1) T, is single-valued;
(C2) T, is a firmly nonexpansive-type mapping, that is, for all v,y € E,

(Thx — Tyy, JTrx — JTyy) < (Thx — Ty, Jo — Jy);
(C3) F(T;) = F(T,) = EP(f);
(C4) EP(f) is closed and convex.

Lemma 2.11. [32] Let C be a closed convez subset of a smooth, strictly convex
and reflexive Banach space E, let f be a bifunction from C x C to R satisfying
(B1) — (By) and let r > 0. Then, for x € E and q € F(T,),

¢(q, Trw) + o(Tr, x) < (g, )

Lemma 2.12. [I7] If E is a reflezive, strictly convex and smooth Banach space,
then g = J1.
Lemma 2.13. [28] Let E be a strictly convex and smooth real Banach space, C

be a closed convex subset of E and T be a hemi-relatively nonexpansive mapping
from C' into itself. Then F(T) is closed and conver.

Recall that an operator 7' in Banach space is said to be closed if z,, — x and
Tx, — y implies Tx = y.

3. MAIN RESULTS
Now, we give our mail results in this paper.

Theorem 3.1. Let E¥ be a uniformly convex and uniformly smooth Banach space
and C be a nonempty closed convex subset of E. Let f be a bifunction from
C x C to R satisfying the conditions (B1)-(By). Assume that A is a continuous
operator of C into E* satisfying the conditions (1.2) and (1.3) and S,T : C' — C
are two closed hemi-relatively nonezpansive mappings with F := F(S) N F(T) N
VI(A,C)NEP(f) # 0. Let {x,} be a sequence generated by the following iterative
scheme:

(

xg € C chosen arbitrarily,
zn = He(anJzo + Bpdxn, + Y J T2, + 6, JSxy,),
Yo = J T AT 2 + (1 = \p) (T2, — BAz,)),
up € C such that f(un,y) + 2y = tn, Jun — Jyn) >0, Vy € C,
Chi1=1{2€ 0 0(z,un) < (1= N\p)and(z, z0)
+[1 = (1= An)an]o(z, zn)},

Co =C,
(Tng1 = e, Jro, VN 2>1,
where {an}, {6n}, {7}, {0n} and {\,} are the sequences in [0, 1] with the fol-
lowing restrictions:

(&) oy + Bn 4+ Y + 0, = 1,

(b) 0 <\, <1 and limsup,,_, . A, < 1;

(c) {rn} C la,0) for some a > 0;
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(d) lim,, o o, =0, liminf, ., 3,7, > 0 and liminf,, . 3,0, > 0.
Then the sequence {x,} converges strongly to a point IlpJxg, where g is the
generalized projection from C' onto F.

Proof. We divide the proof into five steps.
Step (1): IIpJxg and Il¢, ,, Jxo are well defined.

From Lemma 2.13, we know that F/(T") and F'(.S) are closed and convex and so
F(T) N F(S) is closed and convex. From Theorem 1.3, it follows that VI(A, C)
is closed and convex. From Lemma 2.10(C4), we also know that EP(f) is closed
and convex. Hence F is a nonempty closed and convex subset of C'. Therefore,
[1rJxg is well defined.

Next, we show that (), is closed and convex for all n > 0. From the definitions
of C,,, it is obvious that (), is closed for all n > 0.

Next, we prove that C,, is convex for all n > 0. Since

O(z,un) < (1= Ap)and(z,20) + [1 — (1 = A\p)an]d(z, )

is equivalent to the following:

2(2,0,J0 + (1 — 0,)Jx, — Ju,) < (1= 0,)||x0]® + (1 — 0,) |27,

where 0, = (1 — A\,)ay,. It is easy to see that C,, is convex for all n > 0. Thus,
for all n > 0, C), is closed and convex and so Ilg ., Jxg is well defined.

