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ABSTRACT. Let S be a semigroup and X a Banach space. The functional
equation p(zyz) + ¢(z) + ¢(y) + ¢(2) = o(zy) + p(y2) + ¢(x2) is said to be
stable for the pair (X, S) if and only if f : S — X satisfying || f(zyz) + f(z) +
f) + f(z) = f(zy) — f(yz) — f(x2)|| < ¢ for some positive real number § and
all z,y,z € S, there is a solution ¢ : S — X such that f — ¢ is bounded.
In this paper, among others, we prove the following results: 1) this functional
equation, in general, is not stable on an arbitrary semigroup; 2) this equation is
stable on periodic semigroups; 3) this equation is stable on abelian semigroups;
4) any semigroup with left (or right) law of reduction can be embedded into a
semigroup with left (or right) law of reduction where this equation is stable.
The main results of this paper generalize the works of Jung [J. Math. Anal.
Appl. 222 (1998), 126-137], Kannappan [Results Math. 27 (1995), 368-372]
and Fechner [J. Math. Anal. Appl. 322 (2006), 774-786].

1. INTRODUCTION

If f:V — X is a function from a normed vector space V into a Banach
space X, and ||f(z 4+ y) — f(x) — f(y)|| < ¢ for some nonnegative real number
d, Hyers [16], answering a question of Ulam [21], proved that there exists an
additive function A : V. — X such that ||f(z) — A(z)|| < J. Taking this result
into account, the additive Cauchy functional equation is said to stable in the sense
of Hyers-Ulam on (V, X) if for each function f:V — X satisfying the inequality
I f(z+y)— f(z) — f(y)|| < for some § > 0 and for all x,y € V there exists
an additive function A : V — X such that f — A is bounded on V. Since then,
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the stability problems of various functional equations have been studied by many

authors (see the survey paper [22] and references therein). Among them, Skof
[23] first considered the Hyers-Ulam stability of the quadratic functional equation
flay) + flay™) = 2f(2) + 2f(y) (1.1)

where f maps a group G to an abelian group H. As usual, each solution of equa-
tion (1.1) is called a quadratic function. But Skof restricted herself to studying
the case where f maps a normed space to a Banach space. In [2] Cholewa noticed
that the theorem of Skof’s is true if the relevant domain is replaced by an abelian
group. The results of Skof and Cholewa were further generalized by Czerwik [3].
Further works on stability of the quadratic functional equation can be found in
Feny6 [13], Czerwik [1], Czerwik and Dlutek [5, 6], Ger [15], Jung [18], and Jung
and Sahoo [19].

Let R denote the set of real numbers. Let G be a group and X and Y be
any two arbitrary Banach spaces over reals. Faiziev and Sahoo [3] proved that
the quadratic functional equation is stable for the pair (G, X) if and only if it
is stable for the pair (G,Y). In view of this result it is not important which
Banach space is used on the range. Thus one may consider the stability of the
quadratic functional equation on the pair (G,R). Faiziev and Sahoo [3] proved
that quadratic functional equation is not stable on the pair (G,R) when G is
any arbitrary group. It is well known (see Skof [23] and Cholewa [2]) that the
quadratic functional equation is stable on the pair (G,R) when G is an abelian
group. Thus it is interesting to know on which noncommutative groups the
quadratic functional equation is stable in the sense of Hyers-Ulam. Faiziev and
Sahoo [8] proved that quadratic functional equation is stable on n-abelian groups
and T'(2,K), where K is a commutative field. Further they also proved that every
group can be embedded into a group in which the quadratic functional equation
is stable. Yang [27] proved the stability of quadratic functional equation on
amenable groups.

In an American Mathematical Society meeting, E. Y. Deeba of the University
of Houston asked to find the general solution f : R — R of the functional equation

fety+2)+f@)+fy)+fGE)=Fflz+y)+fly+2)+flz+z2). (1.2)
This functional equation is a variation of the quadratic functional equation and

it was first appeared in a paper of Whitehead [25]. Kannappan [20] showed that
the general solution f :V — K of the above functional equation is of the form

f(z) = B(x,z) + A(x)

where B : V x V — K is a symmetric biadditive function and A : V — K is an
additive function, V is a vector space, and K is a field of characteristic different
from two (or of characteristic zero).

