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ABSTRACT. This article presents the result on existence of mild solutions for
random impulsive semilinear functional differential inclusions under sufficient
conditions. The results are obtained by using the Martelli fixed point theorem
and the fixed point theorem due to Covitz and Nadler.

1. INTRODUCTION

Impulsive differential inclusions are suitable mathematical model to simulate
the evolution of large classes of real processes. These processes are subjected to
short temporary perturbations. The duration of these perturbations is negligible
compared to the duration of whole process. These perturbations occurs in the
form of impulses (see [2, 1, 6, 1, 3, 5] and the references therein).

When the impulses are exists at random, the solutions of the equation behave
as a stochastic process. It is quite different from deterministic impulsive differ-
ential equations and stochastic differential equations (SDEs). Iwankievicz et al
[7], investigated dynamic response of non-linear systems to poisson distributed
random impulses. Tatsuyuki et al [3] presented a mathematical model of random
impulse to depict drift motion of granules in chara cells due to myosin-actin in-
teraction. In [J], Sanz-Serna et al first brought dissipative differential equations
with random impulses and used Markov chains to simulate such systems. Wu
and Meng [10] first gave the general random impulsive ordinary differential equa-
tions and investigated boundedness of solutions to these models by Liapunov’s
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direct method. Shujin Wu et al [11, 12, 13], studied some qualitative properties of
random impulses. In [14], the author studied the existence and exponential sta-
bility for a random impulsive semilinear functional differential equations through
the fixed point technique under non-uniqueness. The existence, uniqueness and
stability results were discussed in [15] through Banach fixed point method for
the system of differential equations with random impulsive effect. The author
[16], studied the existence results for the random impulsive neutral functional
differential equations with delays. In [17], the author studied existence results of
random impulsive neutral non-autonomous differential inclusions with delays via
Dhage’s fixed point theorem.

Motivated by the above mentioned works, the main purpose of this paper is to
study of random impulsive semilinear functional differential inclusions (RIFDIns).
We utilize the technique from [18, 19, 20].

The paper is organized as follows. In section 2, we recall briefly the notations,
definitions, lemmas and preliminaries which are used throughout this paper. In
section 3, we study the existence of RIFDIns in the convex case of the multivalued
function using a fixed point theorem for condensing map due to Martelli. In
the end of the section, we study the existence results of the problem by using
Wintner growth condition. We study the existence of RIFDIns in the non-convex
case of the multivalued function using the fixed point theorem due to Covitz and
Nadler in section 4. Finally in section 5, we present an example to illustrate the
application for the results in section 3.

2. PRELIMINARIES

Let X be a real separable Hilbert space and 2 a nonempty set. Assume that

Tr is a random variable defined from Q to Dy = (0,d) for k =1,2,---, where
0 < di < 4o00. Furthermore, assume that 7; and 7; are independent with each
other as i # j for i,5 = 1,2,---. For the sake of simplicity, we denote

Rt =10, 4+00); R, = [, +0).

We consider the semilinear functional differential inclusions with random im-
pulses of the form

V() € Av(t)+ F(ta), t£&, r<t<T,
(&) = bi(me)z(§), k=1,2,---, (2.1)
Lty = ¥,

where A is the infinitesimal generator of strongly continuous semigroup of bounded
linear operators S(t) = {S(t),t > 0} with D(A) C X.

Now we make the system (2.1) precise: The functional F' : R, x C — P(X),
P(X) is the family of all nonempty measurable subsets of X; C = C([—r,0], X)
is the set of piecewise continuous functions mapping [—r,0] into X with some
given r > 0; z; is a function when ¢ is fixed, defined by z;(s) = x(t + s) for all
s € [—r,0]; & = to and § = &1 + 7 for k = 1,2, ..., here ty € R, is arbitrary
given real number. Obviously, tg =& < & <& <+ <& < -5 b : Dy - R
for each k = 1,2,---; x(§,) = 1#161]61 x(t) according to their paths with the norm
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x|l = sup |xz(s)| for each ¢ satisfying 7 < ¢t < T and 7,7 € R are given
t—r<s<t

