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ABSTRACT. In this paper, we prove the boundedness for some multilinear com-
mutators generated by the pseudo-differential operator and Lipschitz functions.

1. INTRODUCTION

As the development of singular integral operators, their commutators and
multilinear operators have been well studied (see [4, 5, 6, 7, & 9, 10]). In
[1, 5, 6, 7, 8 9, 10], the authors prove that the commutators and multilinear
operators generated by the singular integral operators and BMO functions are
bounded on LP(R") for 1 < p < oo; Chanillo (see [2]) proves a similar result when
singular integral operators are replaced by the fractional integral operators. In
[4, 11, 12,13, 16], the boundedness for the commutators and multilinear operators
generated by the singular integral operators and Lipschitz functions on Triebel—
Lizorkin and LP(R™)(1 < p < o0o) spaces are obtained. In [11], the weighted
boundedness for the commutators generated by the singular integral operators
and BMO and Lipschitz functions on LP(R™)(1 < p < oo) spaces are obtained.
The purpose of this paper is to prove the weighted boundedness on Lebesgue
spaces for some multilinear operators associated to the pseudo-differential oper-
ators and the weighted Lipschitz functions. To do this, we first prove a sharp
function estimate for the multilinear operators. Our results are new, even in the
unweighted cases.
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The purpose of this paper is to prove the boundedness on Lebesgue spaces for
some multilinear commutators generated by the pseudo-differential operator and
Lipschitz functions.

2. NOTATIONS AND THEOREMS

In order to state our results, we begin by introducing the relevant notions and
definitions.

Throughout this paper, @) will denote a cube of R™ with sides parallel to the
axes.

The A; weight is defined by Ay = {0 < w € Lj,, : supys, ‘Q| Jow(y)dy <
cw(z), a.e.}(see [5]).

The Lipschitz space Lipg(R™) with 0 < 5 < 1 is the space of functions f such
that

/(=) = f ()|
i = —_—— < Q.
HfHLPB Iilégn |x—y|ﬁ
Ty

ForO0< <1, 1<p<oo,m>0, the Triebel-Lizorkin space F’;”ﬁvoo(R") (see
[14]) is the space of functions f such that

< oQ.

sup Q)1 / 0~ falda]|

oo =
Given some function b; € Lipg(R"),1 < j < m,0 < 8 < 1, we denote by CT"
the family of all finite subsets v = {y(1),- - -,v(j)} of j different elements in
{1, --,m}, where v(i) < 7( /) when i < j.

For v € C7", we denote v = {1, -+, m}\.

For b = {by,- - - by} and v = {7(1),- - -,7(j)} € C™™, we denote b, = = {byq1), -

bv(j)}v and by = by(1) - - - by(j), and ||bv||L1p5 = ||bv HLlpﬁ Hbvj ||sz,e'

We say §(z,€) € Sm if for z,£ € R",

’80‘ o°

Dz OB o(z, 5)' < C, (1 + [g|)melBi+alal

where «, § are multiindex consisting of n nonnegative integers.
The pseudo-differential operators ¢ - d - o- with symbols d(z,§) € S, is given
by

T(f)(x) = / PTG (2, €) F(€)de.

n

where f is a Schwartz function and f denotes the Fourier transform of f.
The pseudo-differential operators ¢ - d - o- also have another expression

T(f)(z)= [ K(z,z—y)f(y)dy,

Rn

where K (2,2 —y) = [, 0(z, &)™ @494,
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Let b;,1 < j < m be the fixed locally integrable functions on R". The multi-
linear commutator associated to the pseudo-differential operator is defined by

m

Ti(f)(x) = | Koo —y) [[0s(2) = b)) f(y)dy.