The Hyers-Ulam stability of the equation (1.2) was investigated by Jung [17].
He proved the following theorem.

Theorem 1.1. Suppose V is a real normed space and X a real Banach space.
Let f 'V — X satisfy the inequalities

[f@e+y+2)+f@)+fy)+f) = flaty) - fly+2) - flz+2)] <6 (1.3)
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and

1f(x) = f(=2)]| <0 (1.4)
for some 0,0 > 0 and for all x,y,z € V. Then there exists a unique quadratic
mapping @ - V — X which satisfies

If(2) = Q)] <36 (1.5)

for all x € V. If, moreover, f is measurable or f(tz) is continuous in t for each
fized x € V, then Q(tz) = t*Q(x) for allz € V and t € R.

Jung [17] proved another theorem replacing the inequality || f(z) — f(—2z)|| < 6
by [|f(x) + f(—z)|] < 0. Fechner [12] proved the stability of the functional
equation (1.2) on abelian group. For this functional equation (1.2), Kim [21]
proved a generalized stability result in the spirit of Gavruta [I4]. Chang and
Kim [!] generalized the theorem of Jung [17] and proved the following theorem.

Theorem 1.2. Suppose V is a real normed space and X a real Banach space.
Let H : R3S — Ry be a function such that H(tu,tv,tw) < t?H(u,v,w) for all
t,u,v,w € Ry and for some p € R. Further, let £ : Ry — R, satisfying
E(tr) < t1E(x) for allt,z € Ry. Let p,q <1 be real numbers and let f :V — X
satisfy the inequalities

[f(z+y+2)+ fz)+ fly) + f(2)
— fle+y) = fly+2) =+ o)l < Hl=l, [lyll, 12]) (1.6)

and

1f () = f(=2)I < E(l]) (1.7)

for some 0,0 > 0 and for all x,y,z € V. Then there exists a unique quadratic
mapping Q : V — X which satisfies

1£) - Q) < LI o 40, (1.9

for all x € V. If, moreover, f is measurable or f(tz) is continuous in t for each
fized x € V, then Q(tz) = t* Q(x) for allz € V and t € R.

Chang and Kim [!] also proved another similar theorem replacing the inequality

1f (@) = f(=2)Il < E([l<]]) by [If(2) + f(=2)| < E([l])-

The functional equation (1.2) is takes the form

flayz) + f(@) + f(y) + f(2) = fley) + fyz) + f(22) (1.9)

on an arbitrary group G or on a semigroup S. In this sequel, we will write the
arbitrary semigroup S in multiplicative notation. Similarly, the arbitrary group
G will be written in multiplicative notation so that 1 will denote the identity
element of G. This functional equation implies the Drygas functional equation
flxy) + fley™) = 2f(z) + f(y) + f(y~') whose general solution was presented
in Ebanks, Kannappan and Sahoo [7]. The stability of the Drygas functional
equation was studied by Jung and Sahoo [19] and also by Yang [26]. The system
of equations f(zy) + f(zy™') = 2f(x) + f(y) + f(y™') and f(yz) + f(y~'z) =
2f(z)+ f(y)+ f(y~!) generalizes the Drygas functional equation on groups. The
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stability of this system of equation was investigated by Faiziev and Sahoo (see
[9, 10, 11]) on nonabelian groups.

In the present paper, we consider the stability of the functional equation (1.9)
for the pair (S, F) when S is an arbitrary semigroup and F is a real Banach
space. If X is another real Banach space, then we prove that the functional
equation (1.9) is stable for the pair (S, X) if and only if it is stable for the pair
(S, E). We show that, in general, the equation (1.9) is not stable on semigroups.
However, this equation (1.9) is stable on periodic semigroups as well as abelian
semigroups. We also show that any semigroup with left (or right) cancellation
law can be embedded into a semigroup with left (or right) cancellation law where
the equation (1.9) is stable. The main results of this paper generalize the works
of Jung [17], Kannappan [20], and Fechner [12].