Step (2): F C C, for all n > 0. v
Observe that ' C Cy = C' is obvious. Suppose that F' C C} for some k € N.
Let w € F C Cy. Then, from the definition of ¢ and V, the property (A3) of V|
Lemma 2.7, the conditions (1.2) and (1.3), it follows that
o(w, e (Jz, — fAz,)) = V(I (J2z, — BAzZ,), w)
<V(Jz, — fAzp, w)
= |20 — BAz|* = 2(J 2 — BAZy, w) + [[0]|?
< |Jzall? = 28(Az, J T2, — BAZ,)) (3.1)
—2(Jzn — BAzn, w) + |Jw|?
< T znll? = 2(T 20, w) + [w]®
=o(w,z,), VYn>0.

From Lemma 2.10, we see that 7). is a hemi-relatively nonexpansive mapping.
Therefore, by the properties (A3) and (A8) of the operator V' and (3.1), we obtain

¢(w>uk> = ¢(w7 T?“kyk’)

P(w, yr)

= V(Jyg,w)

MV (Jzg,w) + (1= M)V (Je(J 2z, — BAz), w)

IN

A
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= Mp(w, zx) + (1= M) [lw]|* = 2ap(w, Jxo) — 26k (w, Jxy) — 2w, JTay)
— 20 {w, JSp) + ||z + Brd + Y Ty, + 63 J S |]
< M, ) + (1= X [lwll® = 20 (w, Jao) — 26k (w, Jag) — 23w, JTxy)
— 205 {w, JSxy) + |l zo + B i + Wl JTxx||* + 0kl TSz |)?]
= Med(w, zx) + (1 — M) [ard(w, 20) + Bpd(w, ) (3.2)
+ Yed(w, Txy,) + 0pp(w, Sxy,)]
< Nep(w, ) + (1= M) [ (w, w0) + Brg(w, wy)
+ Yed(w, xx) + Ik (w, z)]
= (1 = Ap)ard(w, Tg) + Apdp(w, x) + (1 — Ap)(1 — ag)p(w, )
= (1 = A)arg(w, o) + [1 — (1 — M) ag]d(w, zx)
which shows that w € Cy,q. This implies that F' C C,, for all n > 0.
Step (3): {z,} is a Cauchy sequence.

Since z,, = g, Jxg and F C C,, we have V(Jzg, x,) < V(Jxg,w) for all
w € F. Therefore, {V(Jxg,z,)} is bounded and, moreover, from the definition
of V, it follows that {z,} is bounded. Since x,41 = ¢, J2zg € Cpyq and
x, = g, Jxo, we have

V(Jxo, z,) < V(Jzo,2py1), VYn >0.

Hence it follows that {V(Jxg,2,)} is nondecreasing and so lim, ., V(Jzg, z,)
exists. By the construction of C,,, we have that C,,, C C, and z,,, = ll¢, Jxy € C,
for any positive integer m > n. From the property (A3), we have

V(Jxn, m) < V(Jzo, 2m) — V(Jz0, 20)

for all n > 0 and any positive integer m > n. This implies that

V(JZn, Tm) — 0 (n,m — 00).
The definition of ¢ implies that
(Tm,xn) — 0 (n,m — 00).
Applying Lemma 2.6, we obtain
|Tm — x| = 0 (n,m — o).

Hence {z,} is a Cauchy sequence. In view of the completeness of a Banach space
E and the closeness of C, it follows that
lim x, =p

for some p € C.
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Step (4): p € F.