numbers, || - || is any given norm in X; ¢ is a function defined from [—r, 0] to X.
Denote {B;,t > 0} the simple counting process generated by {&,}, that is,
{B; > n} = {& < t}, and denote F; the o-algebra generated by {B;,t > 0}.
Then (Q, P,{F;}) is a probability space. Let L, = L,(Q2, P,{F;}) be the space
of all p™ integrable random variables with values in X, that are measurable
with respect to {F;,t > to}. For the simplification, denote the Banach space
BT([to —rT], Lp), the family of all F;-measurable, C-valued random variables

with the norm )

lls, = ( sup Elf)".

t€(to, T

Let LS(Q, B7) denote the family of all F; - measurable, By - valued random
variable ¢.

We use the following notations: Py(X) = {Y € P(X) : Y closed}, Ppa(X) =
{Y € P(X) : Y bounded}, P, (X) ={Y € P(X): Y convex}, P,(X)={Y €
P(X) :Y compact}. In a Hilbert space X, a multivalued map G : X — P(X) is
a convex (closed) valued, if G(x) is convex (closed) for all x € X. G is bounded
on bounded sets if G(V) = U,eyG(z) is bounded in X, for all V' € Pyy(X) that
is,

sup{sup{lly[| : y € G(x)}} < co.

G is called upper semi continuous (u.s.c.) on X, if for each zy € X, the set
G(z0) is non-empty, closed subset of X, and if for each open set V' of X containing
G(z0) there exists an open neighborhood N of xy such that G(N) C V.

G is said to be completely continuous if G(V') is relatively compact, for every
Ve Pbd<X )

If the multivalued map G is completely continuous with nonempty compact
value, then G is u.s.c. if and only if G is closed graph, (ie., ™ =z gy -
y*,y™ € G(z™) imply y* € G(x*))

An upper semicontinuous map G : X — X is said to be condensing if for any
bounded subset V' C X with a(G(V)) < a(V'), where a denotes the Kuratowski

measure of noncompactness [21].

Remark 2.1. ([22]). A completely continuous multivalued map is the easiest ex-
ample of a condensing map.

G has a fixed point if there is x € X such that z € G(x). The fixed point set
of the multivalued operator G will be denoted by Fizx G.
Define the function H : Ppga(X) X Ppaa(X) — R by

H(A, B) = max {sup d(a, B),sup d(A,b)},
acA beB

where d(A,b) = inf {|la — b||’,a € A}, d(a, B) = inf {|la — b[[",b € B}. The
function H is called a Hausdorff metric on Py (X).

The multivalued map Z : [1,T] = Ppa,a(X) is said to be measurable if for each
x € X the function Y : [7,T] — Rt defined by

Y(t) =d(z, Z(t)) = inf{||lx — z||P : 2 € Z(t)} is measurable.
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Definition 2.2. A multivalued operator Z : [r, T]| — Py(X) is called
(a) Contraction if and only if there exists 7 > 0 such that

H(Z(z), Z(y)) <n ||z —y|", for each z,y € X, with n < 1,
(b) Z has a point if there exists x € X such that z € Z(x).

For more details on multivalued maps see [22, 23, 21]. Our existence results
are based on the following fixed point theorems of Martelli [25] and Covitz and
Nadler [20].

Theorem 2.3. ([25]). Let X be a Hilbert space and Z : X — Poger.e0(X) @ u.s.c.
and condensing map. If the set

U={ueX|eZ(x) for some > 1}
s bounded, then Z has a fized point.

Theorem 2.4. ([26]). Let X be a Banach space, If Z : X — Py(X) is a con-
traction then Fix Z # ¢.

Definition 2.5. The multivalued map F': [7,7] x C — P(X) is said to be L,-
Caratheodory if:

(i) t — F(t,u) is measurable for each u € C;

(il) u — F(t,u) is upper semicontinuous for almost all ¢ € [, T;

(iii) for each a > 0, there exists h, € L,([7,T], RT) such that

|F Gt w)l? = sup { EIFIP: £ € F(t.w)} < ha(t),

for all |lulljz < a and for a.e. t € [7,T]. For each x € L,(X) define the set of
selections of F' by
Sre = { f € Ly(X) : f(t) € F(t,x,) for ae, t €[, T]}.