Now, we state the main results as follows.
Theorem 2.1. Let T be a v-d-o- with symbol §(x, &) E Sy ”j{f,o <o<1l—a,0<
a <1, and b; € Lipg(R") for 1 <j<m,0< < and 1 < p < oo. Then
Ty is bounded from LP(R™) to Fl’jwoo(R”).

m(l a)’

Theorem 2.2. Let T be a 1 - d - o+ with symbol §(z,&) € S0 < o <

l—a,o

1—a,0 <a<1, and b; € Lipg(R") for 1 < j < m,0 < f < m, and

l<p<oo,l/qg=1/p— mTB Then Ty is bounded from LP(R") to LI(R").
3. PRELIMINARY LEMMAS

Lemma 3.1. (see [11]) For0 < 8 < 1,1 <p < o0,

1/p
_1_B _B _
Wi = 5011 | [8(0) bl = sup I+ (\@| g |b<x>—erpdas) ,
Q Q Q Q

where bg = |Q| ™! fQ b(x)dx
Lemma 3.2. (see [11]) Let Q1 C Q2. Then |bg, — bg,| < C|[b]|1ip,| Q2|7
Lemma 3.3. (see [1]) Let 6(z,&) € S;."?0< 0 <1-a,0 <a <1, and

l—a,o

K(z,w) denote the inverse Fourier transformations in the £-variable and in the
distribution sense of 6(x,€), that is informally K(z,w) = [, 0(z,&)e* 9 de.
Then for |z — xo| < d <1/2 and N >0,

1/2
/ ]K(x,x—y) _K($0,$o—y)‘2dy
(2Nd)t-e<|y—mzo|<(2NHLd)L-a

S O|[E . x0|(1—a)(h—n/2) (2N+1d)—h(1—a)

where h is an integer such that n/2 < h <n/2+1/(1 — a).

Lemma 3.4. (see [1]) Let 0(z,§) € S2,,0 < € < 1, and, as usual, K(z,w)
Jin (2, )e*™ 8 dE. Then for |w| > 1/4 and arbitrarily large M, |K (z,w)|

CM‘U}‘_QM.

Lemma 3.5. (see [3]) For0 < <1, 1 <p < oo,m >0, we have

_LB
sup Q] / |f(x fQ|dCU
Q3%

<

1l ~

sup inf |Q|” 1_/ |f(x) — c|dx

Q33 c€Cq

)
Lp

where fo = |Q|™* fQ f(z)dx
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Lemma 3.6. (see [15, Section 1.9 of Chapter 5]) xq € Ay for any cube Q.

[
Lemma 3.7. (see[]) Let 6(z, 5)651"5(/,2,0<0<1—a,0<a<1, T(f)(z) =
Jin 2@ § (1, €) f(€)dE, and w € Ay with 2 < p < oo, ||[T(f)]||pw

= (Jpr IT(N)(@)Pw(z)dz) 7. Then || T(f)|lpw < Collfllpw for f € C5o(R™).
Lemma 3.8. (see [15, Section 1.1 of Chapter 2]) Suppose 1 < p < 00,1 < r < o0,

M, (f)(x) = supgss (ﬁ fQ \f(y)|’"dy) ". Then
(] mnera) <o ([ wpa)”.

. 1/r
Lemma 3.9. (sce [2]) Let M, ,p(f)(7) = sup,cq (\Q|*1+Tﬂ fQ |f(y)]Tdy> for
l<r<oo,f>0,m>0,andr <p<mf/n,1/qg=1/p—mpB/n. Then

My (F) ()] 2o < ClI ] 2r-

4. PROOF OF THEOREM 1

Proof. Fix a cube @ = Q(&,d) with the sidelength d. we first prove that there
exists some constant C' and 1 < r < oo such that, for f € LP(R"),

sup inf [Q % [ [Tyla) = clde < CIBusn, (MAT(P)(@) + M)
Q>z cclq Q

We consider the case m =1 and d < 1.

Let f(z) = fi(x )+f2( ) with fi(z) = f(x)x.s(x) and fo(x) = f(x)xse(x), and
let (b1); = [J|™" [, bi(y)dy, where J is a cube concentric with @ of side-length

d a
— [ Ko=)~ (002) ~ 0alo) ~ BTy
= (by(x) — (0)y) | K(x,z—y)f(y)dy— | K(z,o—y)(bi(y) — (b)) f1(y)dy

R R

— [ K(z,z —y)(bi(y) — (b)) fa(y)dy

= (bi(x) — (b1) )T (f)(x) = T((br — (br).s) f1)(x) = T((by — (b1) ) f2) (),

thus

Qs / Ty ( ((br)y — 1) f2) ()]