First, we show that p € F(S) N F(T). In fact, from (3.3), we obtain that

lim ¢(xp41,2,) =0

n—oo

and, since {x,} is a Cauchy sequence in E, we have

lim ||zp41 — xa] = 0.
n—oo

Note that z,.1 = Il¢

1 JTo € Crqr and so

¢($n+17un> < (1 - )‘n)an¢(xn+17$0) + [1 - (1 - )‘n)an]¢<$n+l,zn)'

By lim,, .o a;, = 0 and (3.3), it follows that

m ¢(zpi1,un) <
n—00 n—00
=0

and so
nh—>H010 (Tpt1,un) = 0.
Using Lemma 2.6, it follows that
i s = | = 0.
Combining 2.12 and (3.4), we obtain
lim [z, — | = 0
and hence it follows that

lim u, = lim z,, = p.

n—oo n—oo

lim o211, )

(3.3)

(3.4)

(3.5)

(3.6)

On the other hand, since J is uniformly norm-to-norm continuous on bounded

sets, one has

lim ||Jz,, — Ju,| = 0.

(3.7)

Since {z,} is bounded, {Jx,}, {JTz,} and {JSz,} are also bounded. Since E is
a uniformly smooth Banach space, one knows that E* is a uniformly convex Ba-
nach space. Let r = sup,~o{||Jzull, ||JTxn],||JSzn]|}. Therefore, from Lemma
2.8, it follows that there exists a continuous strictly increasing convex function
g :10,00) — [0,00) satisfying g(0) = 0 and the inequality (2.2). It follows from
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the property (A3) of the operator V, (3.1) and the definition of S and T" that
d(w, zp) = V(Jzp, w)
< V(apJxog + Bndzy + Yo J Ty + 60 J Sxy, w)
= ¢(w, J HanJzg + Bpdzy + Y Txy + 0,JS1,))
= ||w|]* = 20, (w, Jzo) — 2B, (w, Jx,) — 27, (w, JTx,) — 28, (w, JSx,,)
+ Nl Jzo + Budxy + Yud Ty + 6,0 Sy ||?
< lwl]? = 2an (w, Jzo) — 2B, (w, Jx,) — 27, (w, JTx,) — 28, (w, JS,,)
+ | J2o||* + Ball J2nl* + Aul | T2 | + 64| TS| (3.8)
= B g ([T 20 — Jau]|)
= and(w, To) + Bud(w, Ty) + Ynd(w, Txy) + bpd(w, Szy)
= Bang(|JTwn — J]|)
< anp(w, z9) + Buod(w, ) + Yod(w, x,) + (W, )
= Bang(| T T — J|)
= and(w, o) + (1 — an)p(w, 20) = B yng (| J T2 — Janl])-
From the property (A8) of the operator V, (3.1) and (3.8), we obtain
P(w,up) = o(w, Tr,yn) < G(w, yn) = V(Jyn, w)
< ANV (Jzp,w) + (1 = N\)V (Il (J 2z, — BAzZ,), w)
= Mo(w, x,) + (1= N\)o(w, e (Jz, — BAz,))
= Ad(w, ) + (1 = An)d(w, 20))
S Mo(w, zn) + (1 = Ap)[and(w, o) + (1 — an)d(w, )
= Bang([JTwn — Jn[)]
= (1 = Ap)d(w, z9) + [1 — an(l — Ap)]d(w, z5,)
— (1= X) B g ([T Twn — Ja|).

Therefore, we have
(L= An)BnYng ([ Ty — Jan|]) < Ondp(w, 20) + (1 — Op)p(w, ) (3.9)
- ¢(w7 un)7

where 6, = a, (1 — \,).
On the other hand, we have

A(w, ) — G(w, un) = 2(Jun — 2, w) + [[Tall* = [fun*
< 2(Jup = Jn, p) + ([[2all = NunlD([lznll + Junl])
< 2[|Jun = Jan[l[lwll + llzn — unl ([l + lJunl)
It follows from (3.4) and (3.7) that

lim (¢p(w, z,,) — p(w, uy,)) = 0. (3.10)

n—oo
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By the assumptions limsup,, . A, < 1, lim, oo, = 0, liminf, .o By, > 0,
(3.8) and (3.9), we have
i (1T, ~ Jz,]) = 0.
It follows from the property of g that
7}1—{20 |JTz,, — Ja,|| = 0. (3.11)