Lemma 2.6. ([27]). Let I be a compact interval and X be a Hilbert space. Let
F be an L,- Carathéodory multivalued map with Sp, # ¢ and I' be a linear
continuous mapping from L,(I,X) — C(I,X). Then the operator

['oSk: C([,X) — Pbd,cl,cv(c([7X>>7 T+ (FO SF)(.’L') = F(SF,QC),
is a closed graph operator in C'(I,X) x C(I,X).

Definition 2.7. A semigroup {S(¢), t > 0} is said to be exponentially bounded
if there exist constants M > 1 and v € R such that

I1S®)|| < Me™, for t > 0.
Definition 2.8. A stochastic process {x(t) € By, to —r <t < T} is called a
mild solution to system (2.1) in (Q, P, {F;}), if
(i) z(t) € X is F;—adapted;
(it) z(to + s) = @(s) € Ly(€, Br) when s € [—r,0], and

+00 k k k &
x(t) = Z [H bi(1:)S(t — to)p(0) + Z H bj(TJ‘)/6 S(t —s)f(s)ds
k=0 Li=1 i=1 j=i i—1

i
+/ S(t— s)f(s)ds] Tep o) (t), f € Spa, astelty,T],
&k
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n k
where [[ (-) =1asm >n, [[b;j(1j) = bk(7)br—1(Tk—1) - - - bi(7;), and I4(-) is the
j=m j=i
index function, i.e.,
|1, it teA,
no={¢ Figa

3. EXISTENCE RESULT: CONVEX CASE

In this section, we discuss the existence of mild solutions of the system (2.1).
We assume that the multivalued F' has compact and convex values. We need the
following hypotheses.

Hypotheses:
(Hy) : A: D(A) C X — X is the infinitesimal generator of strongly continuous
semigroup S(¢) in X.

k
(Hy) : The condition max { I Hbj(Tj)H} is uniformly bounded, that is, there is
?, ]:Z
C > 0 such that

k

max {H ||bj(7'j)||} <(C forall;€D;, j=1,2,---.
Jj=i

(H3) : F:[1,T] xC — P(X) is a compact convex L,- Caratheodory multivalued

function.

(H,) : There exists a continuous nondecreasing function ¢ : % — (0,00), r €
Ly([r, T],R") such that

| F'(t, x¢)||P = sup {||f||p fe F(t,xt)} <r®)y(||z|f), aete|r,T] for all z € C.
Theorem 3.1. Assume that (H,)— (Hy4) hold. Then the problem (2.1) has atleast
one mild solution on [—r,T|, provided
T ©  du
QQ/ e r(s)ds < — (3.1)
to Q1 QZJ(U)
where @ = 2P 1 MPePYT=0ICPE|| [P, Qy = 2P~ MPe  max {1, CP}(T — to)P~!
and MPePV(T—to) Crp > 2%1

Proof. Transform the problem (2.1) into a fixed point problem. Consider the
multivalued operator Z : By — P(Br) defined by

Z(z) = heBr ht)

(ot —to), t € [to — 7, to],
ook ko k ¢

_ (TLmste - )o@ + S TT0sm) [ St = 9fs
k=0 tz‘:l i=1 j=i &im1

[ S(t—s) f(s)ds) Ieonn(t),  fE€Spaas €ty T).
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We shall show that the operator Z satisfies all the conditions of Theorem 2.1.
We give the proof in the following steps.

Step (1): Z(x) is convex for each y € Br. Since F' has convex values it follows
that Sp, is convex; so that fi, fo € Sp, then kf1+(1—k) fo € Sk, which implies
clearly that Z(x) is convex.

