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THE WAVELET CHARACTERIZATION OF HERZ-TYPE
HARDY SPACES WITH VARIABLE EXPONENT

HONGBIN WANG!* AND ZONGGUANG LIU?

Communicated by O. Christensen

ABSTRACT. In this paper, using the atomic theory of the Herz-type Hardy
spaces with variable exponent, we give their wavelet characterization by means
of some discrete tent spaces with variable exponent at the origin.

1. INTRODUCTION AND PRELIMINARIES

The theory of function spaces with variable exponent has developed since the
paper [8] of Kovacik and J.Rékosnik appeared in 1991. In [3, 10], Herndndez, Lu,
Weiss and Yang gave the p-transform and wavelet characterizations of Herz-type
spaces. In addition, Kopaliani and Izuki introduced the wavelets inequalities of
Lebesgue spaces with variable exponent in [7] and [1], respectively. Recently, the
authors [12] defined the Herz-type Hardy spaces with variable exponent and gave
their atomic characterizations.

Inspired by the aforementioned references, we give the wavelet characteriza-
tion of the Herz-type Hardy spaces with variable exponent by using the atomic
decomposition theory in Section 3. And for this purpose, firstly in Section 2 we
will introduce a kind of discrete tent space with variable exponent.

To be precise, we first briefly recall some standard notations in the remainder
of this section. Given an open set {2 C R", and a measurable function p(-) :  —
[1,00), LPY)(Q) denotes the set of measurable functions f on € such that for some

A >0,
p(z)
Q
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This set becomes a Banach function space when equipped with the Luxemburg-

Nakano norm
p(z)
||f||LP()(Q):1nf{)\>O/ (‘f()\l‘)‘) dZL‘Sl}
Q

These spaces are referred to as variable Lebesgue spaces or, more simply, as
variable LP spaces, since they generalized the standard LP spaces: if p(z) = p is
a constant, then LP)(()) is isometrically isomorphic to LP(f2). The variable LP
spaces are a special case of Musielak-Orlicz spaces.

For all compact subsets E C €, the space L')(Q) is defined by L')(Q) :=

oc loc

{f:feLPY(E)}. Define P() to be the set of p(-) : 2 — [1,00) such that

1 <p =essinf{p(z):z € Q} <esssup{p(r) :z € Q} =p" < o0.

Denote p'(x) = p(z)/(p(x) — 1). Let B(R™) be the set of p(-) € P(R"™) such that
the Hardy-Littlewood maximal operator M is bounded on LP)(R™).

In addition, we denote the Lebesgue measure and the characteristic function
of a measurable set A C R" by |A| and x4, respectively.

Lemma 1.1. ([8]) Let p(-) € P(R"). If f € LPO(R") and g € LP'O(R"), then
fg is integrable on R™ and

e |f(z)g(x)|dx < TPHf”LP(‘)(R")||gHLP/(‘>(]R")7
where
rp=1+1/p" — 1/p+.

This inequality is named the generalized Holder inequality with respect to the
variable L spaces.

Lemma 1.2. ([5]) Let q(-) € B(R™). Then there ezists a positive constant C' such
that for all balls B in R™ and all measurable subsets S C B,

HXB”LQ(‘)(R") SC@,
||XS||L<1(')(R") S|
X5l Lat) () <C (ﬂ)ls1
||XB||L‘1(')(R”) | B
and
/(. n b2
HXSHLq()(R ) <C (ﬂ) ’
x5l oo @ny | B|

where 01,09 are constants with 0 < 01,0 < 1.

Remark 1.3. The conclusions of Lemma 1.2 are true if we replace the balls B by

the cubes Q.

Remark 1.4. Throughout this paper 5 is the same as in Lemma 1.2.
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Lemma 1.5. ([2, 6, 9]) Suppose q(-) € B(R"™). Then there exists a constant
C > 0 such that for all cubes @ in R",

1
|Q_|||XQ||Lq(~>(Rn)||XQ||Lq’<»>(Rn) <C.