IN

Qs /Q by(2) — b)) ITCF) (@)l + QI /Q IT((b1 — (b)) 1) (@)l de
QI /Q IT((51 — (b)) f2) @) — T((by — (ba) ) fo) (@) |da

= A+ Ap + Ags.
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For A, 1, by Hélder’s inequality with exponent 1/r + 1/ = 1 and Lemma 1, we

have
1/r
o 41Q (|Q|—1 / |bl<x>—<bl>Jr’dx) (!Q| 1 / T(f de)

< ot (]J| 1/|b1 )l d:z:> (!Q\ 1/ T(f Tda:) 1

< C||b1||L1pﬂ (

Avq

IN

For A; 5, by Holder’s inequality with exponent 1/s+1/s' =1and 1/t+1/t' =1,
such that st = r, and Lemma 7, 1, we have

8 1/s ,
te = ol ([ re - eonpere) Qr

IN

IA

B8 1/s ’
clor = ([ ) - Gubln@a) - oF:
1/s
= ol ([ o - Gostir@ras) e

1/st’
—1-8 s — st
o410l (ur 1 / \bl<x>—<b1>J|fdx)

1/st
-1 std) 1/s
x (|c2| /Qlf(:v)l ) o)
olE (url [ @) - o) |St’dx) - (|c2|—1 / |f(m)|5tdm> o
; 1 1)J Q

< Olloa]|ips My (£)(2)-

IN

IN

For A, 3, choose h such that n/2 < h <n/2+1/(1 —a) and n/2 —h+ 5 < 0.
By Holder’s inequality with exponent 1/r +1/s+1/2 =1 and Lemma 2,3,1, we
have

T((01 = (b)) () = ({0 = () o) (7)
| [ (K a =) = K@= ) ta(0) = ()l
<

/| B =) = (.3 =)l () = (n)allf )l

) /<> g K@ T =) = K@E=9)lIn) = (217 w)ldy
N=0 “esly—z[< —a
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:Z/ZNd K(z,x —y) — K(z,7 —y)|

N—o Y @Nd)ma<]y—z|<(2N*1d)1 -

X b1(y) = (b1)owv+na-a || f(y)|dy

o0

+ |K (2,2 —y) = K(Z,7 - y)|

N=0 /(QNd)laS|yf|S(2N+ld)la
X | (b1)awv+na—a); — (b1) ]| f(y)|dy

1/2
<cz ( | (o= g) = K@ - )y )
N d)l-a<|y—F|<(2N+1d)1-

1/s 1/r
( () - (b1)2<N+1><1—a>J|de> ( / |f<y>r’“dy)
Z|<(2N+1d)t ly—&|<(2N+1d)l—a

o 1/2
K (rw—g) — K35 y>|2dy)

+0)
1/r
Ifrd)

Ne < (2N d)1-a<|y—F|<(2N+1d)1-
% |’b_£||Lip3(2N+1d)6(1_a)(2N+1d>n(1_a)/s </|

< CZ |x—x|(1 a)(h—n/2) (2N+Lg)=h (1—a)+n(1— a)/2<2N+1d) —a)
N=0

y—Z|<(2N 1)
1/s
X (2N*1 )80 ((2N+1d) n(1- a)/ 01 (y) — (bl)Q(NH)(la)J’de)
ly—z|<(2N+1d)!—«

- 1/r
(2N +1 )=o) / F)ldy
jy—zl<@N1d)1-a

+C Z |$ (1—a)(h— n/2)(2N+1d) (1—a)+n(l—a)/2

« ||b1||Lipg(2N+1d)6( a) ((2N+1d> n(1— a)/
|

y—z|<(2N )

1/r
Iwrd)

Z (1= (h=n/2) (9N+1 ) (1-a)(n/2=h) (9N+1 )1 )HblllupBMr(f)(f)

N=0

L Z ==/ (N gy (1=a)(n/2=) (QNHL g)SA=a) | || M (f)(F)
N=0

<C Z o(N+1)(1=a)(n/2=h+5) gB(1=a) ||y | | Lips M (f)(Z)

N=0

8 -
< ClJ | |[br]|Lips My () (Z)
thus
Az < C|by|Lips M (f)(T).
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Combining all the estimates, we finish the case m =1 and d < 1.
In case m =1 and d > 1, we proceeds the case as follows.

