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ABSTRACT. The paper is concerned with weak approximation properties which
are weaker than the classical approximation property. For A > 1, we prove
that a Banach space X has the A-bounded weak approximation property (\-
BWAP) if and only if every locally 1-complemented subspace of X has the
A-BWAP, and that if X has the A-BWAP and Z is a locally u-complemented
subspace of X, then Z has the (2u+44)uA-BWAP. Tt also follows that X has the
weak approximation property (WAP) if and only if every locally complemented
subspace of X has the WAP.

1. INTRODUCTION AND MAIN RESULTS

A Banach space X is said to have the approzimation property (AP) if for every
compact subset K of X and every € > 0, there exists a finite rank and continuous
linear map (operator) S on X such that sup,cf [|[Sz — x| < ¢, briefly, idy €
F(X)“, where idyx is the identity map on X, F(X) is the space of all finite rank
operators on X and 7. is the topology of uniformly compact convergence on the
space £(X) of all operators on X. For A > 1, if idy € {S € F(X) :||S]| < A},
then we say that X has the A-bounded approzimation property (A-BAP). Choi and
the first author [I, 7] introduced and studied weaker forms of the AP. A Banach
space X is said to have the weak approximation property (WAP) if (X)) C
F(X) ", where K(X) is the space of all compact operators on X. For A\ > 1,

Date: Received: Jul. 4, 2014; Revised: Aug. 11, 2014; Accepted: Aug. 27, 2014.
* Corresponding author.
2010 Mathematics Subject Classification. Primary 46B28; Secondary 47L20.
Key words and phrases. Approximation property, weak approximation property, bounded
weak approximation property.
248



WEAK APPROXIMATION PROPERTIES 249

we say that X has the A\-bounded weak approximation property (\A-BWAP) if for
every T € K(X), we have T € {S € F(X) : ||S| < A|T|} .

For ;4 > 1, a closed subspace Z of a Banach space X is called locally p-
complemented in X if for every finite-dimensional subspace E of X and every
€ > 0, there exists an operator 7' : E — Z with ||T’|| < p+¢ such that Tz = x for
all v € ENZ. Tt is well known that the AP and the BAP are inherited by locally
complemented subspaces (cf. [3, Theorem 2.4]). The first author [7, Theorem
1.4] obtained the analogue for the WAP and the BWAP under an assumption.
In this paper, we have:

Theorem 1.1. If X has the \-BWAP and Z is a locally p-complemented subspace
of X, then Z has the (21 + 4)uA-BWAP.

For a closed subspace Z of a Banach space X, a map ® : Z7* — X* is called
an extension operator if ($z*)(z) = z*(z) for every z* € Z* and z € Z. A closed
subspace Z of X is called an ideal if there exists an extension operator ® from
Z* to X* with ||®]] = 1. The operator ® is called a Hahn-Banach extension
operator. It is well known that Z is an ideal in X if and only if Z is locally
1-complemented in X (cf. Lemma 2.2), and that X has the \-BAP (resp. AP)
if and only if every ideal in X has the A-BAP (resp. AP) (cf. [3, Proposition 4.3
and Theorem 2.2| and [3, Theorem 2.4]). In this paper, we have:

Theorem 1.2. Let A\ > 1. The following statements are equivalent.

(a) X has the \-BWAP.

(b) Ewvery ideal in X has the \-BWAP.

(c) If for every separable closed subspace Y of X, there exists a separable closed
subspace Z of X with' Y C Z such that Z has the \-BWAP.

Theorem 1.3. The following statements are equivalent.

a) X has the WAP.

b) Every locally complemented subspace of X has the WAP.

c) Every ideal in X has the WAP.

d) If for every separable closed subspace Y of X, there exists a separable closed
subspace Z of X with'Y C Z such that Z has the WAP.

(
(
(
(

2. PROOF OF THEOREM 1.1

Lemma 2.1. [5, Lemma 3.2] If Z is a locally p-complemented subspace of X,
then for every closed subspace Y of X containing Z with dimY/Z < oo, there
exists a projection P from'Y onto Z with ||P|| < 2u + 4.

The following lemma is a simple extension of [5, Theorem 3.4 and Theorem
3.5] (cf. [2]).

Lemma 2.2. Let Z be a closed subspace of X and let p > 1. The following
statements are equivalent. B
(a) For every Banach spaceY and every T € K(Z,Y), there exists a T € K(X,Y)

with | T|| < p|T|| such that Tx = Tx for all z € Z.
(b) Z is locally p-complemented in X .
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Proof of Theorem 1.1. Let T € K(Z). Let K be a compact subset of Z and let
e > 0 be given. Since Z is locally p-complemented in X, by Lemma 2.2 there
exists a T € K(X, Z) with ||T|| < p||T|, which is an extension of 7. Since X has
the A-BWAP, there exists an Sy € F(X) with ||S|| < A|JiT]|, where i : Z — X is
the inclusion map, such that

sup || Spgz — iTz|| < .
sup oz — iT2]) < 55

Put Y = Z + Sp(X). Then dimY/Z < oo. By Lemma 2.1 there exists a
projection P from Y onto Z with ||P| < 2u+ 4. Let S := PSp|lz. Then
S € F(Z) and for every z € K

|Sz —Tz|| = ||PSoz — PTz|| < ¢
and we also have
IS < (2p + AT < (2 + AT,
hence Z has the (2u + 4)uA-BWAP.