Next we give the definition of the Herz spaces with variable exponent. Let
Qr ={x = (21, -+, 2,) € R" : |y| < 2%} and Ay, = Qi \ Qr_1 for k € Z. Denote
Zy as the set of positive integers, x, = xa, for k € Z, xp = xx if kK € Z, and
Xo = X@,- Similar to the definition of [5], we have

Definition 1.6. Let a € R,0 < p < oo and ¢(-) € P(R"). The homogeneous
Herz space KF(R") is defined by

q()
Ko™ = {f € LR {0)) £ 1) < 00},
where

1/p
||f||K:;(’1;(]Rn - { Z 2ko¢p||ka||Lq() R™) } .

k=—o0
a,p

The non-homogeneous Herz space K J(R") is defined by

KR = {f € L) (R™) + | fll e < oo},

where
00 1/p
HfHKap(]R" - {szapankHLq()Rn)} .
k=0
In [12], we gave the definitions of Herz-type Hardy spaces with variable expo-

nent and their atomic decomposition characterizations. S(R™) denotes the space
of Schwartz functions, and S’'(R™) denotes the dual space of S(R™). Let Gy f(z)
be the grand maximal function of f(z) defined by

Gnf(r) = Sup 5 (f)(2)],

where Ay = {¢ € S(R") : sup [2°D°¢(z)| < 1} and N > n + 1, ¢% is the
laf,|B|<N
nontangential maximal operator defined by

¢v(f)(x) = sup [gy f(y)]

ly—z|<t

with ¢ (z) =t "¢(z/t).
Definition 1.7. ([12]) Let « € R,0 < p < o0,¢(-) € P(R") and N > n + 1.

a,p

(i)The homogeneous Herz-type Hardy space HK (’)(R”) is defined by
HE;N(R") = {f € §'(R") : Gnf(x) € Kyh(R")}
and we define |[f|| g r@n) = |Gnfllgos@n-
a;p

(ii) The non-homogeneous Herz-type Hardy space H Kq(’.)(]R") is defined by

HESHRY) = {f € S(R") : G f(x) € K35 (R}
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and we define ||f||HK§<’?;(Rn) = ||GNf||K§<’?;(Rn)-

For x € R we denote by [x] the largest integer less than or equal to z. Similar
to the results of [12], we have the following definition and lemma.

Definition 1.8. Let ndy < o < 00,¢(-) € B(R™) and non-negative integer s >
[ — ndy].
(i) A function a on R™ is said to be a central («, ¢(-))-atom, if it satisfies
(1) suppa C B(0,r) = {x € R" : |z| < r}, for some r > 0.
9 el < 560 P,
(3) Jon a(z)zPdz = 0, for any multi-index 8 with [8] < s.
(i) A functlon a on R™ is said to be a central (o, ¢(+))-atom of restricted type,
if it satisfies the conditions (2), (3) above and
(1) suppa C B(0,r), for some r > 1.

Lemma 1.9. Let ndy < o < 00,0 < p < o0 and g(-) € B(R™). Then f €
HES(R™) (or HEK((R™)) if and only if

q(’)
f= Z ALk <or Z)\kak) , in the sense of §'(R"),
k=—00 k=0

where each ay, is a central («, q(+))-atom (or central (c,q(-))-atom of restricted
type) with support contained in Q and
[e.e] oo

Z | Ak|? < oo (or Z AP < o0). Moreover,
k=—00 k=0

1/p

1/p
1AW e s ey ~ inf ( > WI”) or || fll sz xcep ey = Inf (Z WI”) ,

k=—00

where the infimum is taken over all above decompositions of f.

