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ABSTRACT. In this paper, we study an algebra A consisting of all arithmetic
functions, and corresponding dynamical systems acting on A determined by a
fixed prime p. Starting from free probabilistic models on A determined by p,
we construct certain group dynamical systems induced by the additive group R
of all real numbers. We investigate the basic properties and free-probabilistic
data of such dynamical systems by constructing corresponding crossed product
algebras.

1. INTRODUCTION

Recently, relations between operator theory and number theory have been stud-
ied (e.g., [9] through [16, 31, 20, 5, 7]). In particular, we apply free probability
(which is one of branches of operator algebra theory, e.g., [29, 30, 32]) to modern
number theory (e.g., [21, 22, 8, 23, 19, 6, 26, 27]).

Arithmetic functions are functions f defined from the natural numbers N into
the complex numbers C. In particular, they induce (classical) Dirichlet series,

Li(s) =3 e,y f]if), for all s € C, for f € A.

These are used in modern number theory; combinatorial number theory, L-
function theory, and analytic number theory, etc (e.g., [21, 22, 31, 8, 23, 19, 6]).
Entireness and analyticity of L-functions are interesting topics in pure analysis,
too.
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Recall that if f;, fo are arithmetic functions, then the convolution f; % fo is
again an arithmetic function, where

fox fal) €50 A o (5).
dln
for all n € N, where “d | n” means “d divides n,” or “n is divisible by d,” for
d e N.
The collection A of all arithmetic functions forms an algebra, under the usual
functional addition and convolution. The convolution (*) on arithmetic functions
provides the usual multiplication on the set of L-functions, i.e.,

(Ly,(5)) (La(5)) = Lpap(s).

Recently, the author and Jorgensen showed in [15, 16] that all arithmetic func-
tions are understood as Krein-space operators on a certain Krein space, for a fixed
prime. Start from constructing a free probabilistic model (A, g,) as in [11, 13],
we construct an indefinite pseudo-inner product [,] on A4,

[f, h] = g, (f xh*), forall f, h € A.

Then, by the free-distributional data obtained in [11, 13], the indefinite pseudo-
inner product structure of A is embedded in an indefinite inner product space
C%, = (C?% [,]a,), under certain quotient relation, where

s sl = () (9 0) (2))

where <, >, means the (positive-definite) inner product on C?,
< (t1, s1), (t2, S2) >2 = t1ty + 5153,

where Z means the conjugate of z, for all z € C.
And this indefinite inner product space (Cio is isomorphic to the Krein subspace
£, of the Krein space 82 = C? & C?, with its indefinite inner product [, ]o,

[(t1, 51), (T2, S2)]2 = < t1, ta >0 — < 51, S2 >9 .

Thus, one can understand all arithmetic functions as Krein-space operators for
fixed primes (See [16]). In [15], as an application of [16], we considered Krein-
space operators induced in particular by Dirichlet characters.

For more about Krein spaces and Krein-space operators, we refer [20, 5, 4].

In this paper, we concentrate on a certain group action E of a flow R, the
additive group (R, +) of real numbers, acting on A. Such an action F is introduced
as a system of morphisms {E.},cc (over C) in [16]. However, in [16], we did
not consider detailed analytic and free-probabilistic properties of such an action.
Here, we study this action and their corresponding images {E,(f)}fea in detail
(See Section 3 below). We understand the construction of morphisms E; as a
group action E of R, by restricting our interests to R from C. i.e.,

teR+— FE;: A— A forallt € R.

It means that we obtain group dynamical system (A, R, E), and hence, the
corresponding crossed product algebra Ap = A X g R. Representations of Ag will
be considered.
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2. FREE PROBABILITY

We briefly introduce free probability. Free probability is a branch of operator
algebra theory, a noncommutative probability theory on noncommutative (and
hence, on commutative) algebras (e.g., pure algebraic algebras, topological alge-
bras, topological x-algebras, etc).

Let 2 be an arbitrary algebra over the complex numbers C, and let ¢ : % — C
be a linear functional on 2. The pair (2, ¢) is called a free probability space (over
C). All operators a € (2, 1) are called free random variables (See [30, 32]). Note
that free probability spaces are dependent upon the choice of linear functionals.

Let ay,---,as be a free random variable in a (A, v), for s € N. The free
moments of aq,--- ,as are determined by the quantities

Uas - a,).

for all (i1, -+ ,i,) € {1,---,s}", foralln € N.

And the free cumulants k,(a;,--- ,a;,) of ai,--- ,as is determined by the
Mdbius inversion;

kn(ailu"' 7ain) - Z ¢7r(ai17"' 7ain)M(7T71n)

TeNC(n)
— Z ( 11 ¢V(az1a e 7ain):u <O|V|7 1V)) )
TeENC(n) e
for all (iy,---,i,) € {1,---,s}", for all n € N, where 9,(---) means the

partition-depending moments, and Yy (- --) means the block-depending moment;
for example, if

{(L 5,7), (2,3, 4), (6)} in NC(7),
(

(2, ,
with three blocks ( 5,7), (2,3, 4), and (6), then

Vr ( ajl, .- )
- ¢(157 ( 217' Tty :7> ¢(234)(a;17‘ o 70’277) w(6)(a:117 : 70‘277)
= Y(ayy ai i) Plaj aiiaiy) Ylagg).
Here, the set NC(n) denotes the noncrossing partition set over {1,--- n}. It

is a lattice with inclusion as <, such that

g<r &L vves IBer st VCB,

where V' € 6 or B € m means that V is a block of 0, respectively, B is a block
of m, and C means the usual set inclusion, having its minimal element 0,, = {(1),

(2),---,(n)}, and its maximal element 1,, = {(1,--- ,n)}.
A partition-dependent free moment . (a,--- ,a) is given by
e - Vi
Uelay-e 10) = 11 6 ().

where |V| means the cardinality of V.
Also, p is the Mobius functional from NC x NC' into C, where NC' = :le
NC(n). i.e., u satisfies
p(m, 8) =0, for all 7 > 0 in NC(n),
and

w(0,, 1,) = (=)t ¢, y,and >, p(m, 1,) =0,
TeNC(n)
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2k !
1 1 (2R
Ck—m( k;>_k_+1m

means the k-th Catalan numbers, for all k € N. Notice that since each NC(n) is
a well-defined lattice, if 7 < 0 are given in NC(n), one can decide the “interval”
1, 0] ={0 € NC(n) :7m <6 <86},
and it is always lattice-isomorphic to
[7,0] = NC(1)" x NC(2)k2 x --- x NC(n)k»,
for some ki,---,k, € N, where NC(I)* means “I blocks of m generates k;
blocks of 6,” for k; € {0, 1,--- ,n}, for all n € N. By the multiplicativity of y on

NC(n), for all n € N, if an interval [rr, 8] in NC(n) satisfies the above set-product
relation, then we have

for all n € N, where

ulm,6) = 1L (05, 15)".

(For details, see [30]).

Free moments of free random variables and the free cumulants of them provide
equivalent free distributional data. For example, if a free random variable a in
(A, ¢) is a self-adjoint operator in the von Neumann algebra 2 in the sense that:
a* = a, then both free moments {¢(a™)}22; and free cumulants {k,(a,--- ,a)}2,
give its spectral distributional data.

However, their uses are different. For instance, to study the free distribution
of fixed free random variables, the computation of free moments is better; and
to study the freeness of distinct free random variables in the structures, the
computation and observation of free cumulants is better (See [30, 29]).

Definition 2.1. We say two subalgebras A; and A, of ™A are free in (2, 1), if all
“mixed” free cumulants of A; and A, vanish.. Similarly, two subsets X; and X,
of A are free in (2, 1), if two subalgebras A; and As, generated by X; and X,
respectively, are free in (2, 1)). Two free random variables 21 and zy are free in

(2L, o), if {x;} and {2} are free in (A, ).

Suppose A; and A, are free subalgebras in (2, ¢). Then the subalgebra A
generated both by these free subalgebras A; and A, is denoted by

AY A we A,
Assume that 20 is generated by its family {A;};ea of subalgebras, and suppose
the subalgebras A; are free from each other in (2, ), for i € A. i.e.,
A = *C Az

€A
Then, we call 2 the free product algebra of {A;}ien.

3. FREE PROBABILISTIC MODELS OF A INDUCED BY THE PRIMES

In this section, we introduce free probabilistic models (A, g,) on the arithmetic
algebra A determined by fixed primes p (See [11, 12, 13]). And, we put topologies
on A determined by primes to make our dynamical systems act on A properly.
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3.1. Arithmetic p-Prime Probability Spaces (A, g,). Let A be the set of
all arithmetic functions, as a vector space over C. Define the convolution (%) on
A by

fx fo(n) €S fi(d) £ (2), for all m € N.

dn
Then A becomes an algebra over C. We call A the arithmetic(-functional)
algebra.
Define a linear functional g, on A by the point-evaluation at p;
(3.1.1)
def

gp(f) = [(p), for all f € A,

for any fixed prime p.

Definition 3.1. Let A be the arithmetic algebra, and let g, be the linear func-
tional (3.1.1), for a prime p. Then the free probability space (A, g,) is called the
arithmetic p-prime probability space.

We study primes p as linear functionals g, on arithmetic functions, and then
arithmetic functions have corresponding free-distributional data induced by primes.

Proposition 3.2. (See [11]) Let (A, g,) be the arithmetic p-prime-probability
space, for a fixed prime p. If f, f1, fa are free random variable in (A, g,), then
(3:1.2) gp(fr * f2) = gp(f1) Fo(1) + f1(1) gp(f2)-

(3.1.3) g, (f(")) =nf(1)""t f(p), for alln € N,
where

n-times

for alln € N. OO

The free moment computation (3.1.3) is obtained by (3.1.2), inductively. Also,
one has that
(3.1.2)"

w(55) =S (1 #0),

for all fi,---, fn € (A, gp), for n € N.

From the above proposition, one can verify that free-distributional data of
arithmetic functions f in (A, g,) is completely determined by quantities f(1) and
f(p). It motivates the main result of [13].