Step (2): Z is bounded on bounded sets of Br. Let B, = {z € By : ||z||P < a},
a > 0, be a bounded subset in By. We show that Z(B,) is a bounded subset of
Br. For each x € B, let h € Z(x). Then there exists f € S, such that for each
t € [to, T], we have

k ok &
ht) = Z[Hb )8 (t — to) (0)+ZHbj(Tj)/ S(t—s)f(s)ds

k=0 Li=1 i=1 j=i i1

+ [ 8= 91(6)s] T 0

&k

A" < [Z Il H bi(m)I[15(E = to) [l (O)]

+§jufp>nu/’HSt—s 5)lds
=1 =i

t

18t = 97 g ()]

k
p—1 7 rp oY (t—to) (1P P
2 e { TT I o(0)

+27 07 max {1 HHb W} (/t:ew—s) I£(s)l1ds)”

op=1 ) rppy(T—to) CPHSO( )Hp

IN

IN

t
2 M max (1O — bt [ eI (o)) s

to
Thus,
BRI < 27 M T C Ep(0)
+ 2 ma (1,07 (T — =t @0 [ e oy B

to

< 2p’1Mpem(T’t0)CpEHgo(O)Hp 4+ 2P fP max {1’ Cp}(T _ Z50)1071617'7(T7to)

< sup w(Ef) ([ e In(s)as).

te(to,T) to
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Hence for each h € Z(B,), we get

Il < 227 MPer TTRCP B p(0)|P
+2°~ ' MP max {1, C? }(T — to)Ptepy(T=to)
¢
X max sup w(EHxH ) sup (/ e‘pV(S_tO)r(s)d;;) — /.
to

T€5a te(ty, T telto,T)

Then, for each h € Z(z), we have [|h|; < /.

Step (3): Z sends bounded sets into equi-continuous sets of Br. Let t1,ts €
[to, T], to < t; <ty <T and B, = {z € By : ||z||’ < a} be a bounded set in Br.
Now for each x € B,, h € Z(x), there exists a function f € Sp, such that for
each t € [tg, T|, we have

h(t1) — h(’fz)

k__k &i
= Z [H i t1 — t0)p(0) + ZHbj(Tj) /£ S(t1 —s)f(s)ds
+ /5 Es s)f(s)ds} lesseon )~ S [T A8 — )0
+ ; jl_[lb T; / 1 S(ty —s)f(s)ds + /; S(ty — s)f(s)ds] Ty g (t2)
k ok &
_ Z [Hb (7:)S(t, — to)p(0) + ZHbj(Tj) /5 S(ty — s)f(s)ds

+ /t1 Sty — S)f(s)ds} (I[§k7€k+l)(t1> - I[§k7§k+1)<t2)>

k

+ Z [H bi (1) (S(tl —to) — S(ty — tD))SO(O)

+ZHb (7 / ( (tl—s)—s(t2—8)>f(s)ds

=1 j=1 1

+/t1 (S0~ )= Sta — 5)) F(s)ds +/t

&k 1

to

S(ta = 5)£()ds| L0 (2):

Then,

E||h(t1) = h(t2)|P < 27'E||L|P + 2 E|| L7, (3.2)
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where
E ok

k 3
[Hbz b= w0+ Y [[bm) [ St - s)5(s)ds

=0 =1 i=1 j=i €i-1

+ /tl St — s)f(s)ds} (I[Sk,skﬂ)(tl) - [[ﬁk,£k+1)(t2)>,

&k

e
I
lMS

and

=1 j=i -1
t1 to
+ [ (S(t1—8>—5(tz—s>)f(s)ds+ |8t = 916)as] B 1)
&k 131
Furthermore,

EH[1HP < 2p71Mpep’Y(t17t0)CpEH(:0(0)Hp E<[[§k7£k+1)<t1) - I[ﬁk,fkﬂ)(tQ))
t1

+2P max {1, CP} (t, — tO)plE/ St — s)[[PI| f(s)|IPds
to

XE<I[§k:§k+l)(t1) - [[ﬁk,ikﬂ)(t?)) — 0 as ty —11,(3.3)
and
E|L|IP < 3771CP||S(t — to) — S(ta — to) [P E||@(0)||”