2. THE DISCRETE HERZ-TYPE TENT SPACES WITH VARIABLE EXPONENT

In this section, we introduce a kind of discrete tent space with variable exponent
to establish the wavelet characterization of Herz-type Hardy spaces with variable
exponent. Let v € Z and K € Z". Define Q, x = {z = (21,...,x,) € R" :
2x—Kel0,1)"} and D ={Q,k : v € Z,K € Z"}. Moreover, we set s(f)(x) =

1/2
<Z BRI Xe(x )) andsuppS= ) @ where 8 = {8(Q)}qep
QeD {QeD:8(Q)#0}
is a complex numerical series.
Definition 2.1. Let 0 < v < 00,0 < p < 00,¢(-) € P(R") and 8 = {B8(Q)}qen-
The tent space associated with K */(R") is defined by

TENRY) = {6:5(8) € K (R")}

and we define ||5HTK:;(’?;(RH) = [|s(B )HK” (Rm)*
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Similarly, we can define the space TK/"/(R") replacing K;(I;(R”) by K 5(R")
in Definition 2.1.
Firstly we establish the central («, ¢(-))-atom-sequence decomposition charac-

terization of the space TK;“(’_’; (R™).

Definition 2.2. Let 0 < a < 0o and ¢(-) € P(R"). If there is a cube R with the
center at the origin, such that R D supp 8 and

1/2
(Zlﬁ QI xa(z )) < |R[7",

QeP LaC)(Rm)

then 8 = {B(Q)}gep is said to be a central (a,¢(-))-atom-sequence, and the
smallest cube R with above property is called the base of S.

Theorem 2.3. Let 0 < a < 00,0 < p < 00 and q(-) € P(R™). The following two
statements are equivalent:

(i) B € TKSD(R").

a()
(11) There exist a sequence {f;}32

sequence {\;}°

2 of central (a, q(-))-atom-sequences and a

72 0f numbers such that

o0 00 1/p
suppB; C | @, B= D AjB; and (Z |>\j|p> < 00,

QED; j=—00 j=—00

where D; = {Q € D: Q C Q; \ Qj_1}. Furthermore, in this case, the following
two norms are mutually equivalent:

00 1/p
HB”TK;(’?;(RTL) and inf ( Z |/\j\p> ;

j=—o00

where the infimum is taken over all the central (o, q(-))-atom-sequence decompo-
sitions of 3.

Proof. We prove (i) implies (ii) firstly. Let

1/2
A= Q1 <Z 1BQ)1QI xo(x )) X;(2)
QED LaC) (Rn)

Define 3, = {5]’(@)}Q€D by
1 . .
Bl - { g I

, otherwise.

Thus we have 5 = Z A\jB;, supp B; C U @ and

Jj=—00 QeD;

0o 1/p
(Zw) < s(B) i = 16 oy

j=—o00
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Moreover, we claim that /3; is a central (a, ¢(-))-atom-sequence, since

1/2
> 1B(QFPIQI  xo(@)
QED; L&)
1/2
=l D AIB@PIQI xe(@)
QED; LeO @)
1/2
=N D 1B@PIQI xo()
QED; LoO) (")
1/2
<A (Z BQIPIQI xq(= >> X;(@)
QeD La()(Rm)

—a/n

=A< @

QeD;

Next we will prove (ii) implies (i). Suppose j; is a central («,q(-))-atom-
sequence with supp 3; C U ) C Q;. We consider the two cases 0 < p <1 and
QeD;
1 <p<oo.
If 0 < p <1, it suffices to prove that

Is(B)llken ey < €

where C'is a positive constant independent of /3;. It is easy to see that supp s(5;) C
@;, and thus we have

i 1/p
5085 iy = { > 2’mp||s<ﬁj>||§q<‘><,4k)}

k=—o00

1/p
< 15085 oo { 3 z}
k=—0c0

< O|Q,|~/"2e < O,
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If 1 < p < oo, by the Minkowski inequality, we have

s(B)(x) =[] Z \iB5(@Q

QED |j=—o0

1/2
< Z Al (Zm ) 1QI xe(= >>

]—foo QeD

= Z [Ajls(85)().