2. DECOMPOSITION

Let S be a semigroup and X be a Banach space. Let N be the set of natural
numbers and Z be the set of integers.

Definition 2.1. A mapping f : S — X is said to be a kannappan mapping if it
satisfies equation

flayz) + f(x) + f(y) + [(2) = flzy) — f(zz) — flyz) =0 (2.1)
for all z,y,z € S.

Definition 2.2. We will say that f : S — X is a quasikannappan mapping if
there is ¢ > 0 such that

1 f(zyz) + f(x) + fly) + f(2) = fzy) — flz2) = f(y2)| < c (2.2)

for all z,y,z € S.

The set of kannappan and quasikannappan mappings will be denote by K (S, X)
and KK (S, X), respectively.

Lemma 2.3. If f € KK(S,X), then for any n > 3 and xy,...,x, € S the

imequality

flaiwg - 2,) + (0 — Q)Zf(iﬁi) - > flm)

1<i<j<n

2

' < (n—2)(n—1) ¢ (23)

holds.

Proof. We prove this lemma by induction. First we show that the inequality (2.3)
is true for n = 4. Since f € KK (S, X), we obtain from (2.2)

| f(z1222324) + f(21) + f(22) + f(2374)
— f(r122) — farzses) — faamwszs) || < ¢,

| f(wawswa) + f(z2) + f(23) + f(24) — f(2273) — f2274) — fl2324) || < 0,

and

| f(wrz324) + f(21) + f203) + f(204) — f(T173) — fT124) — flW0374) || < 0
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Therefore from the above three inequalities we have

| f(z1202324) + f(21) + f(22) + f(2374) — f(2172)
+f(x1) + f(xs) + f(2a) — f(@123) — f(2104) — [(2324)
+f(@2) + f(w3) + fza) — fow3) — f(2224) — f(2374) || < 30

Simplifying we see that

| f(z12m32s) + 2[f (1) + f(22) + f(23) + f(24)] — f(T122)
— f(z1x3) — f(@124) — flow3) — f(2224) — fl2324) || < 30

and this shows that inequality (2.3) holds for n = 4. We will rewrite the above
inequality as

| f(z1mowsmy) + 2[f (21) + f(22) + f(23) + f(24)] = f(2122)
— [(z1w3) — f(@124) — fow3) — f(274) — fl2324) || < 4

where ¢4, = 3 ¢. Next suppose the above inequality holds for a positive integer n.
That is

ECESRENEACEED WS E Dy ]
i=1 1<i<j<n
Consider
n+1
Hf xr1Tg - xnxn—i—l n_l Zf I'z Z f(ZL'Z[E]) .

1<i<j<n+1

By our supposition we have

| ot @) + a2 [nff(xi) " f(xn:cnm]

Z f 'ij Z f 'Txnanrl

1<i<j<n—1 1<i<n—1

< ¢y

Hence

Hﬂxlxz---(aznxm))+<n—2> [Zﬂxi)wmxnm]— S Sy

i=1 1<i<j<n—1

+ Z (@) + f(2n) + f(ni1) — f(@izn) — f(@iTni1) — f(@nTni1)] H

1<i<n—1

<c,+(n—1)c.
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The last inequality can be rewritten as
n+1

H flares () + (1= 1Y) + (0 2) e
= X )t X 1S~ Jene) - S |

1<i<j<n—1 1<i<n—1

<c¢,+(n—1)c

Hence
n+1
f(@1@2 -+ 2nngr) + (0 — 1)Zf(55z) - Z f(wix;) ' < Cnt1
i=1 1<i<j<n+1

where ¢4 = ¢, + (n—1)c for n > 3.
From the recurrence relations ¢3 = ¢ and ¢,11 = ¢, + (n — 1) ¢ for n > 3, we
get
n(n—1)
5 )
Thus we have proved the inequality (2.3) for all positive integers n. O

Cpt+1 =

The following lemma follows from the above lemma.