Proposition 3.3. (See [13]) Let A be the arithmetic algebra and p, an arbitrary
fized prime. Then, for a fized p, the algebra A is decomposed by

A= L [a, D],
(a,b)ECXC

where
def

la, 0] = {f € A: f(1) = a, and f(p) = b in C}.
[

We considered the following morphism Exp; in [16], for ¢ € C.”
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Corollary 3.4. Lett € C. Define a morphism Exp; on A by

de 00 n
Eapi(f) € 52, & f™, for all f € A.
Then

(3.1.4)
9p (Bapi(f)) = (te’V) f(p).
Proof. Observe that:
9 (Bapy(f)) = 9o (00 57 f™)

=Y 5 (M) = X0 5 (nf()" f(p)

by (3.1.3) )
D D ey o) R o . i () )
= o) (135 )
= (te70) f(p) = (e D) g,(f),
for all f € A. O

Also, the above morphism Expj(e) on A satisfies a certain co-cycle property
for g,.

Corollary 3.5. Let Exp;(e) be as above in (3.1.4). Then
(3.1.5)

9o (Expi (fr + f2)) = gp (Expi (1)) * (Expi(f2)))

+ 9 (Ezpi(f1)) + gp (Expi(f2)),
for all f1, fo € A, for all primes p.

Proof. Let f; be arithmetic functions in the arithmetic p-prime probability space
(A, gp), and let Exp;(f;) be the corresponding elements of (A, g,), for j =1, 2,
where Expj(e) is a morphism introduced as above, for all t € C. Observe that:

9o (Bap; (11)) * (Bxp; (f2)))

:gp<<2f1n' )(Z’“l ? >>
g (S s 1w 1)

n+k n k
= T Y G e (A7 4 1Y)

= Y S S (A )+ AP ) 0 )
by (3.1.2)

= Y X G () AP w) + 1) (1))
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since K™ (1) = (h(1))", for all h € A, and n € N

= o S G ((A)" (R f2(1) ! fa(p)
(L) (A1) i)
by (3.1.3)

=t ol Yot mom (A" (1) fu(p)
3000 o A (A (20)57 fa(p)
= (te!th ML) £, (p) — teth ) £ (p))
+ (RO fo(p) — et fy (p))
= te' MR (f (p) + fo(p))
—te W £ (p) — 1t fo(p)

= g, (Bxpi(f1 + f2)) — 9p (Ezpi(f1)) — 9p (Bzpi(f2)),
by (3.1.4). O

Let 14 be the identity element of the arithmetic algebra A, i.e.,

L) { 1 ifn=1
0  otherwise,
for all n € N. Motivated by the morphism Ezp;(e) on A, define a morphism
E,:A—- A
for t € C, by
(3.1.6)
E(f) D14+, 5 f0 forall f € A,

ie.,

Ei(f) =14+ Exp;(f) in A, for all f € A,
for t € C. Also, by identifying f(©) with 14, one has
(3.1.6)

E(f) = Zf:o% M for f € A.
Then, by the above corollary, one obtains that:

Corollary 3.6. Let E;, : A — A be the morphism as above, fort € C.

(5.1.7) Ev(f1) * Ex(f2) = Ex(fi + fo) in A, forall fi, fo € A

(5.1.8) For all f € A, the C-valued function t — g, (E:(f)) is entire on C, for
all primes p.

(8.1.9) For all f € A, the corresponding arithmetic function E,(f) is the unique
solution to the differential equation;
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(i) E(f) € A, forallt € C,
(1) %Et )= f* E(f) = E(f)* [,
(1i1) Eo(f) = 14,
Proof. Observe that
Ei(f1) * Ei(f1)

00 n o) k
= <1A+Zn:1 LA )> * <1A+Zkz:1 L )>
=1+ T m A A

k=1 k! 2 n=1 n' 1

0o oo n k
+ ot Yokt R (fl( Ve fy )>
since 14 is the identity element of A (under convolution)

=14 + Expi(fa) + Expi(f1)
+ Expi(f1) * Expi(f2)

= El(fl + f2)7
by (3.1.5). Thus, the statement (3.1.7) holds true.

Now, consider the function
teCr— gp(Et(f)) €A,

for an arbitrary fixed arithmetic function f € A. Notice that
90 (B(f)) = gp Aa+ Expi () = gp (Expi(f))

= te/Wg,(f) = (tf(p)) e,
by (3.1.4). Since f(p) and f(1) are constants in C, the maps

t — tf(p) and t — et/
are entire on C, and hence,
t— tf(p)et/ V)
is entire on C. Equivalently, the statement (3.1.8) holds.

By (3.1.8) and (3.1.7), the statement (3.1.9) holds true. In particular, one can
get that:
i (B(f) = & (La+ 2200, ™)

n—1 ’I'L 00 n—1 n—
_an(fz o/ ):an(il (fo=Dx f)

=[x <ZZO=0% (k)>
by identifying h(® = 14
= [ *(La+ Exzp;(f))
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=[x E(f) = E(f) = [

By (3.1.7), one can obtain that:
(3.1.7)
gp (B1(f1) * E1(f2)) = gp (Er(f1 + /2)),

for all f1, fo € A, for all primes p.
The above special case (3.1.7) will be extended to our future works below. Also,
motivated by (3.1.7) and (3.1.7)’, we obtain the following theorem, too.

Theorem 3.7. Let E; : A — A be in the sense of (3.1.6). Define a subset
(3.1.10)

FY{B(f)eA:feA

of A. Then the subset I of (3.1.10) is an infinite abelian group under convolu-
tion. 1.e.,

Proof. Define a subset I" of A as above. Then, under convolution, it satisfies that

Ey(f1) * Ei(f2) = Ei(fi + f2),

in I', by (3.1.7), and hence, the operation (x) is closed in I
(Er(f1) * E1(f2)) * E1(f3)
=E (fi+ fo+ f3)
= Ei(f1) * (B1(f2) * EA(f3))
by (3.1.7), for all fi, fa, f3 € A. Thus, I is associative. i.e., it is a semigroup

under (x).
Moreover, there exists an arithmetic function 04 in A,

0a(n) 0, for all n € N,

such that
By (04) = 14 + Eap: (04) = 14, for all ¢ € C.
So, one has E; (04) = 14 in I', and hence,
E1(04) * Ev(f) = Lax Ex(f) = E1 (04 + f) = Ev(f),

for all f € A. Therefore, there exists the (x)-identity 14 = £} (04) in I'. Thus,
I' is a monoid.
For all f € A, there exists —f € A. Again, by (3.1.7), we have

E\(f) * Ex(=f) = Ex (f + (= f)) = E1(04) = 14,

in I'. It shows that, for any E;(f) € T, there exists a unique inverse E;(—f) in
. Therefore, the subset I' forms a group under (x) in A.

Furthermore, since the convolution (x) is commutative in A, it is commutative
in I', too. Therefore, the group I' is an abelian group in A. O
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The above theorem (3.1.10) shows that the group I' is a Lie group in a Lie
algebra A.

And, by (3.1.2) and (3.1.3), we obtain the following joint free moment compu-
tation (3.1.6).

Proposition 3.8. (See [11, 13]) Let f1,---, fs be free random variables of the
arithmetic p-prime-probability space (A, gp), for s € N. Then

(3.1.11)
9 (ngfij) = 2 (f i (7) <k€{1,---1_,1n},k7éjfik(1))> ’

forall (iy,--- ,i,) € {1,---,s}", for alln € N, where the II on the right-hand
side of (3.1.4) means the usual multiplication of C. O

Now, let f1,-- -, fs be free random variables in the arithmetic p-prime-probability
space (A, g,), for a prime p, for s € N. Observe that

kn (fin"' afin)
= 2 (H (p)v (firs - fin) 12 (O, 1v))

TeNC(n) Ver

= ) <V L g (ﬁlfin)u((}k? 1k)>

TENC(n) =(j1, Jk)ET

FEJVZC’(TL) <V:(j17"'7jk)€7l' <Zt1 f]t (p) (ue{l,---,k},u;étf]“< ))) ILL( k k?)

by (3.1.4). So, we obtain the following free-cumulant computation as equivalent
free-distributional data of (3.1.11).

Proposition 3.9. Let fi,---, fs be free random wvariables in the arithmetic p-
prime-probability space (A, g,). Then
(3.1.12)

Ky, (fiu”' 7fln)

" et <Vlgw (tezvf (P) (uev*\ o’ ij“(1)>) # Om l'v'))’
for all (iy,--- ,ip) € {1,--- ,s}", for alln € N. O

Also, by (3.1.5) and (3.1.12), one obtains the following necessary freeness con-
ditions on (A, g,), for all primes p.

Theorem 3.10. (See [11]) Let fi, fo € (A, gp). Then f1 and fy are free in (A,
Gp), if and only if either (3.1.13) or (3.1.14) holds, where

(3.1.13) fi(p) = 0 = f2(p),

(5.1.14) fi(1) = 0 = f;(p), where i # j € {1, 2}. O

3.2. Norm Topologies on A. Let (A, g,) be the arithmetic p-prime probability
space. For a fixed prime p and its corresponding linear functional g,, define a
norm ||.[|, on A by

(3.2.1)

171, AP E + 1)
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for all f € (A, gp). The definition of morphism ||. ||, of (3.2.1) is motivated by the
structures of [11, 13, 15, 16], where |.| on the right-hand side of (3.2.1) means the
modulus on C. As we have seen in Proposition 3.2 (and [13]), whenever a prime p
is fixed, then free random variables f of the arithmetic p-prime probability space
(A, g,) are classified by (f(1), f(p)) € C2

One may understand (3.2.1) as a process;

feA— (f(1), f(p)) € C*— |I(f(1), f(P)l, € Ry,

where ||.||, means the usual Euclidean norm on C?, where R{ is the subset of
R, consisting of all positive real numbers or 0, i.e.,
(3.2.1)

L1, = 1), F@)ly, for all f e (A, gp).

Proposition 3.11. The morphism |||, : A — Ry of (8.2.1) is a well-defined
pseudo-norm on A with respect to a fixed prime p.