j=—o00

1/2

IQ\ Xo(@)

This implies that

I8y = 3= 25BN s

k=—o00

00 o P
< ) ke ( > |)\j|||S(5j)Xk||Lq<~>(R")>

k=—o00 Jj=—00

oo & g
< Z okap ( Z P\j!HS(ﬂJ)XkHLW(R”))

k=—o00 j=k—1

> (Z |Aj|2kaer|—a/">

k=—o00 \j=k—1

<C§: (imz’” )
k=—oco0 \j=k—1

0o o0 /
o 3 (S ) (32 weee)
J j=k—1
00 J+1
<C Z |/\ Vo(Z 9 (k— Jpa/2>

IN

/

where 1/p+1/p' = 1.
Hence, (i) holds, and the proof of Theorem 2.3 is completed.
OJ

Similarly, we also introduce the definition of central («, ¢(+))-atom-sequence of
restricted type.

Definition 2.4. Let 0 < a < oo and ¢(-) € P(R"). If there is a cube R with the
center at the origin and having side length no less than 2, such that R D supp 3

and
1/2
(Zlﬂ QI xo (2 >> <R[/,

QeD L) (R™)
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then 8 = {(Q)}gep is said to be a central (a, ¢(-))-atom-sequence of restricted
type, and the smallest cube R with above property is called the base of .

If the spaces T' K;)‘(’_I; (R™), K;‘(’.’; (R™) and the central (o, ¢(+))-atom-sequence were

replaced by the spaces TK_(R"), K (R") and the central (c, g(-))-atom-sequence
of restricted type, then there is a similar result. The proof is similar to Theorem

2.3, so we omit it.

Theorem 2.5. Let 0 < a < 00,0 < p < oo and q(-) € P(R™). The following two
statements are equivalent:

(i) B € TK H(R").
(ii) There are a sequence {B;}32, of central («a,q(-))-atom-sequences of re-

stricted type and a sequence {)‘j}?io of numbers such that

o] 0o 1/p

suppB; C | J Q, B=)_A;B;and (Zl%lp) < 00,
QeD; j=0 j=0

where D; = {Q € D : Q C Q; \ Qj—1}. Moreover, in this case, the following

norms are mutually equivalent:

o0 1/p
HﬁHTK;"("’;(Rn) and inf <ZO |)\j‘p> 7
j:

where the infimum is taken over all the above central (o, q(+))-atom-sequence of
restricted type decompositions of 3.

3. THE WAVELET CHARACTERIZATION OF HERZ-TYPE HARDY SPACES WITH
VARIABLE EXPONENT

In this section, we will use the v-regular compactly support wavelets obtained
by Daubechies in [I] (or see [I1]) to give the characterization of the elements in
Herz-type Hardy spaces with variable exponent.

Set Q) x and D be as before. Let E = {0,1}"\{0,---,0}, ¢ and ¢ be y-regular
compactly supported functions obtained by the multiresolution approximation in
[1]. For any ¢ € E and @ € D, set

vo(a) = 227 (Pay — k) ™ (D — k),

where ¢¥° = ¢ and ¢! = ). Let m(Q be the cube with the same center as @) and
whose sides are m times as long. It is well known that {1 }qgepcer have the
following properties (see [1, 3, 11]):

(A) {15} gep,cep is an orthonormal basis of L*(R").

(B) supp vy C m@Q with m > 1 for all Q € D.

(C) For any index o € N™ and |a < v,

0%y (x)| < C2m9/27,
(D) fgn ¢4 (2)dz =0, |af < 7.
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Let A denote the set of indices A = K277 + 277! corresponding to (U8
where Q Q] k- For simplicity, we write ¢y = ¢ with A € A and (f, g) =

fRn da:

Theorem 3.1. Let ndy < a < 00,0 < p < o0 and ¢q(-) € B(R"). Suppose
[ e SR, a(X) = (f, ¥n) and f(z) = Za()\)l/z,\(x), where ¥ is a y-reqular

AEA
compactly supported wavelet and v > o — nds + 1. Then the following two state-

ments are equivalent:

1/2
(1) S(f (Z!a )P|Q(A >(x)> € Kyh(R").