+ 37 max {1, CP} (; — to)"" / ISt — ) = S(ta — ) IPE||f(s)|Pds

to

t2
+ ?)p_l(tg — t1>p_1/ HS(tQ — S)HpEHf(S)deS — 0 asty — t1. (34)
t1

From (3.3) and (3.4), it follows that the right hand side of (3.2) tends to zero
as to — t1. Since the compactness of S(t —t) for ¢t > t, implies the continuity in
the uniform operator topology.
Step (4): Z maps bounded sets into relatively compact sets in Br.

Let € a real number satisfying € € (0,t — ty), for t € [to,T]. For x € B, we
define a function h, by

LI &
Z[Hb mS(t ~ta)o(0) + > [[0s(m) [ St = 9)f(s)ds

k=0 Li=1 i=1 j=i €i-1

4 / U S(— ) f(s)ds} T ceun(t)s £ € (fort — )
&k

where f € Sp,. Since S(t — ty) is a compact operator, the set H(¢) = {h(t) :
he € Z(x)} is relatively compact in By for every € € (0,t — to). Moreover, for



EXISTENCE RESULTS ON RANDOM IMPULSIVE DIFFERENTIAL INCLUSIONS 97

every h € Z(x) we have

h(t) — he(t)
_Z[Hbl S(t—to)p —l—ZHb ;) St—s)f( )ds
S EEEICTEARUEDS LH b()S(E— 10)(0)
+ iﬁbj(Tj) /&' S(t—s)f(s)ds + /t_6 S(t— s)f(s)ds}[[g o) ().
i=1 j=i €i-1 3 e

By using (H;) — (H,), we obtain
t
Elh—hP < MPmax{l,C"}T — to)"" / =) (@) (s)ds
t—e

Therefore, there are relatively compact sets arbitrarily close to the set {h(t) : h €
Z(B,)}. Hence the set {h(t) : h € Z(B,)} is also relatively compact in Br.

As the consequence of Step 1-4, together with Ascoli-Arzela theorem, we can
conclude that Z is a compact multivalued map, and therefore, a condensing map.
Step (5): Z has a closed graph

Let 2™ — 2* and h™ € Z(2™) with h™ — h*. We shall show that h* €
Z(z*). There exists f™ € Spxm, such that

k kK

&i
R ( Z [Hb 73)S(t — to) (0)+2Hbj(rj)/ S(t — s)f™(s)ds

i=1 j=i i1
t

st~ s>f<"><s>ds] Tevrnn (1)

We must prove that there exists f* € Sp+, such that

k ok &
h( Z[Hb ) S(t — to) (0)+ZHbj(Tj)/ S(t — s)f*(s)ds

i=1 i=1 j=i i1

t

i §i—1 &k

+00 k k &
L) = [ZHW) / S(t = 5)f(s)ds + /

S(t - S)f(S)dS] ][§k7§k+l)(t)'

Then we have
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+o0 k

1(A) = Y- [TT)S(E ~ t0)o(0)] v (1)
(0 = XTI B IS = ta)(0)] T (8)) 7 = 0, asm = .

From Lemma (2.3), it follows that I'o SF is a closed graph operator and from the
definition of I" one has

+o0 k

Rt (t) — Z [H bi(7:)S(t — t0)0(0)] Iigy £111) () € T 0 Spgim.

k=0 =1
As ™ — 2% and h(™ — h*| there is a f* € Sp,~ such that

k

Z H b’ Tl t - to (0)} I[§k7§k+1)(t)

k k

Z b;(7;) s t—s)f (s)ds+ [ S(t—s)f*(s)ds]| Iie, 0,1) (1)

i=1 j=i -1 3

for all ¢t € [to, T]. Hence h* € Z(z*), which shows that the graph Z is closed.
Step (6): A priori bounds
Now it remains to show that the set

U={zxe€Br:\zxze€ Z(x), for some A\ > 1} is bounded.