Let f(x) = fi(z) + fa(x) with fi(x) = f(x)x2s(z) and fo(z) = f(z)x2q)(7),
and let (b1)2q = [2Q[™" [, b1(y)dy. We have

Ty (H) = | Kz, —y)((bu() = (br)ag) — (b1(y) — (b1)20)) f (y)dy

= (bi(x) — (b1)20) - K(z,z —y)f(y)dy
- K(z,z —y)(bi(y) — (b1)20) f1(y)dy
_ . K(z,z —y)(bi(y) — (b1)20) fo(y)dy

= (01(x) = (01)2)T(f)(2) = T((by = (b1)2q) 1) (x) = T((b1 — (b1)2) f2) (),

thus

< QI /Q 1b1(2) — (520 lIT(f) (@)
Lot /Q T((51 — (br)sg)f1) (@) lde

QP [ Tt = (o)) (@)l
Q
= Agq+Aso+ Ags.

Similar to A171, A271 S C(Hbl“sz[ng(T(f))(f)

Similar to ALQ, Agjl S C”bl“szﬁMr(f)(j)

For A, 3, by Hélder’s inequality with exponent 1/r 4+ 1/r' = 1 and Lemma 4,
2, 1, we have

T((by = (b1)2g) f2) ()] =

. K(z,z —y)(bi(y) — (b1)20) f2(y)dy

<[ KGw-p)lG) - (sl £)ldy
ly—&|>2d

<C |z — 72" |b1(y) — (b1)20llf (y)|dy

ly—&|>2d
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<cy | = 2" b1 (y) — (B)avergllFy)ldy

NT1 /2N d<ly—3|<2N

oy | e — g (Bu)averq — ()l )l

N=1 Y 2Nd<|y—F|<2N+1d

00 1/r
<O (V) (N )P () (<2N“d>" /| rf<y>v"dy)
N=1 Yy

—i|<2N+1q

1/r
(2N+1d)_2”+n |(b1)2N+1Q — (bl)zQ‘ ((2N+1d)_n/ |f(y)’rd?/)

y—F|<2N+1d

2N ) " Y D) b || iy M () (E)
> V)T @Y b | ap, Mo () (7)

<C f: 2(N+1)(—n+ﬂ)d—n+ﬂ||b1||Lip5 Mr(f)(f)
N

<Y 20ENEEDGE by || L, M, (£)(E)
N=1

8 N
< ClQ|*|by | Lips M (f)(Z),
thus
Ag g < Cl[b1]]Lips M, (f) ().

Combining all the estimates, we finish the case m =1 and d > 1.
Now, we consider the case m > 2 and d < 1.

Let f(z) = fi(x )+f2( ) with fi(z) = f(x)x.(x) and fo(x) = f(x)xse(x), and

let (b;)y = |[J]7" [,b;(y)dy for 1 < j < m, where J is a cube concentric with Q
of side-length d'~—¢.

Tp(f)(x) = K(z,z —y) [((05(x) — (b)) = (b;(y) — (b;).)) f (y)dy
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[I0s) = ()0) | K,z —y)f(y)dy

R

3T ST (be) - b T — b)) f)()
=1 yeCm
([ - )0 F)E)
([ - ) R)E)

m

@ [ e =TT - b))

|@P/Hw T )
+Z§N@“”/r ) = BT~ by )0

j=1~ecy

w1 - )l

m

= [ A0, - @) - AL - 0 2@

J=1

Asy + Aszo+ Ass + Asa.
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For As 1, by Holder’s inequality with exponent 1/r; 4+ -+ -+ 1/r,, + 1/r =1 and
Lemma 1, we have

1/7”J 1/r
As §C|Q|‘* <|J| 1/yb ”dx) (|Q| 1/ T(f de)
1/r
<eII (W1 e - o) (1ar [ moera)

< CH 116511 Lipy Mo (T (f))(Z)
< C||0]| 1ips M (T(£))(7).

