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ABSTRACT. We study the noncommutative Orlicz modular spaces associated
with growth functions. Some basic properties of such spaces, such as complete-
ness and dominated convergence theorem, are present. Moreover, Young and
Clarkson—McCarthy inequalities on these spaces proved.

1. INTRODUCTION

Let M be a semi-finite von Neumann algebra equipped with a normal faithful
semi-finite trace 7. Given 0 < p < oo we denote by LP(M) the usual noncom-
mutative LP-spaces associated with (M, 7). For the theory of noncommutative
LP-spaces, we refer the readers to [3, 4, 10, 12]. We denote the set of all T-measure
operators by Lo(M, 1), or simply Lo(M). We consider the noncommutative Or-
licz modular spaces L (M) associated with a growth functions ® (see preliminar-
ies for the definition). About the modular theory we refer the interested readers
to [6, 9, 11, 13]. It is well-known that Orlicz spaces for convex functions are
the generalization of L, spaces for p > 1. Many authors discuss Orlicz spaces
for convex functions( see [6, 9, 11, 13] ). In this work we study noncommuta-
tive Orlicz spaces for the more general case of growth functions. These kinds of
noncommutative Orlicz spaces are a generalization of noncommutative L,, spaces
for p > 0. In section 1, we show some results about the growth functions such
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as, mainly, characterizations of Ay and A 1 conditions, and relationship between

general growth functions and concave or convex growth functions.

T. Fack and H. Kosaki in [4] proved the dominated convergence theorems of
T-measurable operators for noncommutative LP-spaces. G. Sadeghi proved this
theorem for noncommutative Orlicz spaces associated with convex functions in
[13]. We extend this result to the noncommutative Orlicz spaces associated with
growth functions. This will present in section 2. In section 3, we prove Young
and Clarkson—McCarthy inequalities for noncommutative Orlicz spaces associated
with growth functions.

2. RELATIONSHIPS OF GROWTH FUNCTIONS

Definition 2.1. We say a function ® is a growth function, if ® is a continuous
and nondecreasing function from [0, co) onto itself.

In this paper we always assume that for a growth function ®, t®'(¢) is also a
growth function. There are many simple examples of growth functions ® such
that t®'(t) are also growth functions. For example ®(t) = t*, for every p > 0.
There are also some growth functions ® such that ¢®’(¢) are not growth functions,
such as ®(t) = In(1 +¢).

For a growth function ®, set a = sup{t : ®(t) = 0}. Then a < oo and
®(t) = 0 for all t € [0,a]. Hence we may assume that ®(¢) > 0 for all ¢ > 0
(otherwise replace ® by ®(a+-)). For a growth function ®, we have the following
quantitative indices:

- t®'(t) ' (t)
=inf ——= = sup ——-.
p‘:b >0 (b(t) Y q@ t>103 @(t)
Definition 2.2. (i) A growth function ® obeys Ay-condition for all ¢ > 0, often

written as ® € Ay, if there is a constant K > 1 such that ®(2t) < K®(¢) .
(ii) A growth function ® said to satisfy the A 1-condition for all £ > 0 , denoted

symbolically as ® € A1, if there is a constant 0 < K <1 such that (%) <
Ko(t).
By Proposition 1.4 in [1], we have that
® e Ay & gp < 00, @eA%@p¢>O. (2.1)

If ® satisfies the Ay and A 1 conditions for all ¢ > 0 , we denote symbolically as
deAyNA 1.

Definition 2.3. Growth functions ®;, ®, are said to be equivalent, denoted by
®, ~ Py, if there exist positive constants C, Cy, C3, Cy such that

C1®1(Cat) < o(t) < C3®1(Cit), Yt > 0.

In [1], we proved that if &1 ~ &1, then &; € Ay & Py € Ay and P, € A% &
®y € Ay (see Proposition 1.4).

Proposition 2.4. Let ® be a growth function. Then the followings hold.
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(1) For every p € [0,pas), t P®(t) is non-decreasing function and for every q €
[qp,00), t71D(t) is non-increasing function.
(il) ® € Ay is equivalent to that for a constant C' > 1 there is a constant K > 1
such that ®(Ct) < K®(t) for all t > 0.
(iii) ¢ € A% is equivalent to that for a constant 0 < C' < 1 there is a constant

0 < K <1 such that ®(Ct) < K®(t) for allt > 0.
Proof. (i) For every p € (0, pg|, t PP(t) is non-decreasing function. Indeed,
(E7P0(t)) = 77 (1D (1) — p®(t)) > ¢ 7 (pa®(t) — p®(t)) > 0.