Let z € U, then for some A > 1, A x € Z(x) and there exists f € Sp, such that

k k

&
_ 1Z[Hbﬂz = te@ + S TT0) [ 8- )00

i=1 j=i §i—1

+ /g}C S(t — 3)f(3)d8:| ][Ek,§k+1)(t)’ t e [t[),T]
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Thus, by (Hy) — (H,), for each t € [ty, T|, we have

letr < (3 | TTIGIISE - o))

k ok &
F T [ (= el

i=1 j=i i

+ [ 18 = MIF)ds] g )
k

207 ) max { TT () I bl (0)]
i=1

#2770 [maxc {1, H s} ([ o f(s)) ds)’

Elallf < 207 MPeT0ICP B p(0)|P

IN

t
+2°~ ' MP max {1, CP }(T — to)plE/ e | £(s)|P ds.
to

Noting that the last term of the right hand side of the above inequality increases

in t and choose MPePY(T—to)CP > 21,%1, we obtain that

Elz|} < 277 MPenTICPE| [P

t
2 AP max (L, CPHT 10 [ T (e ),

to

The function p defined by

p(t) = sup Ellz|[}, t € [to, T]. (3.5)

to<s<t

Then, for any [to, T], it follows that
p(t) < 2 IMPe TGP B p|P (3.6)

t
207 NP epy(T=to) ax {1,CPHT — to)"! / e PYE=t)p(5)4h(u(s))ds.

to

Denoting the right hand side of the above inequality (3.6) as v(t), we obtain that
pu(t) < w(t), t ety 1],
v(ty) = 2p_1Mpem(T_t°)CpE||gp||p = Q,

V'(t) = 27 MPer T max {1,C°}(T - to)P~te PV (1Yo (u(t))
< 2 PerI T max {1, CPH(T — to)P~ e P00 (1) (v(t)).

v ((tt))) < op=1 0 pY(T=t0) 1o {1’ C’p}(T _ to)p_le_m(t—t‘))r(t). (3.7)
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Integrating (3.7) from ¢, to ¢ and by making use of change of variables, we obtain

v(t) d t
/ o o 2p1Mpep'Y(TtO)maX{l,Cp}(T—to)p1/ e’m(S*tO)r(s)ds

(to) Y(u) — to
< Q[ erras
Q1 P(u)

Hence by (3.1) there exists a constant (; such that u(t) < wv(t) < f, for all
t € [to, T].
Since for every t € [to, T], E||z||P < u(t) we have

lzlls, = sup {E[]} < b,
to<t<T

where (3 depends only on 7" and the function ¢ and r. This shows that U is
bounded. As a consequence of Theorem 2.1, we deduce that Z has a fixed point
x defined on the interval [—r, T'|, which is a solution of (2.1). O

We now present another existence result for the problem (2.1). The multivalued
F' is relaxed by using Wintner-type growth condition in the following Theorem.

Theorem 3.2. Assume that (Hy)- (Hs3) and the following condition holds
(Hp) : There exists some function { € L,([to, T], R") such that

H(F(t,z), F(t,ye)) < L) |z —ylly, for allt € [to,T], z,y €C,
H(0,F(t,0) < (1), foraet e [ty,T],
where, ftf e P15((s)ds < oo,
Qs = prlMpem(T*to)CpEHSpHp
T
+2° ' MPe” " max {1, CPH(T — to)p_l/ e P7%0(s)ds

to
Qs = 2P 'MPePT max {1, Cp}(T — )P,
then the problem (2.1) has at least one mild solution on [—r,T].