For Aj,, by Holder’s inequality with exponent 1/s+1/s" =1 and 1/t +1/t' =1,
such that st = r, and Lemma 1, 6, 7, we have

IN

Aszp

o3 S (117 [ 16000 = 2. dx)w

j=1 ’yGC"L

>< (|@rl [ 1= b)) otie) "

oY lor# (1 [ 106 - ) |’dx)w

7j=1 'yECm

IN

(10 [ 106 -t @I vate)
(sz_l >l <|Jy 1/‘ b dx)l/Sl

j=1 yecr

(|@r FACCEnRGIET dx)l/s

) 1/s'
oS> 3 1 (1 [ 0w o)

Jj=1~yecy

()8 J),B . ; 1/st’ . . 1/st
s (|J| / (5(@) — by)oe das) (|@|- /Q If(:r)|8d:r)

cz > 103 i 103 in, M (1) (2)

j=1 yecr

OBl ipy M () (7).

IA

IN

IA

IA
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For As 3, by Holder’s inequality with exponent 1/s 4+ 1/s" =1 and 1/t; +-- - +

1/t + 1/t

A3,3

= 1, such that st = r, and Lemma 1, 7, we have

m 1/s
< ClQIw |T<H<bj—<bj>J>f1><:c>|Sd:c) QI

IN

1/s
clo = ([ Tt - (bM\fl(w)!de) Q'

j=1

m

, 1/s
cloI~ /H|bj( )—(bj)J!S|f(17)|sd93> QM

le

1/Stj
O|Q|—1—*1Q|1/s (m o - d)

1/st
(e [ !f(:v)l”d:v> Q-

CH(IJI (7 1/|b , stde)l/st)

«(ler / |f<x>|stdx)l/5t

< CH |105| Lip, M (f) (2)

IN

IA

IN

< C’||g||Lz‘pﬁMr(f)(j)-

For As 4, choose h such that n/2 < h <n/2+1/(1 —a) and n/2 — h+mp < 0.
By Holder’s inequality with exponent 1/s 4+ 1/r 4+ 1/2 = 1 and Lemma 1, 2, 3,

we have

IN

IN

T([ [ = @) fo) () = T([ [ (05 = (05)0) o) (%)

j=1 j=1

| =y - K@= ) [[00) - 62 )y

/| e 07 mY) — K& E —y) IT 165(») — 8311 £ (w)|dy

Z/ K(z,2 —y) - K(&,7 — y)

N—0 (QNd)l_a<‘y7§:|<(2N+1d)1_a

XH\b )allf(y)ldy
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IN

IN

IN

IN

IN

IN

IN

M

/ K (o~ y) - K(35— )
2N g)1-al|y—z|<(2N+1d)1—

,’:]3

X awvrna=a 5| + [ (bj)aevna-w s = (05)1]) £ (y)ldy

1

J

SN Ibavnacary — byl

N=0 j=0 veCJ"

<[ K(aa—y) ~ K33 -y)
(2Nd)1—a§|y_53‘§(2N+1d)1—a

X[(b(y) — bavsna-ays)e| | f(y)|dy

o0

CZ Z Z ||b;||Lip5(2N+1d)j(1_a)ﬁ

N=0 j=0 veCT"

1/2
(QNd)l_ag‘y75|§(2N+1d)1_a’

1/s
X (/ |(b(y) — bavt1yi—a) g ) e )
ly—z|<(2N+1d)t—e

1/r
"d
( /| g W) y)

C3 S S 7l (27 )i

N=0 j= O'yECm

X|JZ—ZE| (1—a)(h— n/2)(2N+1d) 1- a)+n(1—a)/2(2N+1d>(m—j)(1—a)ﬂ

x (2N )~ (m—j)(1-a)B

1/s
o <<2N+1d)n(1a)/ [(b(y) — bav+ya—a) 1)e|® dy)
ly—g|<(@N+id)i-e

1/r
<@g [ )
|y_i.‘§(2N+1d)1—a

(Jz Z Z ||b;||Lipﬂ(2N+1d)j(1—a)5d(l—a)(h—n/2)(2N+1d)(1—a)(n/2_h)

N=0 j=0 veCT"

X (2N ) DO DB b | iy, M, () ()

C Z Z S o@D Aa)n/2hbmB) gml=)d) 5| (f)(7)

N=0 j=0 veCT"

mg 8
CLI = 116]| ips My () (2),

Aga < C|[]] i, My (f)(F).