Similarly, we get ¢t~9®(t) is non-increasing for every ¢ € [¢g,00).
(ii) Let ® € Ay. If C' > 1, then by (2.1) and (i),

B(CL) < CDB(L), V>0,

i.e., the desired result holds. Conversely, if there are constants C' > 1 and K > 1
such that ®(Ct) < K®(t) for all ¢t > 0, then there is an integer n > 0 such that
C" < 2 < C"1 Tt follows that ®(2t) < &(C™ ) < K"M'®(t) and K™ > 1,
i.e., NS AQ.

(iii) Let ® € A If 0 < C <1, then by (2.1) and (i), we get

B(Ct) < CP*D(t), Vit > 0.

This implies the desired result. Conversely, let 0 < C' < 1 and 0 < K < 1 such
that ®(Ct) < K®(t) for all t > 0. Then

+ S

So ps > 19=(1 — K) > 0. By (2.1), @ € Ay O

We let ®@)(t) = ®(+*), where « is a positive real number. Then it is easy to
see that pg) = aps, e = AQs.

Theorem 2.5. Let ® be a growth function and ® € A NA,. Set Do (t) =t (t).

(i) If qoo < 1, then ®) is a concave growth function.
(ii) If pe,o > 1, then ®) is a convex growth function.

Proof. (i) Set a = sup{t: ®'(t) = 0}. Then a < oo and ®(t) = 0 for all ¢ € (0, a].
Hence we may assume that ®'(¢) > for all t > 0 (otherwise replace ® by ®(a+-)).

Since ®¢(t) is nondecreasing function on [0, 0o), ®"(t) exists for all ¢ > 0 except
a countable set of points in which we take ®" () as the derivative from the right.
Computing we get that

(@(1)) = at* 1o (%)
and
(@@1))" = ala— 172 (1) + 22V (19)
" 1 !
:aWJQ@@%+u—4@m0

a

o tod” (1) 1
= e (B2
a (%) Ty T
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Since pe®(t) < t&'(t) < qa®(t), we get & ~ &y. By Proposition 1.4 of [1],
0 < pa, < g, < 00. Hence

HPo(t) _ t(t®'(t))

< = < Vit>0
p@o =~ Cbo(t) tq)/(t) = Q‘I)oa )
SO
t®" (t)
—-1< < -1, Vt>O0.
Do, =3 (t) > (o, )
It follows that
te®" ()
1< ——12 < —1 t . 2.2
p<1>0 _— @/(ta) f— quo b v > O ( )

Since gp,a < 1, by (2.2) we have that
" / 1
(@(1))" < a®®'(t7)(ga — —) <0, V>0,

which implies that ®® is a concave growth function.
(ii) It is proved in [1]. O

3. NONCOMMUTATIVE ORLICZ SPACES

Let M be a semi-finite von Neumann algebra equipped with a normal faithful
semi-finite trace 7. Let Lo(M) denote the topological x-algebra of measurable
operators with respect to (M, 7). The topology of Ly(M) is determined by the
convergence in measure.

Definition 3.1. Let ® be a growth function. We define the corresponding non-
commutative Orlicz space on (M, 1) by

L*(M) = {z € Ly(M) : 7(®(|]\z])) < 00 for some X > 0}.

Let a growth function ® satisfies the As-condition. By Proposition 2.4, we
know that 7(®(|Az])) < oo for some A > 0 are equivalent to 7(®(|z|)) < co. So
L*(M) = {z € Lo(M) : 7(®(|x])) < oo} for & € A,.

Definition 3.2. Let X be an arbitrary vector space. A functional p : X — [0, 00|
is called a modular, if for arbitrary =,y € X,

(i) p(x) =0 if and only if x = 0,
(ii) p(ax) = p(x) for every scalar o with |a| = 1,
(iii) p(ax + By) < p(x) + p(y) for o, B > 0 such that a + 5 = 1.

We now define a functional pg on Lo(M) by
pa(r) = 7(®(|z]), V€ Lo(M).
It follows from corollary 2.8 of [1] that pe(x) = 7(®(|z])) = [~ P(pe(x))dt.

Theorem 3.3. Let ® be a growth function and ® € A% N Ay. Then pg is a
modular on Ly(M).



NONCOMMUTATIVE ORLICZ MODULAR SPACES 119

Proof. 1t is clear that pe satisfies the (i) and (ii) of Definition 3.2. Let z,y be
T-measurable operators, «, 5 > 0 such that « + 8 = 1. By Lemma 4.3 of [4]( also
see [7]), there exist partial isometries u,v € M such that

| + By| < aulz|u” + Bulylo*.