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we have
nhi& |tn — Ty = nhﬂrgc> |\J Tz, — J  Jx,|| = 0. (3.12)

Similarly, we can apply the condition liminf, .. 3,0, > 0 to get
nll_)Holo |zn — Sz,| = 0. (3.13)
Since lim,, ., x,, = p and the mappings T, .S are closed, we know that p is a fixed

point of T" and S, that is, p = Tp and p = Sp.
Secondly, we show that p € EP(f). In fact, from (3.2), we know that

P(w,yn) < (1= Ap)and(w, 20) + [1 — (1 — A\p)aw]o(w, z,).
In view of u,, = T} vy, and Lemma 2.11, one has
O (tn, Yn)
= O(Tr,Yn Yn) < S(w,yn) — $(w, T, yn)
< (1= An)and(w, z0) + [1 = (1 = An)an]d(w, 20) — d(w, T, yn)
= (1= A)and(w, zo) + [1 = (1 = Ap)an]d(w, 25) — d(w, un).
In view of lim,_, o, = 0 and (3.10), we obtain
Tim ¢ (un, yn) = 0.
Applying Lemma 2.6, we obtain
lim |ju, —yn| = 0. (3.14)

n—oo
Since J is a uniformly norm-to-norm continuous on bounded sets, one has
lim || Ju, — Jy,|| = 0.
n—oo
From the assumption that r,, > a, one has

lim | Jtn, — Jynl| _

n—00 Tn

0.
Observing that u,, = T, y,, one obtains

1

n

From (B2), one get

||y - Un’ <y — Up, JUp — Jyﬂ) > _f(unay)

> fy,un), VyeC.
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Taking n — oo in the above inequality, it follows from (B4) and (3.6) that

fly,p) <0, VyeC.

For all 0 <t <1 and y € C, define y, = ty + (1 — t)p. Note that y, p € C, one
obtains y, € C, which yields that f(y;,p) < 0. It follows from B1 that

0= fye,ye) <tf(yey) + (L =) f(ye,p) < tf (Y, y),

that is

Let ¢ | 0. From (B3), we obtain f(p,y) > 0 for all y € C, which imply that

p € EP(f).
Finally, we show that p € VI(A,C). In fact, by (3.5) and (3.14), we have

lim ||z, — yn| = 0.
n—oo
Since J is uniformly norm-to-norm continuous on bounded sets, we have
lim || Jy, — Ja,|| = 0.
n—oo

Since || Jy, — Jx,|| = (1 — ) || /e (S 2, — BAz,) — Jz,|| and limsup,, o An < 1,
we obtain

lim ||JTe(J2, — BAz,) — Ja,|| = 0. (3.15)

Since J~! is also uniformly norm-to-norm continuous on bounded sets, we have

lim |[[TIo(Jz, — BAz,) — x| = lim || J ' e(J2, — BAz,) — J ||

n—oo

=0.
On the other hand, from Lemma 2.11, we compute that
(@n, Trn) < P(w, ) — ¢(w, Twy)
= 2(Jxy — JTxp,w) + ||2,]]* — | T2, |

< 2(Jwn — JTwn, w) + ([|on]] = [|T2n]) (2]l + [ Tal)
< 2[|Jay = JTap|[wll + (20 = Teall) (lznll + 1T2n]])-

By (3.11) and (3.12), take n — oo in the above inequality, we have

lim ¢(z,, Tx,) = 0.

n—oo

Similarly, we can also obtain

lim ¢(z,, Sz,) = 0. (3.16)

n—o0
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From the properties (A2) and (A3) of the operator V', we derive that
O(Tn, zn) = V(Jzn, )
< V(apJzo + BpnJxy + Y J Tz, + 0pJ STy, T40)
= HanQ — 200y, J20) — 26, (T, JTn)
— 29 (xp, JT ) — 20, (2, JSy)
+ lanJxg + Budxy + Y J Ty + 6, J Sy |2
< |lwpll? = 200 (2, J20) — 280 {0, J20)
— 29 (xp, JT ) — 20, (xy, JSy)
+ O%HJJIOH2 + 671”*]%1”2 + 7n||JTxn||2 + 5n||<]5xn||2
= nP(Tn, o) + Bnd(Tn, Tn) + Vud(Tn, Txy) + 0nd(xs, Sty).