Proof. Let the operator Z is defined as in Theorem 3.1. It can be shown, as in the
proof of Theorem 3.1 that Z is completely continuous and upper semi-continuous.
Now we prove that

U={xe€Br:\zec Z(x) for some A > 1} is bounded.
Let x € U, then there exists f € Sg,, for t € [to, T,

S(t—s)f(s)ds

1

+oo [k kook &
x(t) = /\_12[Hbi(ﬂ)s(t—to)@(o)+ZHbJ(Tj)/

i=1 j=i 3

+ /g}C S(t — 3)f(3)d8:| ][Ek,§k+1)(t)’ t e [t[),T]
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Thus, by (H;) — (Hs3) and (Hp), we have
Blzllf < 207 MPenTT0CPE|p(0)]”

t
+2P71 VP max {1, Cp}(T — to)"! / B || f(s)|P ds.

to

Noting that the last term of the right hand side of the above inequality increases

in t and choose MPePY(T—to)CP > 2p ——, we obtain that

Elally < 207t MPenT0ICPE|p||?

4P 1P Py (T—to) max{l Cp —to p 1/ —py(s—to) y ds

+2r AP er i) max {1, CPH(T — to)” / “P=0)p(s) B||2||Pds.
Using the function u(t) defined by (3.5), we obtain

t
u(t) < Qs+ Q4/ e P U(s)p(s)ds.
to
Grownwall inequality, we get
t
u(t) < Qsexp (Q4/ e *l(s)ds), for all t € [to, T).
to

Therefore, there exists #5 > 0 such that
p(t) < By for all t € [ty, T1,
which implies that

2], < Ba-
This shows that the set U is bounded. As a consequence of Theorem 2.1, we
deduce that Z has a fixed point which is a mild solution of (2.1). O

4. EXISTENCE RESULTS : NON- CONVEX CASE

In this section, we consider problem (2.1) with a non-convex valued right hand
side. We assume that the multivalued map F has compact values. Our result
in this section is based on the fixed point theorem for contraction multivalued
operators given by Covitz and Nadler.

We now make additional assumption:
(Hpep) © F 2 [1,T) x C — Pep(X) has the property that F(-,z) : [7,T] — Pep(X)
is measurable for each z € C.

Theorem 4.1. Assume that hypotheses (Hy) — (Hs), (Hp) and (Hp.,) are satis-
fied, then the IVP (2.1) has at least one mild solution on [—r,T], provided

T
n= [Mpmax{l,cp}(T—to)p_l/ =) (s)ds| < 1. (4.1)

to



102 A. VINODKUMAR

Proof. Transform problem (2.1) into a fixed point problem. Consider the multi-
valued operator Z defined in Theorem 3.1. We shall show that Z satisfies the
assumptions of Theorem 2.2.
Step (1): Z(x) € Pu(Br) for each x € Br.

Indeed, let (2(™),>¢ € Z(z) such that 2™ — Z in By. Then T € By and there
exists f" € Sp, such that, for every t € [to, T,

o K ko k &
x”@==§ﬂﬂwwﬂwmw@+§ﬂiwml S(t— 5)f™(s)ds
k=0 =1 i=1 j=i i—1

t
) S(t = 5)f™ (s)ds] Iig, 1) (1),
k

using the fact that F' has compact values and from (Hr). We may pass to a
subsequence if necessary to get that f™ converges to f in L,([r,T], X) and
hence f € Sp,. Then, for each t € [to, T,

M) — T(t)

+o0 k k k &
- Z [Hbi(Ti)S(t_tO)‘P(O)+ZHbj(Tj) /£ S(t—s)f™(s)ds

+ [ (= 1 5] T 0
&k

So 7 € Z(z).
Step (2): Contraction

Let 2!, 2% € Br and h! € Z(x!) then there exists f!(t) € F(t,z}) such that for
te [tOJ T]v

> [ .. &
n0 = 2 [1]nm)se —t)e(0) + Z H bj(7;) /5 S(t—s)f'(s)ds
+ /gk S(t— 8)f'(s)ds] Iig, 000 (1)

From (Hp) it follows that
H(F(t,xtl), F(t,x?)) < {(t) Hxl - x2‘
Hence, there is y € F(t,z7) such that
1F1 ) —wlP < ez’ =yl t € [to, 7.
Consider N : [ty, T] = Pep(X), given by
N(t) ={y € X |f1(t) —yl” < €O)ll=" — ylI7}-

Since the multivalued operator V() = N(t) N F(t, z?) is measurable, there exists
f2(t) a measurable selection for V. So f%(t) € F(t,z?) and