Using Theorem 2.5 we find a natural number n such that @) is concave growth
function. By Proposition 4.6 of [4],

palaz+ By) = 7(®(jox+ Byl) = / ™ Bl 1 By))de

8

O (pe(ulz|u” + Boly|v*))dt

8

) (vl |u + Bolylv*))")dt

8

LSy
~
S|=

M ((ceulzlu + Bolylo)"))dt

8

KA
AN
2 e

M(pe(alule|u)" + Blolylv™)"))dt

| =

o

L)(ut(a(UIxIU*)"))dH/OOO S (e (B(olylv™)™))dt

8

OC) (™)) dt + / S0 (Bpu(|y|™))dt

8

B {0k uy ()t + / 0Bt iy

3

C\o\o\c\gc\c\c\c\

B (pu())dt + / " D))t

(@(|z])) + 7(2(ly]))
= pa(r) + pa(y).

Thus pg is a modular on Lg(M). O

|
\]

Theorem 3.4. Let ® be a growth function and ¢ € A% N Ay. Then noncommu-
tative Orlicz space L®(M) is py-complete.

Proof. Let {x,} be a pg-Cauchy sequence in L*(M). Then
pa(Ty — ) — 0 (n,m — 00)
From this we get that for all £ > 0,
we(xy — ) — 0 (n,m — 00). (3.1)

Indeed, if p(z, — ) - 0 (n,m — 00), then there are ¢ > 0, ty > 0 and for
any k € N there exit ng, mj, > k such that

Mto(xnk - xmk) Z €0-
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By the right continuity of yu,, there exists § > 0 such that
i (Tny — Tmrk) > %, Vit € (to,to + 0).

By the definition of a growth function ®, we have

p<1><xnk - xmk) - T(®<Ink - Imk))

_ /OOO (1t (@, — ) )t

to+0
> / Bt (i, — o))t

to
> cb(%o)a > 0.
That is contraction. Thus (3.1) holds.
By Lemma 3.1 of [4], {z,} is a cauchy sequence in Ly(M). Since Lo(M) is
a complete, there exist a T-measurable operator z € Lg(M) such that {z,}

convergence to x in measure topology. By the Lemma 3.4 of [1] and continuity
of ®, we obtain

pd@::T@@»:A“yM@Wﬁ

n—00

< / lim inf ®(u(z,))dt
0

n—oo

< lim inf / B(jug ()t
0

= lim inf pg(z,,).

Similarly,
po(r —x,) < %13100 inf po (T — 2,), VneN. (3.2)
On the other hand, since ® € A,,
pa(2(z — n)) + po(22n))
K(po(z — 2n) + po(2n)).

This implies pg(z) < 00, i.e. & € LT(M). By (3.2), it follows that the sequence
{z,} is pg-convergent to x. O

pe(z) = po(r — xp +2,) <
<

Next, we prove the dominated convergence theorems for T-measurable opera-
tors with respect to the modular pg.

Theorem 3.5. Let ® be a growth function and ¢ € A% N Ay, Let {x,} be
a sequence of T-measurable operators converging to x in the measure topology.
Assume that there exist T-measurable operators y,, n=1,2 -+ and y in L*(M),
satisfying the following conditions:

(1) |zn| < |ynl,

(iii) the sequence {y,} converges to y in the measure topology.
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Then z,, and x are in L*(M) and

lim pg(z, —x) = 0.
n—oo

Proof. We use the method in the proof of Theorem 3.11 of [13]. Since ® € A,,
L*(M) = {x € Loy(M) : 7(®(|z])) < o0}

From the condition (i) and Lemma 2.5 of [1] we know that pu(z,) < we(yn).
Therefore for the growth function ®,

zmﬂm@wwhgéwﬂm@MMt

Whence
pa(Tn) < pa(Yn)-

This implies that z,, € L?(M), since y, € L*(M). From the proof of Theorem
3.4, we know that

pa(r) < lim inf pg(z,) < lim inf pg(ys) < pa(y)-

n—o0

This inequality ensures that z € L*(M).
Since ® is a growth function and satisfies the As-condition, by the Theorem

)

1
2.5, there is a natural number ngy such that 376’ concave growth function. Hence

1

(ot B)) < B (2 am 4 2

70) (271 am0) 4 Bl (2701 gro)
(20) + @(25)

K(®(a)+ ®(B)), Va,p>0.