Proof. By (3.2.1)', indeed, |||, is a pseudo-norm on A, since the Euclidean norm

-1l is a well-defined norm on C.
Assume now that f; # fo in A — {04}, and assume further that

f](l) =0= f](p)a fOI‘j = 17 2.

Then

/1l = 0 = [l.f2ll,,-
Therefore, the morphism |[.[[, of (3.2.1) is a pseudo-norm, which is not a norm

on A. O

Now, define a subset A, of A by
(3.2.2)

def

Ny = A{f € A7, =03,

equivalently,

Ny = {f e A: f(1) = 0= f(p)}.
Proposition 3.12. The subset N, of A is an (two-sided) ideal of A.
Proof. Let f1, fa € N, and t1, ty € C. Then
(t1fi + t2f2) (1) = 0,
and

(tifi +t2f2) (p) = 0,
so, t1f1 + tafs € N, too. Thus, the subset N, is a (pure-algebraic) subspace
of A.
Now, let f € N, and h € A. Then
(f=h)(1) = f(DA(1) =0,

and

(f xh)(p) = f(1)h(p) + f(p)h(1) = 0.
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Therefore, f * h € N, too. So, the subspace N, is a left ideal of A.
By the commutativity of the convolution (%) on A, the subset N, of A is a
(two-sided) ideal. O

Construct now a quotient space A, of A quotient by N, as
(3.2.3)
A, = A/ N,.
Then the normed space (A, |.||,) is well-defined. i.e., the inherited pseudo-

norm ||.[|,, of (3.2.1) on A becomes a well-defined norm on A,. All elements of A,
are of the forms

[fly, ={h e A:|lh—fl, =0},
as equivalence classes, determined by the quotienting A,. But, for convenience,
we will denote [f]x;, simply by f, if there is no confusion.
We denote this normed space (A, |.||,) simply by A,. Also, construct the

norm-completion A, of A,,
(3.2.4)

2, <A i A

where X"» means the |-]|,-norm-closure of X in A. i.e., we constructed the
corresponding Banach space 2, from the normed space A, of (3.2.3).

Definition 3.13. The Banach space 2, of (3.2.4) induced by the arithmetic
p-prime probability space (A, g,) is called the p(-prime)-Banach space of A.

By definition, if f is a “nonzero” element of 2,, then neither f(1) = 0, nor
f(p) = 0, equivalently,
(3.2.5)

either f(1) # 0 or f(p) # 0.

So, without loss of generality, if we mention “f € 20,,,” then one can understand
f as an (certain limit of) arithmetic function(s) of A, satisfying (3.2.5).

Hence, the linear functional g, acts well on 2, (under quotient). i.e., we have
a Banach probability space (U, g,).

Definition 3.14. The Banach probability space (2, g,) is said to be the (arith-
metic) p-(prime-)Banach probability space of A.

Let f € (A, gp), and let E,(f) = > 7, %f(") be in the sense of (3.1.6) and
(3.1.6), for t € C, with identity: f(®©) = 14. Then
(Ei(f)) (1) = eI,
and
(Ei(f)) (p) = te"D f(p).
So, if f € (A, g,), for any arbitrary fixed t € C,
0 < IE ()], < o0 in B

Thus, Ei(f) € 2, whenever f € 2,.
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Proposition 3.15. For any arbitrary fized t € C, if f € A, then E(f) € A,
too. Thus, Ey(f) is a free random variable in the p-Banach probability space (U,

gp). O

Later, in this paper, we restrict our interests to the case where t € R.

4. KREIN-SPACE REPRESENTATIONS OF (A, g,)

In this section, we briefly introduce a Krein-space representation of A, deter-
mined by a fixed prime p, and the corresponding arithmetic p-prime probability
space (A, g,). For more details, see [15, 10].

In [15], we showed that C% = (C?, [,]o.4,) is an “indefinite” inner product
space, where

[(t1, t2), (51, S2)laa, = <( 2 > ’ ( (1) (1) ) ( z; )>2

where <, >, is the inner product on C?;
< (t1, t2), (51, S2) >2 = t157 + t252,

01
we (1)

Also, there exists a vector-space epimorphism 7, : 4 — Cio, such that
mp(h) = (h(1), h(p)), for all f € A.

and where

Then we have
[ﬂ—p(f)’ ﬂ—p(h)]Q;Ao = 0p (f * h*) )
where
h*(n) el h(n) in C, for all n € N.

By [7], this indefinite inner product C?%_ is isomorphic to the Krein-subspace

R, = Ay & A of the Krein space 82 = C? @ C?, where
Ny ={(t, t):t € C}
and
A; ={(t, —t) : t € C}.
i.e., C4 is a Krein space, too under [,]a.4, (Also, see [10]).

Define now an algebra-action © of A acting on C%O by
(4.1)

feAr—0;:C4 — C

@f:(f(l) 0 >,f0rallf€.,4.

by

flp) f(1)

Then © is indeed a well-defined algebra-action of A acting on C% . Thus, we
can act © for 2, (under topology).

Moreover, it satisfies that:

(4.2)
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=9 = ( o) ) |

for all f € A. Remark that, we are using the inner product [,]s.4, on C?, not
the usual ones.
Indeed, one can check that:

[©£(6), U]Q;Ao = [¢, 9f*(77)]2;A0,
for all £, n € C2.
Also, we have the following multiplication rule;
(4.3)

04,0y, = Oy, for all fi, fo € A

The fundamental properties of O are considered in [15]. The equivalent oper-
ators 0; acting on the isomorphic Krein space 8, of (CEL, are studied in detail, in
[16].

If we take a vector (1, 0) in C% , then it is identified as m,(h), for some h €
A, such that h(1) = 1, and h(p) = 0. So, one can understand the vector (1, 0) of
€%, as the image m, (14) (e.g., [13]). Denote (1, 0) by . i.e.,

Q,=(1,0)eC? .
Then one can define a linear functional ¢, on the operator algebra B(C?% ) by
(4.4)

op (T) 2 [T, Q,),, . forall T € B(C3).

Then one has
(4.5)
©p(0F) = gp (f(”)) ,for allm € N,

for all f € A, by [15, 16].

So, the free probabilistic model (A, g,) corresponds a free probabilistic model
(B(C?%,), ¢p) (under quotient). By Section 3.2, we can conclude that the p-
Banach probability space (2, g,) induced by (A, g,) corresponds (B(C?), ¢p).
i.e., there exists well-defined Krein-space representations

/e (Av gp) — @f € (B(C?%)’ 90?)’
and

f S (le, gp) — ®f S (B(Cio)a (pp)v
under free-probabilistic equivalence (in the sense of Voiculescu, e.g., [30, 32]).
If one constructs a subalgebra A, generated by {©7} sc4, in B(C? ), then (A,

gp) is equivalent to (A,, ¢,) “up to quotient,” “under a topology of Section 3.2),
equivalently, we can get that:

Theorem 4.1. (See [16]) Free probability spaces (U, g,) and (A,, ©,) are equiv-
alent. U
5. EMBEDDING E OF R ON 2,

Let E; : A, — 2, be a morphism in the sense of (3.1.6) and (3.1.6)', for all
“t € R.” As we discussed and assumed in Section 3.2, we understand E;(f) as
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elements of the p-Banach probability space (2, g,) of Section 4. Note here that
we are restricting our interests to the cases where ¢ are in R (not in C).

As in (3.1.6)', let
E(f)=>"0 %f(”), for t € R,
with identity:
fO =1y forall feA,.

Theorem 5.1. For any t, s € R, we have

(5.1)
Eiis(f) = El(f) x Es(f) in A, for all f € A,.

Proof. Observe that:
Epws(f) = Yoty =

= o % (ZZ:O ( Z ) tksn_k> fo

_ZnOnIZk okun' tknkf

kgn—k n
= 50 (ot £
(5.2)

oo kgl n

k1eN U {0}, n=k+l

for all f € A, for t, s € R. Also, observe that,
Ef) * BAF) = (S0 ) (S5 1)

k l
- Zk 0 Zl 0 l;c' A k_H)
(5.3)

= fozo ( Z Z_%) f(n)’

k€N U {0}, n=k-+1

for all f € A, for ¢, s € R. Therefore, by (5.2) and (5.3), one can conclude
that

Evs(f) = Ei(f) * Ei(f),
forall f € 2, forall ¢, s € R. O

The system {E;}cr of morphisms F’s satisfies
Epys(e) = Ey(e) * Ey(e) on 2,
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by (5.1). Let’s understand R as its maximal additive subgroup (R, +), which
is identical to R, set-theoretically. In dynamical system, sometimes, this group is
said to be the “flow” (up to group-isomorphisms).
Motivated by (5.1), define a group-action E of the flow R = (R, +) on the
p-Banach algebra 2, by
(5.4)
E:teR+—— FE,on%,

Then E is indeed a well-defined group-action of R on 2,, because (i) each E;
is a well-defined function on 2, sending an element f of A, to an element E;(f)
of A, and (ii) E satisfies the relation (5.1). i.e., one can get that:

Corollary 5.2. The morphism E of (5.4) is a group-action of the flow R acting
on 2A,. [

The above group-action E of the flow R on 2, satisfies the following property.

Proposition 5.3. Let E be the group action (5.4) of the flow R acting on 2A,.
Then

(5.5)
9 (E(f) * Eo(f)) = (t+ )W f(p),
for all primes p, for all f € A,, and t, s € R.

Proof. By (5.1), one has that

Ei(f) * Es(f) = Eis(f), for all f € 2,
for t, s € R. Thus,
gp (EL(f) * Es(f))

(Eu(f) * Es(f) (p) =
= p(E s(f)) = (t+ 5)e =IO f(p),
Aby (3.1.4), because g, (E:(f)) = g, (Ezp;(f)), for all primes p, for all fé

The above relation (5.5) (with the general formula (3.11)) guarantees that:

= E(f)(1) E(f)(p) + Ef)(p) Eo(f)(1)

= (Z;’;O% () (1) ) (Sesf(l)f )
+ (1O £(p) (S5 5 F0()

by (3.1.1)

by (3.1.4)
_ (Ziio (tf;p)") (e f(p))

+ (te D £(p)) (5 L)
since h(™ (1) = (h(1))™, for all h € A, for all m € N
— (M) (Sesf(l) 1) + (tetf(l () (/D)
_ se (t+s)f f(p) + te (t+s) f(l)f( )
= (50 4 e+ (£(p))

= (t+s) eIV f(p) = g, (Beys(f)) -
Recall that, for any arithmetic function f € 20, one can get f* in 2, such that
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f*(n) = f(n) in C, for all n € N.
The group-action E also satisfies that:

Proposition 5.4. Let f € AU, and let E(f) be the corresponding element in 2,
fort € R. Then (Ei(f))" = Ei(f*).