By the continuity of the function ¢, lim,_., a,, = 0, (3.12), (3.13) and the close-
ness property of the mappings S and 7', we have

lim ¢(zy, 2,) = 0.

n—oo

From Lemma 2.6, we have

lim ||z, — z,|| = 0.
n—oo

In view of (3.15) and (3.16), we get
”HC(‘]ZH — BAz,) — Zn” < ”HC(JZn — BAz,) — || + |70 — Zn”
—0 (n— o00).

Since lim,, ., x, = p and (3.16), it follows that lim,, ., z, = p. By the continuity
of the operator J, A and I, we obtain

nh—{go HHC(JZn - 6142”) - HC(Jp - ﬁAp)H =0.

Note that
IMe(Jzn — BAz) — p)|| < [He(Jzn — BAzy) — 2l + |20 — pll
—0 (n— 00).
Hence it follows from the uniqueness of the limit that p = llo(Jp — SAp). From
Lemma 2.5, we have p € VI(A,C) and so p € F.
Step (5): p = IpJx.
Since p € F, from the property (A3) of the operator I, we have
V(JUpJxo,p) + V(Jzo, lIp ) < V(J20, ). (3.17)

On the other hand, since x,41 = ll¢, ., Jro and F' C Cpyy for all n > 0, it
follows from the property (A7) of the operator Il that

V(J.’]?erl, HFJ.’E()) + V(Jl'o, xn+1) < V(J.To, HFJLEQ) (318)
Furthermore, by the continuity of the operator V', we get
lim V(Jxg, xni1) = V(Jzo, p). (3.19)
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Combining (3.17), (3.18) with (3.19), we obtain
V(Jxo,p) = V(JI(), HFJJ]()).

Therefore, it follows from the uniqueness of IIzJxg that p = [IpJxy. This com-
pletes the proof. O

Remark 3.2. Theorem 3.1 improves Theorem 3.1 of Liu [17], Theorem 3.1 of
Kamraksa and Wangkeeree [11] in the following senses:

(1) The iteration algorithm (3.1) of Theorem 3.1 is more general than the
one given in Liu [17], Kamraksa and Wangkeeree [1/] and, further, the algorithm
(3.1) of Theorem 3.1 in Liu [17] is related to two problems, that is, the fixed point
and variational inequality problems, but our algorithm in Theorem 3.1 is related
to 3 problems, that is, the fixed point, variational inequality and equilibrium
problems.

(2) If The class of hemi-relatively nonexpansive mappings is more general than
the class of relatively weak nonexpansive mappings used in Kamraksa and Wang-
keeree [14].

Remark 3.3. As in Remark 3.1 of Liu [I7], Theorem 3.1 also improve Theorem
3.3 in Li [16] and Theorem 3.1 in Fan [11].

If we only consider one hemi-relatively nonexpansive mapping, then the follow-
ing result is obtained directly by Theorem 3.1:

Corollary 3.4. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C'x C
to R satisfying the conditions (B1)-(By). Assume that A is a continuous operator
of C into E* satisfying the conditions (1.2) and (1.3) and T : C — C' is closed
hemi-relatively nonexpansive mapping with F := F(T)NVI(A,C)NEP(f) # 0.
Let {x,} be the sequence generated by the following iterative scheme:
(29 € C chosen arbitrarily,
zn = He(anJxo + Bndt, + Y dTxy),
Yn = J T AnJzy + (1 = \p) (T2, — BAzZ,)),
un, € C' such that f(u,,y) + %(y — Up, Ju, — Jy,) >0, Yy e C,
Cor1={2€Cy: 0(z,u,) < (1= N\)and(z, x0)