A€A

(2) f € HKSD(R).

Moreover, the norms
“f”HK;(’_I)’(R”) and [|5(f) ||K§<’?§(R”)

are equivalent.

Remark 3.2. This result is true for the spaces H K f(R") and K J(R").

To prove Theorem 3.1, we need the following lemma, which is a kind of wavelet
characterization of L)(R™).

Lemma 3.3. Let q(-) € B(R"™). Then there exists a constant C' > 1 such that for
all f € L1O(R™),

C Ul Laor @y < WS par@ny < CNFllatr @my-

Proof. The method of proof is similar to [1] or [7], here we omit it. Actually,

Lemma 3.3 is one of two cases in [1].
0

Proof of Theorem 3.1 We first show (1) implies (2). It is easy to see that for
any given € € F, {04 (Q)}oep € TK .y (R™). Therefore, by Theorem 2.3, there
)

are a sequence {a5}%2_ of central (a, ( )- atom sequences and a sequence {\;}

j=—o0

of numbers such that supp o C Q;, a® = Z Aja; and

j=—o00

oo 1/p
(Z |)\§|p> < ||S(f)||f‘<;vg(w)~

j=—o0

So we have



WAVELET CHARACTERIZATION OF HERZ-TYPE HARDY SPACES 137

@) =3 alia(e)

A€A

RN

eeE QeD

=22 > Xas(@p()

eel QGD j=—00

Y S (z Qe >)

eeFE j=—o0 QeD

Set a5 = Z a5(Q)vg(x), then supp a5 C mQ); and by Lemma 3.3 we have
QeD

1/2
Haj‘HLq(‘)(R") (Z \04 ’Q\ 1XQ>

QeD
< ClQ;I~.
Since 9 satisfies property (D), it is easy to see that a5 is a central (v, g(-))-atom
up to an absolute constant with support in m@;.

Because we only have a finite number of ¢’ s, by Lemma 1.9 we know that
f € HK*(R™). Moreover,

q(*)
1F e @y < CUS (N gen @n)-

This finishes the proof of the fact that (1) implies (2).

Next we need to prove that (2) implies (1) to complete the proof of Theorem
3.1. We will consider two cases 0 <p <1 and 1 < p < o0.

When 0 < p < 1, we only need to prove that ||S((I)||K:;<,.z;(Rn) < C for each

ra) (R™)

central (a, q(+))-atom a with support in Qg, where C' is independent of k. Let m
satisfy 2™ < m < 2™0F! with my € N (see (B) at the beginning of this section).
Write

k+2 )
1S(@) ap gy = D2 2NS @XM @y + D 2 IS (@l

[=—c0 l=k+3

=L+ 1

For I, by Lemma 3.3 we obtain
k+2 k+2
lo (I-k)x
I < CZZ 2P |allf o0 gy < clz 2=Rer < O < 0.

To deal with I, we first estimate S(a)(x) when x € A; with [ > k + 3. Let
Q()) denote the cube associated with A € A and A = {\ € A : mQ(\) N Qy, #
Pand iy (z) # 0}. If X € A¥, we write the side length L(Q(\)) of Q()) is equal to
277 5o that m277 > 2171 — 2072 = 272 where [ > k+3. Soj <mg+3—1. It is
observed that a is a central (a, ¢(+))-atom and v is y-regular with v > o —ndy+1.
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Let 70 = a — ndy and P, () be the vp-order Taylor expansion for ¢, (z) at 0.
Then we have

(@, )] < / la(a)|[a(z) — Py () de
SCQTLJ’/QQJ'(%-H)/ |a($)||:1:|7°+1dx
. . Rn
< 0271]/2+(J+k)(’70+1)*ka||XQk ||Lq,(,)(Rn).