Proof. Observe that:
(E(f)" (k) = (E:(f)) (k)

= Do i f k) = 3202, (5) f™ (k)

= e ()™ ()
since ¢ € R, and since (f™)" = (f9)™  for all k € N

= Et(f*)>
for all ¢ € R, for all f € ,, and £ € N. And hence, one can obtain that

(Et(f))* = Et(f*)
forall f € 2,, and t € R. O

Consider now that, for f, h € 2, and for t € R,
B (f+h) =30 5 (F +0)™

- st (S (4 ) g
=D o al (ZZ:O #Lk)v (f*) hmik)))

_ o0 un 1 F& a0
=D ot > A ( T
k,leNU{0}, n=k+1
oo (B RO
= o > a1l (—. *
kJENU{0}, n=k-+1

=zz°_o( > ot (f® s hD)

k,lENU{0Y}, n=k-+1
(5.6)
00 oo thel
=D heo Do mm (f(k) * h(l)) :

Therefore, one can obtain the following theorem, generalizing (3.1.7).

Theorem 5.5. Let f, h € AU, and let E be in the sense of (5.4). Then

(5.7)
E,(f)* Ey(h) = E.(f +h), forallt € R.

Proof. The proof of (5.7) is done by the above computation (5.6). By (5.6), we
have

00 oo kel
Ey(f+h) =332 20 T (f® +h0).
By definition, one can get that:
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Ef)* Eulh) = (S5 5r®) « ( ?% ﬁf
= ZZO:O Z?OO tkkvff ( ® )
Therefore,
Ey(f +h) = Ei(f) = Ei(h),
forall t € R, for f € 2. O

Definition 5.6. We call the images E}; of the group-action F of the flow R acting
on 2, the t-th exponential on 2,. Also, we call the group-action F, the flowed
exponential on 2.

The following theorem generalizes (5.1) and (5.7) together.

Theorem 5.7. Let f, h € U,, and t, s € R. Then
(5.8)
Ei(f) = Eg(h) = Ey (tf + sh) in 2,

Proof. Observe that:
Ey(f) * Es(h) = <ZZO=0% (n)> * < =0 T hu)

o oo thgl
=D he0 Daimo tkT (f(k) * h(l))

ST | T G ea)
k1eNU{0}, n=k+l

s (p e )

k,1eENU{0}, n=k+1

-y, L <Z§io i s (fO) h(n—j)))

(20 () (eno s nen)

because (ra)™ =" a™ foralla € A, r € R

—

= 220:0 n!

=S L (tf 4 sh)™

By (5.8), one can verify that
E(f) * 04 = Ei(f) * Ei04) = Ea(tf +5-04) = Ev(tf),

ie.,
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E(f) = Ei(tf),
forall f €A, t € R.

Corollary 5.8. Let f € U, and t € R. Then
(5.9)
E(f) = Eu(tf).
O

Indeed, from (5.8) and (5.9), one can re-obtain (5.1) and (5.7) as follows:
E(f)* E(f) = Ex (tf + sf) = Ex ((t+ ) f) = Egs(f),

and
Ey(f) * Ey(h) = Ex(tf +th) = Ey (t((f + h)) = E(f + h),
forall f, h €2, and t, s € R.

Remark 5.9. In fact, the relations (5.8) and (5.9) hold if ¢ is taken in C.
Also, by (5.9) and by the above remark, one can obtain the following corollary.
Corollary 5.10. Let I' be a group in the sense of (3.1.10), and let
" Y AB(f) : Vf € 2, Vt € C}

be a subset of A,. Then I" is a group-isomorphic to I' as groups.
Proof. The proof is done by (5.9). i.e.,

I = {E(f) = Eu(tf) - Vf € %, ¥t € C)
C{E(f):Vf e} =T

Thus, I is a subset of I', set-theoretically. Moreover, under convolution, I" is
homomorphic to I', by (5.8). i.e.,

By, (fi) * By, (f2) = By (tufi +taf2)
— Ei(tif1) * Er(taf2),

for all f1, fo € A, and ¢4, to € R. So, I is a subgroup of I'.

Observe that T" is a subset of I'. Indeed, if h € T', then h = E;(f), for some f
€ 2,. Moreover, if f =tf; in %, for t € C, and f; € 2, then it is identical to
Ei(f1) in T ie., a group I' is a subset of I'" (which is homomorphic to T').

Therefore, I' is group-isomorphic to I". 0

So, we can get a subgroup I'y of I', defined by
Iy = {E(f): f €%, t €R}.
Then it is a (classical) Lie group.
Let fo € 2, be a fixed nonzero arithmetic function, i.e., fo # Og,. For this fixed
fo € U, define a subset I'y, of '} by
(5.9)

T Y {E(fy) 1 t € R

Clearly, I'y, is a subset of the group I';.. Moreover, it satisfies that:
(5.10)
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Ei(fo) * Es(fo) = Ers(fo),
for all t, s € R, and Ey(fy) acts as the (x)-identity on I'y,, i.e.,
(5.11)

Ei(fo) * Eo(fo) = Ei(fo) * 1a = E(fo)
= 1a* Ey(fo) = Eo(fo) * Ei(fo),
for all t € R. Indeed,

Eo(fo) = E1(0- fo) = E1(04) = Y00 ) & OEZ) =14
Also, each element Fy(fy) has its (x)-inverse E_;(fy), such that:
(5.12)

Ei(fo) * E_¢(fo) = Eo(fo) = E_i(fo) * Ei(fo)-

Proposition 5.11. Let I'y, be a subset of the group I'y, in the sense of (5.9), for
nonzero fo € A,. Then it is a subgroup of I' under convolution (x). Moreover, it
s group-isomorphic to the flow R. i.e.,

(5.13)

Ffo = (Ffoﬁ *) o (Rv +) = R.
Proof. By (5.10), the convolution (x) is closed in I'y,. Also, the operation is asso-
ciative;
(Etl (fO) * Etz (fo)) * Ets(fo)
= Bty ttytts (fO)
— By (fo) * (Bu(fo) * Bulfy)).

by (5.1) and (5.8).

Also, the (x)-identity 14 = Ey(fo) is contained in I'y), by (5.11). Finally,
every element E(fy) is (x)-invertible with its (x)-inverse E_;(fy), for all ¢t € R.
Therefore, the subset 'y, for a fixed f, € A, of I is a subgroup.

This subgroup I'y, is group-isomorphic to the flow R. Indeed, one can define a
group-isomorphism,

o E(fo) ey —teR.
0J

By the above proposition, one can realize that the Lie group I'; is generated
(or sectionized) by the system {I'f} re 4 of subgroups I'; in the sense of (5.9). i.e.,
I, is filtered by A.

6. FLOWED EXPONENTIAL E ON A AS KREIN-SPACE OPERATORS

As we have seen in Section 4, each arithmetic function f, as a free random
variable of the p-Banach probability space (2, g,) (under quotient), is understood

as a Krein-space operator O acting on the Krein-space Cio Kren R,, satisfying

that:
NSO
@f_(f® ﬂD)’

}kc = @f* and @f@h = @f*h7 on (CIZL‘O,

with
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for all f, h € A,

So, if f is a free random variable of the p-Banach probability space (2, g,),
then the corresponding Krein-space operator © is well-defined on C?on'

Now, let f € 2,, and ¢t € R, and suppose E;(f) is the t-th exponential of f in
(2A,, gp). Then

(6.1)
_( (E(N) (D) 0 A 0
o= (B ) ) = einggy o )
on C7 .

Proposition 6.1. Let E,(f) € I'y, for f € A, andt € R. Then
(6.2)
1 0
_ ) 2
Op,) =€ ( Hp) 1 ) on C% .
Proof. The proof of (6.2) is directly from (6.1). O

The formula (6.2) shows that, whenever a Krein-space operator © g,y is fixed
on C% , there exists h € 2, (or h € A), such that: (i) h is unital in the sense
that: h(1) =1, (ii) h(p) = tf(p), and (iii)

Op, ) = 7MW ©, on C% .
Remark that such an element h is unique in 2, (under the quotient on A).
By (6.1) and (6.2), one can get that:

Proposition 6.2. Let Ei(f), Es(h) € (A, g,), for f, h € A,, and t, s € R, and
let O, 5y and Og, ) be corresponding Krein-space operators on Cio. Then

(6.3)

1 0
) o) — etf(D)+sh(1) ( ) ’
E(f) OE(n) tf(p) +sh(p) 1

on C% .
Proof. Note that
Op.(5)OB.(h) = OB(f)xB.(h)-

Thus, it is identical to

. B ( (Bx(tf +sh) (1) 0 )
Eq(tf+sh) (Ev(tf + sh)) (p) (Ev(tf + sh)) (1)

_ tF()+sh(1) ( 1 0 ) .
tf(p) +sh(p) 1

7. DYNAMICAL SYSTEMS ON 2,

In this section, we act the flow R = (R, +) on the p-Banach algebra 2, for a
fixed prime p. In particular, we identify the flow R as its isomorphic group I'y,,
for some fo € Ay, \ {0g,} (See (5.9)). Remark that, for any h € 2, \ {0g,}, two
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subgroups I';, and I'y, of the Lie group I'} are group-isomorphic from each other,

because
Group

Fh = Rv

by (5.13), whenever h is a nonzero element of 2,. It means that: (i) we are
free from the choice of f; to construct subgroups I'y, in 2(,, and (ii) I'y has all
isomorphic filters {I'y }rea, -

As in Section 6, one may understand 2, as a Banach algebra A, = ©(2,)
realized on the Krein space (CQAO. i.e., one can identify 2, as

A, ={0y € B(C%o) L f €A}
So, similarly, one may understand I'y, as the subgroup

({@Et(f()) ite R}> ) )
of A,. We denote the above group in A, again by I',.