+[1 = (1= An)an]o(z, n)},

(3.20)

C(] - C,
(Tnt1 = ¢, Jxo, Vn >1,

where {a,}, {Bn}, {m} and {\.} are the sequences in [0, 1] with the following
restrictions:

(a) Qn+ﬁn+7n = 1;

(b) 0 <\, <1 and limsup,,_, . A, < 1;
(c) {rn} C [a,00) for some a > 0;
(d

) lim, o v, = 0, liminf, . Gy, > 0.
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Then the sequence {x,} converges strongly to a point IlgpJxg, where Ilg is the
generalized projection from C' onto F.

When «,, = 0 in (3.20), The following result can be directly obtained by Corol-
lary 3.4:

Corollary 3.5. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C x C
to R satisfying the conditions (By)-(By). Assume that A is a continuous operator
of C into E* satisfying the conditions (1.2) and (1.3) and T : C — C' is closed
hemi-relatively nonexpansive mapping with F : F(T)NVI(A,C) N EP(f) # 0.
Let {x,} be the sequence generated by the following iterative scheme:

(x4 € C chosen arbitrarily,

zn = He(Budzn + Y Tx,),

Un = J T AnJzn + (1 = \) (T2, — BAz,)),

un, € C' such that f(u,,y) + i(y — Up, Juy, — Jy,) >0, Yy e C,
Coi1={2€C,: 0(z,u,) < o2, 2,)},

CO - C,

(Tng1 = e, Jro, VN 2>1,

where {6}, {7} and {\,} are the sequences in [0, 1] with the following restric-
tions:

(a) ﬂn + Y = L;

(b) 0 < A\, <1 and limsup,,_, A\, < 1;

(c) {rn} C [a,00) for some a > 0;

(d) liminf,, . By, > 0.
Then the sequence {x,} converges strongly to a point llpJxg, where Ilg is the
generalized projection from C' onto F'.

If we consider two relatively weak nonexpansive mappings, then the following
result can be also obtained by Theorem 3.1:

Corollary 3.6. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C'x C
to R satisfying the conditions (By)-(By). Assume that A is a continuous operator
of C into E* satisfying the conditions (1.2) and (1.3) and S,T : C — C are two
relatively and weakly nonexpansive mappings with F' := F(S)NF(T)NVI(A,C)N
EP(f) # 0. Let {x,} be the sequence generated by the following iterative scheme:

(x4 € C chosen arbitrarily,

zn = He(anJxo + Bndxn + v J T, + 6, JSx,),
Yn = J 1 AnJz, + (1= N\) e (J 2, — BAZ,)),
u, € C' such that f(un,y)+ %(y — Uy, Juy, — Jyn) >0, Yy eC,
Cn+1 = {Z € Cn : ¢(Zaun> < (1 - An)angb(zamO) + [1 - (1 - /\n)an]gb(zaxn)}a
Co=0C,
\ Tn+1 = HCn+1 JSIZ(), Vn > 1,
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where {an,}, {6}, {7}, {00} and {\.} are the sequences in [0, 1] with the fol-
lowing restrictions:

(b) 0 < A\, <1 and limsup,,_, A\, < 1;

(c) {rn} C [a,00) for some a > 0;

(d) lim,, 0 o, = 0, liminf, . 3,7, > 0 and liminf,,_, 3,0, > 0.
Then the sequence {x,} converges strongly to a point llpJxg, where Ilg is the
generalized projection from C onto F.