On the other hand, it is easy to show that for any given j, the number of X in A*
is less than an absolute constant Cy. Therefore, if x € A; with [ > k+ 3, then by
the generalized Holder inequality we have

[S( = [a, v) PR xaw ()

AEA
—Z\ A PIRO xa @)
AEAR
mo+3—1
<y Z 22j(n/2+’70+1)+2k(70+17a)+nj”XQkHiq/(‘)(Rn)

J=—00
< (,22k(0H1-a)=2U(n+y0-+1) X0, ||iq,(') &)

That is,
S(a)(x) < OOQk(’Yo+1—oc)—l(n+’Yo+1)HXQkHLq/M(Rn).

So by Lemma 1.2 and Lemma 1.5 we have

[2 S C Z 2(lik)(a77071)p2ilnpHXQk HLq () (R™) HXQl HLq() (R™)
I=k+3

S C Z 2(l_k)(a_,yo_1)p2_lnp||XQIC ||Lq 7(4) Rn (|Ql|||XQl ||Lq '(4) Rn))p
= k+3

p
<0y 2Pty (M)

I=k+3 ||XQ1||L(1 O)(R™)
00

<C Z o(l=k)(a=nd2=v0-1)p _ (1 « ~q.
I1=k+3

When 1 < p < oo, take 1/p+1/p/ = 1. Let f € HK*?(R"). Then f =

N q(-)
Z /\kak and

k=—00

0o 1/p
{ Z ’)‘k‘p} < C“fHHK‘”’ (Rm)>

k=—00
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where a; is a central («,¢(-))-atom with support in Q. It follows from the
Minkowski inequality that

S(f)@) < > IelS(ar)(x).

k=—o00

Write

00 k-3 py 1/p
IS gy < { > 2 ( S wus<aj>xkum<.><m) }

k=—00 Jj=—00
- - py 1/p
+{ > 2 ( > w||s<aj>xkumw<w>) }
k=—o0 Jj=k—2
=10 +11,.

Similarly to the estimate for I;, we obtain

k=—o00 k—2

00 o) p
<C ) 2t ( > IAjITJ"‘)
j 2

k=—o00 k—

C i (i |/\j‘fp2(k—j)ap/2> (
Jj=k—2

k=—o00
<C YN

j=—o00

) e P
Iy <c Y ok ( > WHI%HW(W))
J

IA

o /v
Z 2(k—j)ap//2>
—k—

J 2

That is,

00 1/p
I, <C ( > |)‘j|p> < Cllflmgces @ny:

j=—00

Similar to the estimate for I, we obtain that if x € A, with k > j 4 3, then
S(aj)(a:) < 021(’70+17a)*k(n+70+1)HXQjHLq/(A)(Rn).

So by Lemma 1.2 and Lemma 1.5 we have
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9] k—3 p
1y <cC Z okap Z |A[2700F =R 04D 3o Lo ey X o ey
k=—o0 Jj=—00
<C Z Qkap
k=—oc0
k—3 P
% ji: |Aﬂ2jﬁ0+Lﬂﬂ—km+MrHJ”XQjHL¢QMRH)(“QkHLXQk”;;@MRﬂ>
j=—o0 ,
[e's) k—
ko 3 i(Yo+1—a)—k(y0+1) ||XQj ||LQ’(~)(R”)
§022 P Zl)\jpjw Y0 DA AR TURT)
Fa = IX@ull o ()
00 k-3 p
<C Z Z |/\j|2(j—k)(“/0+1+n52—04)
k=—0c0 \Jj=—0o0
<C YN
j=—00
That is,
00 1/p
<o ), Iy < Ol erseoss -
j=—00
This finishes the proof of the fact that (2) implies (1).
Thus we finish the proof of Theorem 3.1.
O
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