L (8) = f2ON < et)]la’ — ylI7, for each t € [to, T].

v, te[to, T).
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Let us define for each t € [tg, T1,

+o0 k
) = Y [[[bim)S( - to)g +2Hb TJ/ S(t — s)f2(s)ds
k=0 i=1 i=1 j=i 1
| 8(t- $)f*(s)ds] g, 1) (8).
Then we have
+o0 k k &
ORECED SIS | E RETERIEORI SO
# [ S =)~ £ O] e
+o00 k k &
[ (t) = B2(8)| < (Z[ZHH% ol / 15(t = $)[[1£() = £2(s)lds
g St = L) — )ds] e ®)

<30 1 Hub DI ([ @76 - P las)

t
B = 12 < MPmax (L CPHT — o) B [ e fi(s) = o) Pds

to

t
< MPmax {1,CPM(T — to)! / =) () B[zt — 2|7 ds

to

T

< [Mp max {1, C*}(T — to)" " / em(t’s)ﬁ(s)ds} Bz — 2*|}.
to
Taking supremum over ¢, we get

T
I =, < [ T =t [ e = o,

0

By the analogous relation, obtained by interchanging the role of z! and 22, it
follows that
H(M(a'), M(2%) <1 ||2' =275,

where, n = [Mp max {1, CP}(T — to)P ! ftf em(t’s)f(s)ds]
From (4.1), 0 < 7 < 1 and hence Z is a contraction, and thus by Theorem 2.2,
Z has a fixed point z, which is a mild solution of (2.1). O]

5. AN EXAMPLE

Consider the following partial differential inclusion with finite delay of the form
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( Du(x,t) 82u(1;>t) +/t p(t, z,0)G(u(t + 0, x))do,

ot ox .
0<£L’<7T, tOStST,t#gk, (51)
u(z, &) = q(k)mu@cfk) t =&, '
u(0,t) = wu(mt)=
| u(z,t) = (), —r<t<0 0<z<m,

Let X = L,[0, 7] and the operator A = a <= with the domain

D(A)

0 0
= {u € X |u and a—u are absolutely continuous, 8_1; € X, u(0)=u(r)=0 }
x T

Then,

Au = Zn2(u,un), u € D(A),
n=1
where u, () = \/% sin(nz),n = 1,2... is the orthogonal set of eigenvectors in A.
It is well known that A generates a strongly continuous semigroup S(t) which is
compact, analytic and self adjoint and
1S(t)]| < e, fort >0, where M =1 and vy € R .
Thus S(t) is exponentially bounded.
We assume that the following conditions hold:
(i) The function u(-) > 0 is continuous in [tg, 7] x [0, 7] x [—r, 0] with

/_O p(t,x,0)d0 = K(t,x) < oo, R(t) = (/7r ﬁp(t,m)dx>; < o0,

T

(ii) The multifunction G(-) is an LP- Caratheodory multivalued function with
compact and convex values and

0 < [|G(u(@.2))| < b (Jlu(®. )r), 6.2) € [to, 7] x [0,7],
where (-) : [0,00) = (0,00) is continuous and nondecreasing.
(iil) B[ max {JH laG)(r )H}} < € < ool

Assuming that conditions (i) -(iii) are verified, then the problem (5.1) can be
modeled as the abstract random impulsive functional differential inclusions of
the form (2.1), with

F(t,z) = /t p(t,x,0)G(u(t+6,2))dd and bi(r) = q(k)7.

—-r

The next results are consequence of Theorem 3.1.
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Proposition 5.1.

Assume that the conditions (i) — (i1i) hold. Then there exists at least one mild

solution u of the system (5.1) provided that

T oo
Ny / e PR(s)ds < / fi—u,
to Ny ¢(u)

where, Ny = 20~ 1ePY(T=0) CP E||p||P, Ny = 20~ 1eP?" max {1, C’p}(T — to)P !
and e T=10)CP > _L_ s satisfied.

2p—T
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