Notation From now on, if there is no confusion, then denote E;(fy) € I'y,
simply by E*, for a fixed fo € %, \ {0g,}. Also, denote the quantities fo(1) and
fo(p) by wy and w,, respectively. Further, let u; = Re(w;), for j = 1, p, where
Re(z) means the real part of z, for all z € C. O

Define now an action a/® of the flow R 2 f, acting on the p-Banach algebra
A, by
(7.1)
af* (0,) Y 0,0,0%,, for all fc A,
for all t € R.

By the very definition (7.1), each morphism «;° is a well-defined function on
A,. And it satisfies that:

( /o Oéf‘)) (9f ) = af (ol (8))
= af" (0:0,0}.) = O 00,6}, 67,
= @Et*Es@fG)E;**Et* = @Et+~9®f@(Et*E5)*
since 2, is commutative under (x)
= OpttsO O (grts)-
(7.2)

- at-l—s (@f)
for all t, s € R.

Proposition 7.1. The morphism o/° of (7.1) is a well-defined group action of
the flow R = 'y acting on the Banach algebra A,, with
Oé(])co = 1B(C2 ) = 1Ap, on Ap,
equivalently, o;° has its inverse o T oon Ay, forallt € R.
Proof. As we discussed in the above paragraph, each ozto is a well-defined function
on A, for all t € R, and the morphism afo satisfies that

al® o alo = 041;+s» for all ¢, s € R,



DYNAMICAL SYSTEMS ON ARITHMETIC FUNCTIONS 195

on A, by (7.2). Therefore, indeed, the morphism afo is a group action of T’ for
which is group-isomorphic to the flow R, acting on A,,.
Let ¢ = 0. Then, for any ©¢ € A,,, one has that

ol (87) = OO0, = 01,0,0],
- 1Ap@f1Ap - @f,

by Section 5. i.e., ap’ = 14, on A,

It also demonstrates that each operator oz{ ° on A, has its inverse ocﬁ)t, by (7.2),
for all t € R. 0

By (5.1) and by the fact; (E*)* = E;(f;), one obtains that:
af’(f) = ©p0,0%, = 050,05,

::G%m(w&»?)><§ggf&)(?mn(&%ig)>

_t(fo()+Fo(D) L0
= et )(tfo(p) 1)

_ Re(fo) ( f(1) 0 )
tfo(p)f(1) + f(p) +tf (1) folp) f(1)

_ _tRe(fo1 f(l) 0
=c U<”<ﬁﬂﬂdﬁ@»+ﬂm ﬂD)'

_ _tRe@n f(l) 0
= ()(WMG%wm+f@ ﬂU)'

— etul ( f(l) O )
tup f(1) + f(p) f(1) )"

The following proposition is obtained by the above computation.

Proposition 7.2. Let a0 be a group action (7.1) of the flow R acting on A,.
Then

(7.3)
0 _ tug f(l) O :
o’ (07) = ¢ (wgm+f@ ﬂD)mA”
forall©®y € A,. [

Since we took fp in 24, \ {0g, },
either wy # 0, or w, # 0.

Suppose both wy # 0, and w, # 0. Then clearly, ) ) satisfies the general
expression (7.3);
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e () 0\ .
o (87) = ¢ (tupf(1)+f(p) f<1>)’1” Ay

Assume now that wy; = 0, and w, # 0. Then u; = 0, and u, = Re(w,) in C.
Thus, in such a case, the formula (7.3) goes to

o /() 0\ .
af <@f>‘(tupf<1>+f<p> f<1>)’“p

Let’s assume w; # 0, and w, = 0. Then u; = Re(w;), and u, = 0 in C. So, in
this case, the formula (7.3) becomes

fo _ ytuq f(l) 0 _etul in
o’ (Oy) = ¢ (f(p) f(l))_ O i &y

More general to (7.3), we obtain the following computations.

Theorem 7.3. Let af be the group action (7.1) of the flow R = Ty, acting on
A,. Then

ofiy , (05) = (jﬁletj“) ( > tjui;l()l) + f(p) f?l) )

N
o (o) = (10 ),

and

in A, where

and
o N 11 1
kp - tup (]1f](1)) + Zj=1 f](p) (l;éjé{l,"‘,N}fl( )) y
in C, forallt, t1,--- iy € R, and f, f1,---,fnv €2y, for all N € N.

Proof. By (7.3), if we let t = Zjvzl t; in R, then
Oégoév:ltj (©7) = of* (©y)

:< 7(1) 0 )
tu, () + £(p) ()

(i) (g )
j=1 23:1 tiupf(1) + f(p) f(1) )’
for all t1,--- ,ty € R, for all N € N.
Also, one obtains that:

N
i (jﬂlgfj ) = ol (QQ fj> ’

by (5.1) and (5.5)
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— etu1 J
w(Fo)w+(Fn)o (K6)w
by (7.3)
N
I (f,(1)) 0
= e N N
tuy (H f](l)) + 9p ( * f]) 1;11 (f5(1))
= (5 a )
where
N
ko= 11 (f5(1),
and
N N
@f:mpcgﬂuo-+Z;ﬂﬂ@)cﬁqh%mﬁ@0,
in C, by (3.1.11), where fi,---, fx € U, for N € N. O

By the well-defined homomorphism © from 2, to A,, one can understand our
flowed action a/® (acting on A,) as a flowed action (7.6) below, acting on 21,
(7.6)
ol (h) = By « h * EF, for all h € 2,
for all ¢ € R. Remark that (7.6) is identified with

ol (h) = oy it i ()™ x b (F5)))
for all h € A,.

Definition 7.4. Let o/ be the group action (7.6) of the flow R acting on the
p-Banach algebra 21,. The mathematical triple (R, 2l,, a/) is called the p-prime
I'4,-dynamical system of R on ,,.

Let (R, 2,, /) be the p-prime I'j,-dynamical system of R = 'y, on 2,,. Then
one can construct the corresponding crossed product Banach algebra,
(7.7)

Xfop ] Ap Xono R,
by the Banach algebra generated by 2, and
ol (R) ={Om € A, : t € R},
satisfying the following formulae (7.8) and (7.9) below:
(fOgt) (hOps) = f OpthOgs

= f Opth (14,0p:)

= f Opt h (OpoOpgs)

= f Opt h @(Et)**(Eft)* Ogs
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because

(EHY* s (E7Y)* = (Bt E7Y)" = (E%)* = 1y, = 1o,
in 20, and hence,

= f Opt h Oty O(g-1)+ Ops

= [ (©p: h Opry) O+ Ops

(7.8)
— (f* (a{o(h))) O(g-t) Ops
- <f x (af%h))) O (g-t) s
- <f x (a{o(h)>> Or_i(fs)eBa(fo)
= (f* (afo(h)» O (—sg+s0)

forall f, h €, and t, s € R.
Also, we have that
(f Opt)" =04 [* = 0%, f* Opo
= O f* (OpOp-—t)
= (0% [*Op:) Op-

(o) () 6
forall f € 2,, and t € R.
i.e., the crossed product Banach algebra

Xpow = Ap Xono R
induced by the p-prime I'y -dynamical system (R, 2, af0) is the Banach sub-
algebra of the Banach tensor product algebra A, ®c A, satisfying:

(7.8) (fOm:) (hOp:) = ( I (ag‘O(h)>) Q-1 Ops,
and

(7.9) (o) = ((of) (1) O+,

for all f ©pt, h ©ps € Xy, with f, h € 2, and ¢, s € R.

(7.9)

Definition 7.5. The crossed product Banach algebra Xy, = 2, X5 R induced
by the p-prime I'y-dynamical system (R, 2, af0) is called the p-prime Ly
dynamical Banach (sub)algebra (of 2, ®c¢ A,).

The crossed product Banach algebra Xy,., has its norm Ny,.,, defined by

Nigy (F Op) Z |1 5 ],
where |||, is in the sense of (3.2.1) and (3.2.1)", for all f ©Ope € Xy, with f
€ 2,, and ¢t € R. It is a well-defined norm on Xy,.,.
By construction, Xy,., forms a Banach algebra under Ny, .,. Observe that:

Npyop (f Opt) = [If O],
= [[((f = E%) (1), (f* E)(P))ll,

where ||.|, means the usual norm on C?
= [(F)E(D), FYE(p) + f(p)E ()]l
= [[(PMF (), te oD f(1) folp) + e f(p)]

27
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for all f ©p: € Xy,.p, with f € 2, and t € R.
Now, let &, be a subset of A,

& Y (Op, 05, 1t € R}

Recall that
@*Et — @*

)
_ ( (E:(fo)) (1) 0 )
(E:(fo)) (p) (E:(fo)) (1)
_ B ( 1 0 ) _ e,

for all t € R.
Construct a Banach subalgebra E of A, generated by &y, . i.e.,

(7.10)
def =
Efo = (C[gfo]?

where Y mean the norm-completions of subsets Y of A,. Every element of Ej,
can be understood as a (limit of) linear combination of {Og: }cr.
Define now a “conditional” tensor product algebra

(7.11)
de
Xfot]a = Q[p R ato IEfo

by a Banach subalgebra of 2, @c A, with the operations satisfying (7.12) and
(7.13) under linearity:
(7.12)

(f ©0p) (h© Op) = (f +af'(h)) ® (OO,
and
(7.13)

(f@0m) = (o) (/)@ Op-r,
forall f € 2,, and t € R.
Theorem 7.6. Let Xy, = A, X0 R be the p-prime Iy, -dynamical Banach
algebra, and let Xy, = A, @, Ky be the conditional tensor product algebra in

the sense of (7.11) satisfying (7.12) and (7.18). Then two Banach algebras Xy,
and Xy,., are isomorphic. i.e.,

(7.14)

Banach-Algebra

%fp:p =9 X oo R A ®af0 Efo = Xfo:p'

Proof. Define a morphism
P ‘%foip - Xfoip
by

» Y1y @0,

i.e., it is a linear transformation satisfying
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O(f Opt)=f®Op, forall feA,tekR.