When «,, = 0 in the Theorem 3.1, we obtain the following modified Mann type
hybrid projection algorithm:

Corollary 3.7. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C'x C
to R satisfying the conditions (By)-(By). Assume that A is a continuous operator
of C into E* satisfying the conditions (1.2) and (1.3) and S,T : C — C are two
closed hemi-relatively nonexpansive mappings with F := F(S)NF(T)NVI(A,C)N
EP(f) # 0. Let {x,} be the sequence generated by the following iterative scheme:

(14 € C chosen arbitrarily,

zn = Ue(Bndzn + YT, + 0,JSxy),

Un = J T MnJz + (1 = \p) (T2, — BAZ,)),

un, € C' such that f(u,,y) + %(y — Up, Juy, — Jy,) >0, Yy e C,
Cor1={2€C,: 0(z,u,) < oz, 2,)},

Co=0C,
(Tng1 = e, Jxo, VN 2>1,

where {6,}, {7}, {0n} and {\,} are the sequences in [0, 1] with the following
restrictions:

(a) ﬂn+7n+5n = 1;

(b) 0 < A\, <1 and limsup,,_, . A\, < 1;

(c) {rn} C [a,00) for some a > 0;

(d) liminf, .« 5,7, > 0 and liminf, .., 8,6, > 0.
Then the sequence {x,} converges strongly to a point IlpJxg, where Ilg is the
generalized projection from C' onto F.

4. APPLICATIONS TO MAXIMAL MONOTONE OPERATORS

In this section, we apply the our above results to prove some strong convergence
theorem concerning maximal monotone operators in a Banach space F.

~ Let Bbe a multi-valued operator from £ to E* with domain D(_B) ={z€eE:
Bz # 0} and range R(B) = {z € E : z € D(B)}. An operator B is said to be

monotone if

(r1 — 22,91 —y2) >0
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for all 21,75 € D(B) and y; € By, y» € Bxy. A monotone operator B is said to
be maximal if it’s graph G(B) = {(,y) : y € Bz} is not properly contained in
the graph of any other monotone operator.

It is well known that, if B is a maximal monotone operator, then B0 is closed
and convex.

The following result is also well known.

Lemma 4.1. [20] Let E be a reflexive, strictly convex and smooth Banach space
and B be a monotone operator from E to E*. Then B is marimal if and only if
R(J +rB) = E* for all r > 0.

Let E be a reflexive, strictly convex and smooth Banach space and B be a
maximal monotone operator from E to E*. Using Lemma 4.1 and the strict
convexity of F, it follows that, for all » > 0 and x € FE, there exists a unique

x, € D(B) such that
Jx € Jx, + rBz,.

If J,x = x,, then we can define a single valued mapping J, : E — D(B) by
Jp = (J+rB)~'J and such a J, is called the resolvent of B. We know that
B7'0 = F(J,) for all r > 0 (see [30, 31] for more details).

The following lemma plays an important role in our next theorem:

Lemma 4.2. [29] Let E be a uniformly convexr and uniformly smooth Banach
space, B be a maximal monotone operator from E to E* and J, be a resolvent of

B. Then J, is closed hemi-relatively nonexpansive mapping.

We consider the problem of strong convergence concerning maximal monotone
operators in a Banach space. Such a problem has been also studied in [15, 13,
, 25, 27]. Using Theorem 3.1, we obtain the following result:

Theorem 4.3. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C'x C
to R satisfying the conditions (B1)-(By). Assume that A is a_continuous operator
of C into E* satisfying the conditions (1.2) and (1.3), B1,B2 : C — C are two
mazimal monotone operator from E to E*, J5 and JP2 are two resolvents of By
and By with F := B710NB;'0NVI(A,C)NEP(f) # 0. Let {x,} be the sequence
generated by the following iterative scheme:
(1o € C chosen arbitrarily,

2n = HelanJ o + BpJtn + ynd JP 2, + 6,0 T522,,),

Yn = J A Jz + (1 — X)) JTe(J 2, — BAZ,)),

u, € C' such that f(u,,y)+ %(y — U, Ju, — Jyn) >0, VyeC,
Croy1={2€Cy: 0(z,u,) < (1= N\p)and(z, x0)