23
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Combining all the estimates, we finish the case m > 2 and d < 1.
In case m > 2 and d > 1, we proceeds the case as follows.

Let f(z) = fi(z) + fa(x), With fi(z) = f(@)xaq(x) and fo(z) = f(2)x@q)(7),
and let (b;)aq = [2Q|™" [, 0;(y)dy for 1 < j <m.

thus

Q- /Q ITy(f) (2)

IN

Q1% | TIIhte) ~ wealT (@)l

S5 @ [ 100 - g 0 ~ e

7=1 'yECm

CI A | (ORI OSTETE

C R (ORI OMINICIE

= Ay + Ao+ Ay + Aga.

Similar to Az, Ag; < CHgHszB H(T(f))(@).
Similar to Az, Ags < CHbHszB r(f)

Similar to g3, Asz < C||b]|1ips M (f)
For A, 4, by Holder’s inequality wit
2, 4, we have

(Z).
(Z).
he

xponent 1/r 4+ 1/r" = 1 and Lemma 1,

T([ [ = (0))20) f2) (@)

Jj=1
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[ K= [160) = 4ae) )i
7=1
/ Kz, -y |H|b b )20/ (v)]dy
|y7:1~:\>2d
e[ le-ul Q”H\b b)all )l
\y—:i|>2d
C / 20T |os( F()ldy
Y S s Hr b)a0llf (1)]
CZ(2N+1d)—2
N=1
<[ TT005) — (baxsial + 1(y)avsrg — (b5)saD] F(w)ldy
2N d<|y— §2N+1d321

CID Y @) P (o ing — bao)s|

<[ 1)~ bl f )y

C Z Z (2N+1d)—2n+n| |b:;| |Lip[3(2N+1d)jﬁ(2N+1d>(m_j)B

1/r'
(b(y) = bowsrg)oel” dy)

X
~—~

2N+1d)7(mfj)ﬁ (2N+1d>7n /
ly—&|<2N+1d

1/r
(e[ )

32D 3 @ I (2 b, M) (2)
N=1 j=0 veC*
C Z Z 2(N+1)(*n+m5) dfnerﬁ‘ |5’ |Lip5 Mr<f)<£%)
N=1 j=0 yeCT"
C Z Z 9(N+1)(—n+mp) dm6||b||szﬁ (f)(j;)
N=1 j=0 ~veC*
CY 2D D 2N Q bl iy, M,(f)(7)
N=1 j=0 yeCT"
C’Q|T|’b||sz3 r(f)(*%)ﬂ
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thus
Aya < O||g||Lip5MT(f)(5;>‘

Combining all the estimates, we finish the case m > 2 and d > 1.
S0, for any cube Q and c € Cg and 1 <r < oo and f € LP,

Q1= [ 1) ~dds < Clfllug, (MT(NE) + M),
thus
sup inf Q" [ [Ty(w) —eldr < B, (M (T()E) + MA@
Q>z <l Q

By Minkowski’s inequality and Lemma 7, 8, we have

IT5 (Dl s =

sup inf |Q|™" / T3(f)(x) — c|dx

QBIE CECQ

p

Cl1Bl|ips (1Mo (T(f)) (@) 10 + ClIM(f) (@) 20)
< COllbllnips T 2w+ 11f 1120
< Clbl|Lips 1]

This completes the proof of Theorem 1. 0

IN

5. PROOF OF THEOREM 2

Proof. Similar to Theorem 1, we can prove that there exists some constant ¢ and
1 < r < oo, such that for f € LP,

QI /Q [ Ty(x) = cldz < Cl1bl|nips (Myma(T())(E) + Myms () (%))

Further, we have

(T (&) < 1Bl ins (Mms(T()(E) + Myms(f)(3)).

By Minkowski’s inequality and Lemma 7, 9, we have

T5()]| s ClIM(T( ) (@)]]La

CI(Ty( )" (@)]] s

C1B iy (1Mo (T ()@ zo + 1| Mrms () (@) | 10)
ClIbllipy (1T 1o + 11 £]20)

C 1Bl i, |1 £1] -

This completes the proof of Theorem 2. OJ
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