By the very definition, ® is a generator-preserving bijective linear morphism.
Also, it satisfies that:

®((f ©p:)(h OF:))
_ 9 ((f * ag”O(h)) @(Eft)*@Es)
(7.15)
Thus, this bijective linear transformation ® satisfies the multiplicativity (7.15),
i.e., the multiplication (7.8) of Xy,.,, is preserved to the multiplication (7.13) of
X¢y:p, by @. Therefore, it is an algebra-isomorphism.

The norm Ny,., on Xj,., and the norm N/0? on X; ., are equivalent because
they are generated by those of 2, and A, which are equivalent. Moreover,

NP (D(f Ope)) = NP (f 0 Opi) = Npuf O5),

forall f € 2, ¢t € R. Therefore, ® is an isometric bijective algebra-isomorphism.

Equivalently, two Banach algebras X,., and Xy, ., are Banach-algebra-isomorphic.
OJ

The above theorem characterize the p-prime I'j-dynamical Banach algebra,
the crossed product Banach algebra, X4, = A, X5 R induced by the p-prime
['j,-dynamical system (R, 2(,, a/°), as a conditional tensor product subalgebra
Xfop = Ay Ryt Ey, of the tensor product Banach algebra A, ®@c A,.

8. FREENESS ON Xj,.,

In this section, we study the p-prime I's-dynamical Banach algebra X,., more
in detail, in particular, we establish free-probabilistic model on X, .,,.

In Section 7, we showed that two Banach algebras X,., and Xy, ., are isomorphic
from each other, where Xy, ., is in the sense of (7.11), satisfying (7.12) and (7.13).
It means that the flowed dynamical systems acting on the p-Banach algebra %,

is analyzed by elements of

Banach-Algebra
Xfow - Xfoips

by (7.14). From now on, understand Xy, .o and Xy, ., alternatively.
Define a morphism

Qp : Xpp = Xpop = Ay
by a linear transformation satisfying that:
(8.1)

Qp (f ® Opt) = o (f ® 11Ef0> = 010 f,
where 1Ef0 = 15, = Opo, and 0 means the Kronecker delta. i.e.,
Q, (Zjvzl i (i ® @Etj)) = Z;V=1 i€l (f; ® Opt; )

=31 00l

Then it is a well-defined conditional expectation from Xy, onto 2,. Indeed,
for all f € A, equivalent to
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f®1g, in 2, ®c {1k, } C Xpp,

we have

Q, (f®1Ef0> = f forall f €2,

(( 1®1Ef) f2®@Et)>

=, ((f1 % f2) ®Op) = beo (f1 % f2)
= f1 * (0r0f2) = fi x (2 (f2 ® Ops)),
for all fi € A, fo ® Op: € xfo:p' Also, by definition, this morphism 2, is
bounded (or continuous). So, under linearity, (2, is a (Banach-algebra) conditional
expectation from Xy,., onto 2.

Lemma 8.1. Let Q, : Xy, — 2, be a morphism in the sense of (8.1). Then it
1s a well-defined conditional expectation. U]

Define a linear functional

Pfop - 3—:foilo - C,
by the linear functional, satisfying that:
(8.2)

de
Ofop = Gp © LY.

Indeed, this function ¢y,., is linear, since
P fo:p (t (fl ® @Etl) + S(fQ ® @Etz))

= gp (2 (t(f1 ® O ) + 5(f2 ® Opta)))
= gp (td1,0 f1+ 501,0 f2)
=t 9p (5t1,0f1> + s 9p (6t2,0f2>
=1 Qfop (fl ® @Etl) T S ©forp (f2 ® @Etz) .

By the boundedness of €, it is bounded, too. So, ¢y,., is a continuous linear

functional on Xy, .,

Definition 8.2. Let Xy, = A, X 00 R = A, ®,5 Ep = Xy, be the p-prime
I's,-Banach algebra, and let ¢y, = g, o €, be the linear functional (8.2) on
X,p, where Q, is the conditional expectation (8.1). The corresponding Banach
probability space (Xy,., @) is called the p-prime I'y-dynamical probability
space.

Let (Xfyp, ©fo:p) be the p-prime I'f -dynamical probability space, consisting
of the p-prime I';-Banach algebra Xy, and the linear functional ¢y, of (8.2).
Now, we compute free moments of free random variables of (X4,.,, ©f,:p)-

Recall that:

(8.3)

(f1 Opn) (f2 Opn) = (fix atl L(f2 )) O(p-t1)-Opt

= fl * atl (f )) ®E1(7t1f5+t2f0)7
for f; ©pt; € Xy, for j =1, 2.
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Notation For convenience, we write a;°(h) simply by h, for all A € 2, and
t e R ie.,
(8.4)

ha = a;°(h) = E(fo) * h x E(fo)* in 2,

realized by (7.3) in A,,. One can understand f Op: € Xy, and f ® Ot € Xy,
as same (or equivalent) elements below. [

Observe that:
(fl @Etl) (f2 @Etz) (f3 @Ets)
= (f1* far) OBy(-t1 g +1250)) (f3 Opts)

= (f1 * foty) * f3(t1+t2)) @El(—(—tlfg—l-tgfo)*—l-tgfo)
(8.5)

= (fl * f2(t1) * f3(t1+t2)) @El(tlfo—t2f§+t3fo)’
for f; ©4t; € Xy, for j =1, 2, 3.
Inductively, one can get that:

Lemma 8.3. Let f; Oy, € Xy, forj =1,--- ,n, forn € N. Then one can get
that:

(.6)

kl;ll (i Opn) = (kilfk(’fz;@) @El (él(—l)"*ktkfékg’
where fys) = (fr) s in the sense of (8.2), for j =1,--- n, and s € R, and
(8.6)

(%, 1, %, 1,-ee 0%, 1) dfnois even
T (L, ok, 1, ke k1) if nods odd,

for alln € N.
Proof. The proof is by (8.5) and by induction. O

Now, recall that:
(8.7)

E° = Ey(fo) = E1 (0fy) = E1(0g,) = 1a,.
Observe now that:

2 <kﬁ1 (f @E"k)) =4 <<k$1fk<]211t)> @El (kgl(_l)nkf([)k])>
by (8.6)

n ] : L _1\n—k [k]:
. (ﬁlfk(fa;ti)) HE DT =0

Os, otherwise,
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in 20, by (8.7). So, one has the following lemma.
Lemma 8.4. Let fi, Opt, € (Xpyp, Pfop), fork =1,--- n, forn € N. Then

(8.8)
n % [ iz ) if % (—Dn_k (gk] = Ole
0, (kl;llfk @Etk) _ (kl k(iglti) k=1
Og, otherwise,
in 2, U

By (8.6), (8.7) and (8.8), we obtain the following free moment computations
on the p-prime Iy -dynamical probability space (Xf,., ©fop)-

Theorem 8.5. Let fi, Opr be free random variables in the p-prime I 4 -dynamical
probability space (Xfy.p, Pfop)s for k =1,--- . n, forn € N. Then

(8.9)
Sofo:p (kﬂlfk @Etk )

ZZ:l Vk:p ( k:l) Z.f é(—l)”_kfék} = Ole

II v
1€{1, n}, Ik

0, otherwise,

Uk:p = ¢ <’thi> ((i:ﬁ') upfi(1) + fk(p)> ,

where

and
k
Vg1 = € 1(i_1t)fk’(]')7 n C;
forallk =1,--- n.

Proof. By (8.6), (8.7) and (8.8), we have

(8.10)
Yo (knlf’f @Etk> =% (kilkaElltZ)) if k§1( 1) 0 Og,
9p (0%) =0 otherwise,
in C.

By (7.3), we have
fin () = e f(1),

and

fay(p) = e (tup f(1) + f(p))
for all t € R, where

ur = Re(w;) = Re(fo(1)),
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and
up = Re(wy) = Re(fo(p))-
Therefore,
k
u Zt enote
f k-1 (1) =€ 1(i=1 )fk:(l) ¢ net Vk:1,
k(i§1tl>

and

k{ X t;
i=1

f (k—l )(P) =" (élt) ((Zétz> up fi(1) + fk:(p)) T U,

inC, forallk=1,--- n.
So, by (8.10) and (3.1.11), if nonzero, then one can get that:

sr(ion) »(2gs)

n
= 1 Uk IT Vg1 |
Zk_l kp <l€{17”'1n}7l¢k kll)

where vy.; and vy, are given as above, for all k = 1,--- ,n. O

Consider now the case where the above computation (8.9) is non-zero. By
condition, one should have

n n— k
Zk:l (_1) kf([)] = 0%7

to make (8.9) be non-zero.
Suppose first that fj is self-adjoint in 2, in the sense that: f; = fo, equiva-
lently, fo is R-valued,

fo(n) = fo(n) in C, for all n € N.

Then one can conclude that the formula (8.9) goes to;

Spfozp <k];[1fk @Etk )

— > ket Vkip <l€{1,~--,n},l7$k Uk-l) 1 (kgl( ) ) Jo=0g,

0, otherwise,

by the assumption that: f; = f, in 2,

_ ) Xia Uk:p< 11 vm) if (f)(—l)”—’f) ~0

1e{1, n}, £k =
0, otherwise,



DYNAMICAL SYSTEMS ON ARITHMETIC FUNCTIONS 205

n . .
Vs IT V- if n is even
— 3 i Ui <le{1,---,n}7l¢k “)
if n is odd,

Y

for all n € N. More precisely, we obtain the following corollary.

Corollary 8.6. Under the same hypothesis with the above theorem, if fo(1), fo(p)
€ R, then
(8.11)

n n Uk I1 Vi if n is even
@ foip (klillfk @Etk) = D k=1 Vkip (le{lw.’n}’l#k k.l) f
B 0, if n is odd,

for all n € N, where vy, and vg.1 are given as in the above theorem, for all k

=1, ,n.