O(a+ 5) o
(I)(
0]

VAN VANRVA

Applying this we obtain that

O(pue (2 — 1))

IAIAIA
gy
=

On the other hand, it follows from Lemma 3.1 and 3.4 of [4] that

lim py(x, —2) =0 and p:(y) < lim inf pe(y,).
2 n—o00 2

n—o0

Hence

Tim inf{ K (e (yn)) + (pg ()] = P(pu(wn — 7))}

> K[CD(,u%(y)) + @(u%(x))]

i
2
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By usual Fatou Lemma, we have that

/K pe(y)) + @(p

())]dt

m@»

< [t e DGy (5,) + Dy (2)] = Bl — 7))l
< Jim inf [ (K (B3 (5,)) + g (2)] = Blpe(a, — )

From the assumption (ii) and z, y € L*(M), we get

n—o0

— lim sup/ O (py(z, —x))dt > 0.
0

That is lim,, e po(x, — ) = 0. O

Corollary 3.6. Let ® be a growth function and ® € A1 N Ay. Lel {z,} be a

sequence of T-measurable operators converging to x in the measure topology. If
there exists an operator y € L*(M) such that |x,| <y forn=1,2,---, then

lim pg(,) = pa(@).
4. THE CLARKSON—MCCARTHY INEQUALITIES

In this section we extend Young and Clarkson-McCarthy inequalities on non-
commutative Orlicz modular space associated with growth functions.
The classical Young inequality for two nonnegative real numbers a, b, is
ab bl
ab < — + —
p q’

where p, ¢ > 1 are such that p~! +¢~! = 1. We have the following result.

Theorem 4.1. Let ® be a growth function and ® € A% NAs. Let p,qg > 1 such
that pt +q¢ ' =1. If v € L*" (M) and y € Lew” (M), then
1 1
po(zy) < —paw () + =P (Y)-
p q
Consequently, zy € L®(M).
Proof. By the classical Young inequality,

(@) (b) < pa(a)” + 'ut(b)q, Va,b € Lo(M). (4.1)

D q

By Theorem 2.5, there is a n € N such that ®™ is a convex growth function.
Hence ®(et) = &M (ew) is also convex function. Then, by (iii) of Theorem 4.2 in
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[4] and (4.1), we get

pa(ry) = / (e (wy))dt

0

< / (e () e (y) )t
0

= [ Ol
00 Lyp Lyg
0 p q
1 [ p 1 [ q

< o [ e Gu@hder s [0t
P Jo q.Jo
1 1

= —7(®P(|z])) + =7(®9(|y]))
b q
1 1

= —pq><p>($)+aﬂq><q>(y)-

This is the desired result. O

The following is a generalization of Clarkson-McCarthy inequalities (see [2, 5,
8]).
Theorem 4.2. Let ® be a growth function and € Ar NA,. Set Do (t) = t®'(t).
(i) If po, > 2, then for x, y € L*(M), we have
pa(r +y) + pa(r —y) = 2(pa() + pa(y))-

Consequently,
pa(r +y) + palz —y) <27 (pa(227) + pa(2y)).
(ii) If qo, < 2, then for x, y € L*(M), we have
pa(r +y) + palz —y) > 27 (pa(22) + pa(2y)).
Consequently,

pa(r +y) + pa(z —y) < 2(pa(z) + pa(y)).

Proof. (i) By the proof of Theorem 2.5, we know that ®(2) is a convex growth
function. We know that for a convex function,

33 () + 2B (8) > 200 (27

). (4.2)
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Using (4.2), (iii) of Theorem 4.4 and (ii) of Proposition 4.6 in [4] we obtain that

pa(r +y) + pa(z —y)

v

Amﬂmm+ymﬁ+lwmm@—ymﬁ

/‘¢@mmx+m%ﬁ+/‘¢@MMx—w%m
0 0

[e%¢) 2 o 2
2/ q)(%)<ﬂt<$+y) + m(z —y) )dt
0

2
QA“¢;wxu+m%;u—m3Mt
2Am®@ummF+WWMt
27 (02 (|z]* + |y/*))
2(r(®2)(|z[?)) + 27 (22 (Jy]?)))
2(pa(z) + pa(y)).

Replaced = and y by = + y and x — y, then we obtain
pa(x +y) + pa(a —y) <27 (pa(22) + pa(2y)).

(ii) By Theorem 2.5, we know that ®(2) is a concave growth function. Using (i)
of Theorem 4.6 in [4] we get

pa(r +y) + pa(z —y)

2/0

_ A:
-

[en]

> 27'7(
2-

8

_ /qu>(ut(x+y))dt+/ooo<1>(m(x—y))dt

))dt+/ooo<1>(

N

Mz — y)?)dt

G (| +y[* + o — y[*))dt

!237!2 + 12y
2

%mﬂ» T(@2)(|2y[?))]

——))dt

(p<1>(2-r) + pq»(Qy))-

Replace z and y by ”y and =¥, we get that

(P (| + y|))

( (lz = yl)) < 2(7(@(|2]) + 7(2([y]))-
O
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