1= (1= An)an]o(z, 20) },

(4.1)

Co=C,
(Tnt1 = g, Jrg, Vn 2>1,
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where {an,}, {6}, {7}, {00} and {\.} are the sequences in [0, 1] with the fol-
lowing restrictions:

(b) 0 < A\, <1 and limsup,,_, A\, < 1;

(c) {rn} C [a,00) for some a > 0;

(d) lim,, 0 o, = 0, liminf, . 3,7, > 0 and liminf,,_, 3,0, > 0.
Then the sequence {x,} converges strongly to a point llpJxg, where Ilg is the
generalized projection from C onto F.

Proof. From Lemma 4.2, we know that JZ* and J5' are two closed hemi-relatively
nonexpansive mappings. Furthermore, applying Theorem 3.1, we can obtain that
the sequence {z,} converges strongly to a point IIzJx. Il

Considering A\, = 0 in (4.1), we can directly obtain the following corollary by
applying Theorem 4.3:

Corollary 4.4. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C x C
to R satisfying the conditions (By)-(By). Assume that A is a continuous operator
of C into E* satisfying the conditions (1.2) and (1.3), B;,Bs : C — C are two
mazimal monotone operator from E to E*, J5" and JP2 are two resolvents of By
and By with F := B7'0NB;'0NVI(A,CYNEP(f) # 0. Let {x,} be the sequence
generated by the following iterative scheme:

(z9 € C chosen arbitrarily,
zn = He(anJzg + Budx, + ’ynJJflxn + 5nJJ§2xn),
Yo = Ho(J2, — BA2,)),
u, € C such that f(un,y)+ i(y — Up, JUuy — Jy,) >0, VyeC,
Coni1 ={2€ Cp: 0(2,u,) < and(2,20) + (1 — ) d(2,20)},
Co=0C,
(Tng1 = e, Jro, VN 2>1,

where {a,}, {Bn}, {1} and {6,} are the sequences in [0,1] with the following
restrictions:

(b) {rn} C [a,00) for some a > 0;

(c) im,, o v, = 0, liminf, . B,v, > 0 and liminf,,_. 5,0, > 0.
Then the sequence {x,} converges strongly to a point IlpJxg, where Ilg is the
generalized projection from C' onto F'.

When {a,} = 0in 4.2, we can obtain the new modified Mann iteration for the
variational inequality (1.1), the equilibrium problem (1.4) and zeros of maximal
monotone operators as follows:

Corollary 4.5. Let E be a uniformly convex and uniformly smooth Banach space
and C' be a nonempty closed convex subset of E. Let f be a bifunction from C'x C
to R satisfying the conditions (By)-(By). Assume that A is a continuous operator
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of C into E* satisfying the conditions (1.2) and (1.3), By, By : C — C' are two
mazimal monotone operator from E to E*, J5 and JP2 are two resolvents of By
and By with F := B;'0NB,'0NVI(A, C)NEP(f) # 0. Let {x,} be the sequence
generated by the following iterative scheme:

(zy € C chosen arbitrarily,

2n = Ho(BpJxn + Y JB 2, + 6,0 T521,),

Yn = HC<JZn - ﬂAzn))a

u, € C' such that f(u,,y) + %(y — Up, JUp — Jyp) >0, Yy e C,
Crp1 ={2 € Cp: d(z,upn) < d(2,20)},

Co=C,

(Tng1 = g, Jxo, Vn 2>1,

where {B,}, {7} and {6,} are the sequences in [0, 1] with the following restric-
tions:

(b) {rn} C [a,00) for some a > 0;

(c) iminf, . B,y > 0 and liminf, . 8,6, > 0.
Then the sequence {x,} converges strongly to a point llpJxy, where Ilg is the
generalized projection from C onto F.
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