3. PROOFS OF THEOREMS 1.2 AND 1.3

We denote by || - || and || - ||z, respectively, the projective tensor norm and the
integral ideal norm. The following lemmas are needed to prove Theorem 1.2.

Lemma 3.1. [0, Theorem 2.5] Let T € L(X) and let X > 1. The following
statements are equivalent.

(a) T e{SeFX): S| <AIT[}".

(b) ITS||x < AT||||S]|z for every S € F(X).

() ITS|l= < M|T|||S||z for every Banach space Y and every S € F(Y, X).

Lemma 3.2. Let A(X) be a subset of L(X). Let T € L(X) and let X > 1.
Then T € {S € A(X) : ||S|| < AT} if and only if for every finite-dimensional
subspace F' of X and every e > 0, there exists an S € A(X) with ||S] < A||T|
such that ||Sx — Tz|| < ¢||x|| for every x € F.

Proof of Theorem 1.2. (a)=-(b) Let Z be an ideal in X. Let T' € K(Z). We use
Lemma 3.1(b) to prove that T € {S € F(Z) : ||S|| < M|T||} . Let j: Z — X be
the inclusion map and let ¢ : Z* — X* be a Hahn-Banach extension operator.
For a Banach space B, we denote by ig the canonical isometry from B to B**.

Now, since the operator T : Z* — Z* is weak™ to weak continuous, 7™* maps
from Z** into iz(Z). Thus the operator i ,,'T** ®*ix : X — Z is well defined and
we claim that

i, T ®%ixj =T,
Indeed, for every z € Z and z* € Z*,
ixj(2)(2") = ixj(2)(®(27)) = 27(2) = iz(2)(z7).
Then for every z € Z, we have
iy T ®%ixj(z) =iy T*ig(2) = Tz.
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Now, let S € F(Z). Since Z is an ideal in X, Z*®,Z is a closed subspace of
Z*@, X (cf. [10, Theorem 3.4]). Thus || TS|, = ||ji, T**®*ixjS|,. Since X has
the A-BWAP, by Lemma 3.1(c) we have

TS|l = lliz T ®"ixj S|l
< Agiz T ®"ix|[[1jS|lzz.x)
< ATISlz(z.2)-

(b)=(c) Let Y be a separable closed subspace of X. Then by [l 1, Theorem|]
there exists a separable ideal Z in X such that Y C Z. Hence by (b) Z has the
A-BWAP.

(c)=>(a) This proof is due to the one of [, Lemma 3(b)]. Let T € K(X).
We use Lemma 3.2 to prove that T € {S € F(X) : |S|| < M|T||} *. Let F be a
finite-dimensional subspace of X and let € > 0 be given. Then by [9, Lemma 1]
we see that there exists a separable subspace Y of X such that for every finite-
dimensional subspace FE of X with F' C E there exists an operator T : £ — Y
satisfying that ||Tg|| <1+ 1/dim E and the restriction Tg|r is the identity map.
Consider the separable subspace span(7'(X)UY’) of X. Then by (c) there exists
a separable closed subspace Z of X with span(7(X)UY) C Z such that Z has
the A-BWAP. Since the restriction T'|; € KC(Z), there exists an S € F(Z) with
S]] < A||T|| such that

1Sf=TfI < ellfl
for every f € F. We define the map Sg : X — X by

Spx = STgx if x € E, S = 0 otherwise,

for every finite-dimensional subspace E of X with F' C E. By compactness, there
is a subnet which converges pointwise to a finite rank linear operator S on X with
S]] < A||T|| and for every f € F, we have

|Sf =TSl =lim|ISef = T/ = lim |STef = TS| = |Sf ~ TSIl <l f].
0J

Remark 3.3. In view of the proof of Theorem 1.2(a)=-(b), we see that for every
T € W(X), the space of all weakly compact operators on X,

Te{SeFX):[SI<ATI}"
if and only if for every ideal Z in X, for every T' € W(Z),
Te{SeF(Z): ]Sl <AITI}"

Proof of Theorem 1.3. (a)=-(b) follows from the proof of Theorem 1.1. (b)=(c)
is trivial. The proof of (c)=(d) is similar to (b)=-(c) in Theorem 1.2.

(d)=-(a) This result was inspired from [1, Lemma 3(a)]. Let T € K(X). Let K
be a compact subset of X and let € > 0 be given. Consider the separable subspace
span(K UT(X)) of X. Then by (c) there exists a separable closed subspace Z
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of X with span(K UT(X)) C Z such that Z has the WAP. Since the restriction
T|z € K(Z), there exists an S € F(Z) such that

sup ||Sx — Tz|| <e.
zeK

Then by an application (lf the Hahn-Banach theorem there exists an extension
S:X — Zof S. Then jS € F(X), where j : Z — X is the inclusion map, and

sup ||jSz — Tx|| = sup ||Sz — Tz|| < e.
zeK zeK

Hence X has the WAP. O
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