Proof. In [15, 16], we showed that Oy, is self-adjoint in the sense that ©% = Oy,
if and only if fo(1) and fy(p) are contained in R. i.e., in Ey,, it is self-adjoint.
By [l1], one can understand f; as a self-adjoint element in 2A,. Thus, by the
discussion of the above paragraph, one can get (8.11). O

Also, by (8.9), we obtain that:
Corollary 8.7. Let f Opt € (X4, ©f0p), with f € A, t € R. Then

(8.12)

" I ver | iF ST (=1 kfE = g
oty (f Opr)) = { 2ok Vi ({}7& ) 0 o =0,

0, otherwise,
where
k
ur| X t; k
ey = " () ((0) wrw+ 1),

and

Vp:1 = eul =t f<1>7 mn (C7
forallk =1,--- n, foralln € N. [J

Suppose f € 2, and E* € I'y,, for t € R. By Section 3.1,

gp (E') = E'(p) = (E(fo)) (p) = twy €™,
and
E'(1) = (Eu(fo)) (1) = e,

in C, where wy = fo(1), and w, = fo(p).

It shows that Ef(1) # 0 in A, and g,(E*) # 0, whenever t # 0. (Notice that
gp(E") = 0, only when ¢t = 0.)

By (3.1.13) and (3.1.14), one can verify the following freeness characterization
on the p-prime Banach probability space (A, g,).
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Proposition 8.8. Two “nonzero” free random wvariables f; and fo are free in
(2, gp), if and only if either

(8.13) fi(p) = 0 = fa(p), with fi(1) # 0 and f>(1) # 0, or

(8.14) (1) = 0 = fy(p), fori # j € {1, 2}, with fi(p) # 0, and f(1) # 0.
Proof. The proof of the theorem is by the little modification of that of (3.1.13)
and (3.1.14) in [11, 12]. By the very definition-and-construction of the Banach
space 2, under the equivalence relation N, on A (See Sections 5 and 6), if f €
2(, is nonzero, then either f(1) # 0, or f(p) # 0. So, fi; and f, are free in (2,
gp), if and only if either (8.13) or (8.14) holds. O

The above proposition implies that:

Theorem 8.9. Let f € (2,, g,) be nonzero, and E* € Ty,, fort € R. Then f
and E' are free in (U, g,), if and only if either

(8.15)t =0 and f(p) = 0, of f(1) # 0, or

(8.16)t = 0 and f(1) = 0, if f(p) # 0.

Proof. Suppose t # 0. Then both
E'(1) = e £ 0, and Ef(p) = tuy,e™ # 0.

So, by (8.13) and (8.14), if f # Og,, then f and E* are not free in (%A, g,).
Assume now that ¢ = 0. Then E° = 1g, the identity element of 2.

EO(1) = Lo, (1) = 1 # 0, and E°(p) = 1a, (p) = 0.

So, f and E are free in (2, g,), if and only if f(p) = 0 (with f(1) # 0), t
satisfy (8.13). Similarly, f and E° are free in (2,, g,), if and only if f(1)
(with f(p) # 0), to satisfy (8.14).

e}

Y

o

The above theorem shows that, in general, if f # Og, then f and E* are not
free in (A, g,), whenever ¢ # 0.
The following corollary is the direct consequence of the above theorem.

Corollary 8.10. Let f € (U, gp), and fuy = al°(f) € (A, gp), fort € R.
(8.17) [ and fuy are not free in (Ay,, g,),
whenever f # Oy, in 2Ap.

Proof. Assume first that t = 0 in R. Then f) = f in 2,. Therefore, f and fq)
are not free in (2, g,). Suppose now that ¢ # 0 in R. Then, by (8.15) and (8.16),
f and E" are not free in (2,, g,). Therefore, mixed free cumulants of

fand fo) = Ei(fo) * f* Ei(f7)

do not vanish in general, because mixed free cumulants of f and f(;) can be
understood as certain mixed free cumulants of f and E*. So, f and fy) are not
free in (A, gp).
Indeed, one can get that:
ko (f7 f(t)) = ko (f, Eu(fo)* [ Et(fg))
= gp (f * Ei(fo) * [ * Ex(£5))
= (9p(f)) (gp (Ee(fo) * [ * E(f5)))
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by the Mobius inversion of Section 2
= gp (f® x Ei(fo) * Ei(£3))

— f () (gp (f * Ex(fo) * E(f7))))
by the commutativity of () on 2,

=g, (fP* E(fo+ 7))
— f(p) (9o (f * Ex(fo + £3)))
by (5.7)

= gy (f? * E/(Re o))
— f(p) (gp (f * Ex(Refo)))

since fo + fi = Refo, with Refy(1) = uy, and Refo(p) = u,

= ((f(1))* tupe™™ + 2e™ f(1) f(p))
— f(p) (f(D)tupe™ + ™ f(p))
= (f(1))* tupe"™ + 2e™ f(1) f(p)
— FQ)f(p)tuye™ — et f(p)?
= et ((f(1)) tu, + 2f (1) f(p) — F(1) f(p)tu, — F(p)?) .
It shows that

kalf, fiy) = 0, if and only if f(1) = 0 = f(p),

equivalently, f = Og, in %, for all £ € R.
Therefore, if f # Og,, then f and f(;) are not free in (%A,, g,), forallt € R. O

The above corollary shows that the family {fq)}ier in 2, forms a non-free
family in (2, g,). We obtain the following generalization of the above corollary

Proposition 8.11. Let fi, fo € (/,, gp) be nonzero. Then fi and fau) are not
free in (A, gp), for allt € R.

Proof. If fi = f5 in 2, then it holds, by (8.17). Suppose that fi # fo. Assume
further that f; and fo are not free in (2, g,). Similar to the proof of (8.17),
observe that:
ks (f1, faw) = k2 (fr, Eu(fo) * fax Ei(f]))
= gp (1% E(fo) * fa x Ey(f7))
= (9p(f1)) (gp (Eu(fo * fo x Ex([5))))
gp (f1* fox E(Refy))

— J1(p) (9p(f2 * Er(Refo)))
= (fi % £o(1)) (E(Refo)) (p) + (fi * f2) (p) (Bi(Refo) (1)
— [1(p) (f2(p) Ex(Re fo) (1) + fo(1) Ey(Re fo) (p))
= (A1) (f2 (U)(t?(ip ") + f1(1) fa(p)e™ + fip) fa(1)e™

= (f1(p)) (f2(p)) €™ + fo(1) (tupe™)
(8.18)

= e (tup [1(1) f2(1) + f1(1) f2(p) + fi(p) f2(1)
—f1(p) f2(p) + tup f2(1)) -
By (8.13) and (8.14), the above second mixed free cumulant of f; and fou) =
of®(f2) vanishes only if either f; = Og, or fo = Og,. So, fi and fa() are not free
whenever f; and f, are not free in (A, g,).
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Suppose now that f; and f, are free in (2, g,). Then, by (8.13) and (8.14),
either (i) fi(p) = 0 = fo(p) with fi(1) # 0, and fo(1) # 0, or (ii) say f1(1) =0

= f2(p), with fi(p) # 0, and f>(1) # 0.
Assume first that the condition (i) holds, for the freeness of f; and f;. Then

the mixed second free cumulant (8.18) of f; and fo) becomes that
(8.18)

tupe™ fo(1) (f1(1) + 1)

So, in general, the formula (8.18)" does not vanish. It vanishes only when ¢ =
0 in R. In fact, it guarantees the third mixed free cumulant

ks(fi, fo0), f1) # 0.

Now, assume that the condition (ii) holds. Then the above formula (8.18)
becomes
(8.18)"

" (fi(p) (1) + tup fo(1)) -

So, the formula (8.18)” does not vanish.
The formulae (8.18)" and (8.18)” show that even though f; and f, are free in
(Ap, gp), the elements f; and fo) are not free in (2A,, g,). O]

By the above consideration, we obtain the following theorem characterizing the
freeness on Xy, ..

Theorem 8.12. Let T = f;0© ¢, be nonzero free random variables in the p-prime
L5, -dynamical probability space (Xj,.p, ©fop), for j =1, 2. They are free in (X,
©rop), if and only if both (8.19) and (8.20) hold, where

(819) tl :O:tg,

(8.20) fi and fy are free in (A, gp).

Proof. (<) Assume the conditions (8.19) and (8.20) holds. By (8.19), it is not
difficult to check that
kyjzo:p (irila T >En) = kn (fiu T 7fin) ’

for all mixed n-tuples (i1, ,i,) € {1, 2}, foralln € N\ {1}, where kfo?(.-.)
means the free cumulants on Xy,.,, with respect to the linear functional ¢y,.,. By
(8.20), all mixed free cumulants of f; and fs vanish, and hence,

kP (T, T;,) =0,
for all mixed n-tuples (i1, - ,i,), for all n € N\ {1}. So, T} and T3 are free
in (xfoip’ SOfo:p)'

197"

(=) Suppose T; and T5 are free in (X4, ©fyp)- Assume that either ¢; or ¢,
are nonzero in R. Say ¢; # 0. i.e., we assume the condition (8.19) does not hold.
Consider the mixed second cumulant of T7 and T5;

kgo:p (Th T2) = kgozp (flGEtlu f2@Et2)
= Pfop (fl@Etl f2®Et2) — Pfop (fl@Etl) Pfop (fZGEtz)
= Prop ((fl * f2(t1)) @E‘t1+t2) -0
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since t; # 0, by (8.9)

I (fl * f2(t1)) if £y fo — tafg = Og,
0 otherwise,

by (8.10)

{ SR+ (RO L)+ HERD)E™, o

It shows that, in general, if ¢; # 0, then k{oip(Tl, Ty) # 0. For instance, if f
= fo, and t; = t3 in R \ {0}, then the second mixed free cumulant of 77 and Ty
does not vanish. It contradicts our assumption that 77 and 75 are free in (Xy,.,,
P forp)-

Assume now that f; and f5 are not free in (U, g,). i.e., suppose the condition
(8.20) does not hold. It suffices to consider the case where the condition (8.19)
holds. It shows again that

ky{O:p (7}17 T 77—‘271) = kn (fip e 7fin) )
for mixed n-tuples (iy,--- ,4,). It shows that there exists ng € N and mixed
no-tuple (i1, - ,ip,), such that

kng (fi17‘” 7fin0) = ky{%:p (7—%17"' 7ﬂn0) # 0.

This contradicts our assumption that T} and T, are free.
Therefore, if 77 and T3 are free in (Xy,,, ¢f,p), then both (8.19) and (8.20)
hold. O

The above theorem completely characterize the inner freeness of the p-prime
I'4,-dynamical Banach algebra Xy ., in terms of a fixed prime p and the flow
determined by a fixed element f, € 2,. Under the linear functional ¢y, ., the
freeness on Xy, ., is affected by that on 2.

9. EQUIVALENT DYNAMICAL SyYsSTEMS WITH (I'y,, 2, af)

In Sections 7 and 8, we established a certain flowed dynamical system induced
by the p-prime Banach algebra 21, and the flow R, via a group action a/® for a fixed
“nonzero” element f, € A, having I'y, = R, and studied the corresponding crossed
product Banach algebra Xy,., to investigate how this dynamical system works on
arithmetic functions. In this section, we study systems of such dynamical systems.

9.1. Group Dynamical Systems on 2, Induced by I'f, ¢, 1..4f. Let p be a
fixed prime, and let (2(,, g,) be the p-prime Banach probability space induced by
the arithmetic p-prime probability space (A, g,) (under quotient and topology),
and let Xy, be the crossed product Banach algebra 2, x,s R induced by the
p-prime I'-dynamical system (R, 2, af). Then we obtain the p-prime I'j-
dynamical probability space (X5, ©fop)-

Now, let f, be fixed in 2, as above, and assume fi,---, fi € 2,, satisfying
that:
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k
f() = Zlfj iIl Q[p.
]:

Then we have
E' = E(fo) = E (éfj) = jg E(f5)
in 2(,,, by Section 5, for all t € R.
Thus, one can get that
O, =1 Opy, inB(CY).

Opt =
for all t € R, by Section 6.

From now on, we restrict our interests to the case where k = 2. i.e.,
Jo=Jfi+ fain Ay,

SO
E' = E(fi+ f2) = E(f1) * Ei(f2),

and hence,
@Et = @Et(fl)@Et(fZ) on (Cio.

Under above conditions, one can have that:
af* (h) = Eu(fo) * h * Ey(fo)"
= Ei(fo) x h* Ey(f3)
= Ei(fi+ o) * hx Ex(f{ + [3)
= Ei(f1) * Eu(f2) * hx E(f7) = E(f3)
= Ei(fo) * (E(f1) * b Ey(f7)) * E(f3)

since (*) is commutative on 2,

= a{z (Et(f1) * hox Et(fl*))

where «? is in the sense of (7.6) (and (7.6)") for fo
= af* (af' () = (a2 0 af') ()
forall h € A, for all t € R. i.e.,
(9.1.1)
o = a2 = o' o o forall t € R.

Inductively, we obtain that:
Lemma 9.1. Let o/ be the group action of the flow R = Ty, acting on 2, in the

k
sense of (7.6). If fo = fj in U, for some k € N, then
=1

J
(9.1.2)
= él af | for allt € R,

ol =
j
where (o) means the usual functional composition.

Proof. By (9.1.1), we have
of T2 = alt o of? for all t € R,

and hence, inductively, we obtain
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S i AAEE_,f sk f
=113 j=2ti _ _f1 j=2J7
t = 0y = C:t O
sk f;
:&{1 OCthQ Oa{t]—3 J
k )
— ... = O atf]
Jj=1

for all t € R. O

The above general formula (9.1.2) says that, if a fixed nonzero element f, €
2, is formed by a sum Z?Zl f;j of other elements fi,---, fi of %, for some k €
N, then the group action a/® of the flow R is understood as a certain product of
group actions aft, - aft of the flow R.

Define now a product group

RF=R x -+ xR

VvV
k-times

Y

equipped with an operation (+),
(t1y- e otw) +r (51,000, 8k) = (b1 + 51,00 St + Sp).

Then the algebraic structure R¥ = (R*, +,) is a well-defined group with its
group identity

Ox = Oa 07 e 70 )
P
where each element (¢, - ,t;) has its (+)-inverse,
_(tla te atk) = (_tla Tty _tk)a

for all £ € N.
Define now a subgroup Ay of (R¥, +;) by
Ay ={(t, t, t,---,t) € RF : t € R},
under the inherited operation (+), for all k& € N. It is easy to check that indeed

A}, is a subgroup of R*, moreover, it is group-isomorphic to the flow R. Indeed,
there exists a well-defined group-isomorphism,
Ap 3 (t,t,-- t) — t €R.

Thus, one can understand the subgroup Ay of (R, +;) as the flow R, for all &
€ N.

For fixed elements fi,--- , fr € 2,, define a group action k1 of A acting
on A, by

(9.1.3)

s (ol ovo aft) (),
forall h € A,, and ¢t € R.
Jro o fe

Then one can check that K ) is a well-defined function on 2l,, because a,{j

are well-defined functions on %, for all 7 = 1,--- |k, for all ¢ € R. Furthermore,
f ""af — f 7"'7f
K'/(z? 7t)]j'_(s7 75) (h) T I‘i(tl—"_sﬂkvt—‘rs) <h)

= a/{—li-s ©---0 Oé{j—s) (h)
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sk fs
a3 (h)
xk_f ©kfs
(o o)

since af are well-defined group actions (for all f € 2A,)
= ((1/{1O---oa{koazlo...oa£k> (h)

by (9.1.2)

by (9.1.2)
— ((afl 0--+0 af‘“) o (ozgl 0---0 ozf;’v)> (h)

= (Wl 0wl B ) ),
for all h € 2, and (¢,--- ,t), (s,---,s) € A. i.e., we obtain that:
(9.1.4)

f 7"'7f — f ""7f f )"')f
'i(t1«-~7t)i(s,-~~,s) - I{(tl,-~~,t)k © “(;7-..75; on 2L,.

Therefore, k71 +/r is a well-defined group action of Ay acting on 2,. Since A,
is group-isomorphic to the flow R, one has a flowed group-dynamical system (A,
le’ /Qfl7'..7fk)'

By (9.1.2), (9.1.3) and (9.1.4), we obtain the following theorem.

Theorem 9.2. Let Xy, = A, X, 00 R be the p-prime Iy, -dynamical Banach
algebra. If fo = Zle fi A, for fi,---, fr € Ay, then Xy, is isomorphic to
the crossed product Banach algebra

le K15 fg Ak
induced by the group dynamical system (Ag, A, k/177%),
Proof. 1t is sufficient to show that the dynamical systems
(R =Ty forifis Ap, af0) and (A, A, w15%)
are equivalent. But, we showed that two groups R = I'y; and A are group-
isomorphic, moreover, group actions o/ and &/ /% satisfy (9.1.3), i.e.,

a{o = /-g{tl’.'_f ;’;’“ on A, for all ¢ € R.
In other words, the above two dynamical systems are equivalent. Therefore
they induce isomorphic crossed product Banach algebras

%fozp = Q[p Xado R> and Q’lp Xl fk Ak?
respectively. 0

If we denote the crossed product algebra 2, X, r....r, Ax by Xy, 4.5, then it
has equivalent free probability with that of Xy, by the above theorem and by
Section 8.

9.2. Group Dynamical Systems on 2, Induced by I'y, x I'y, x - -+ x I'y,.

Let I'y, be the groups, isomorphic to the flow R, in the sense of Section 6, for

fixed f; € AU, for j = 1,--- , k, for some k € N. Construct now the product group
(9.2.1)
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L'y

def F
s T T
equipped with the operation (-), such that:
(O8, (1) OBy OBy (10)  (OF, (1) OBy Oy (1)
= (O, (1)OF, (1): " OB, (1O, (1)
= (@El(t1f1+s1f1)v T @El(tkfk+5kfk))
= <@Et1+s1(f1)7 B @Etwsk(fk)
Clearly, the algebraic structure (I'y, ... 4., -) forms a group, as the product group
of Ff17 e ,ka.
Define a subgroup Dy, ... 5, of the group I'y, .. ¢
(9.2.2)

of (9.2.1) by

k

Dfl,"',fk déf {(GEt(f1)7 @Et(f2)7 U ’@Et(fk)) |t € R} )

under the inherited operation (-) from I'y, ... ,.

Then the pair (Dy, ... 5., -) becomes a subgroup of I', ... 7, of (9.2.1), moreover,
it is group-isomorphic to the subgroup A; of the product group R¥ of Section
9.1. Indeed, one can define a group-isomorphism,

(@Et(fl)’ o ’®Et(fk)) o (1),
where 3, means the group-isomorphism between Dy, ... r, and Ay.
Since Ay is group-isomorphic to the flow R = I'y, whenever f; = Zle fj, the
above group Dy, ... 5, is group-isomorphic to the flow R = I'y, too. So, one can

define a group action /% of Dy, .. ; acting on 2, by
(9.2.3)

et o g,
Then it is a well-defined group action, moreover, we obtain that:

Theorem 9.3. The group dynamical systems
(R - PfO’ ﬂp’ afo) and (Dflv'wfm Q[pa '7f17m7fk>

. k .
are equivalent, whenever fo =377, f; in A,

Proof. We showed that two group dynamical systems (R, 21, o) and (A, 24,
k1 Ik) are equivalent, whenever fy = Z?:l fjin2,. By (9.2.2) and (9.2.3), it is
not difficult to check that the group dynamical systems (Dy, ... s, 2,, ¥/ ) and

(Ay, A, k/17/k) are equivalent. Therefore, we obtain the desired consequence.
OJ

The following corollary is the direct consequence of the above theorem.

Corollary 9.4. Let fy = ij':l fj in A,. Then the Banach algebras
xfoip = le X afo R and Xﬁ,-",fk = 9113 val,m,fk th... I

)

are 1somorphic. [
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