Lemma 2.4. If f € KK(S,X), then for any n > 3, the inequality

n—1)n n—2)(n—1
| e+ -2 s - B g | < BEEEE e
holds for all x € S.
Proof. Letting x1 = 29 = -+ = x, = x in the inequality (2.3), we have the
asserted inequality (2.4). O

Lemma 2.5. Let the function ¢ : S — X be define by ¢(z) = f(x?).
(1) If f € KK(S, X), then ¢ € KK (S, X).
(2) If f € K(S, X), then 6 € K(S, X).

Proof. Since f € KK (S, X), we have

| f(zyz) + f(2) + f(y) + f(2) = flzy) — flzz) = fly2) | < c
Consider
| p(zyz) + d(x) + d(y) + d(2) — d(xy) — d(x2) — P(yz) ||

= || fzyzayz) + f(zz) + fyy) + [(22) = f(zyay) — f(zzzz) — fyzy2) |-
We have

| f((zy)z(zy)2) +4f (zy) + 4f(2) — f(zyz) — flzyzy)

— flayz) — f(zzy) — f(z2) — f(ayz) [ <3¢, (2.5)

| f((zy)z(zy)z) + 4f(2y) +4f(2)
—3f(wyz) — f(wyzy) — f(zwy) — f(22) || < 3¢, (2.6)
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| fzzxz) +4f(x) +4f(2) = 3f(xz) — f(z2) — f(2®) — f(2°) ]| < 3e,  (2.7)
| flyzyz) +4f(y) +4f(2) = 3f(yz) — fzy) — f(y°) — F(Z)) || < 3. (2.8)
From (2.5)—(2.8) we have
| flzyzayz) + f(ax) + fyy) + f(22) = flayzy) — flazaz) — f(yzy2) ||
= || flzyzayz) + 4f(zy) +4f(2) — 3f(vyz) — f(zyzy) — f(z2y)
— f(z2) —4f(zy) — 4f(2) + 3f(zyz) + f(xyxy) + f(z2y)
+ f(22) + fzx) + flyy) + f(22) — f(xyxy)
— flazaz) —Af(x) — Af(2) + 3f (z2) + f(2?) + f(z2) + f(2°)
+4f(x) +4f(2) = 3f(x2) — f(2®) — f(zz) — f(2°)
— flyzyz) — 4f(y) — 4f(2) + 3f(y2) + f(¥°) + f(zy) + [(z%)
+4f(y) +4f(z) = 3f(yz) — F(?) — flzy) — fF(Z) .
Therefore
| flzyzzyz) + f(xx) + f(yy) + f(22) — f(ryzy) — f(rzaz) — f(yzyz) ||
< || f(wyzayz) +4f(vy) +4f(2) — 3f(zyz) — feyry) — flzay) — f(22)]
+ || = flrzaz) —4f(x) —4f(2) + 3f(x2) + f(2?) + f(zz) + f(27)]
+ 1| = flyzyz) —4f(y) — 4f(2) +3f(yz) + f(y*) + f(zy) + f(2°)]]
+ || = 4f(xy) —4f(2) + 3f(wvyz) + f(wyzy) + f(22y)
+ f(22) + flox) + fyy) + f(22) = f(oyzy)
+4f(x) +4f(z) — 3f(xz) — f(2?) — f(zz) — f(2?)
+4f(y) +4f(2) = 3f(yz) — f(¥*) — fzy) — f(2*) ||
Notice that
| = 4f(zy) — 4f(2) + 3f(zyz) + flzyxy) + f(zzy) + f(22) + f(ax)

+f(yy)+f(22) f(:vy:)sy)+4f( ) +4f(z) = 3f(x2)
— f(@?) = f(za) — f(2 )+4f()+4f(Z)
—3f(yz) — f(¥*) — f(zy) — f(2%) |
= || 3f(zy2) + f(zay) +4f(2) +4f(x) + 4f(y) — 4f (zy) — 3f(22) — 3f(y=2)
—f(zz) — f(zy) |

<1 fzay) + £(2) + () + fy) — fley) = fzz) = f(zy) ||
+lI 3f(zyz) +3f(2) + 3f(x) +3f(y) — 3 (xy) = 3f(22) = 3f(y2) |
< 3c+9c = 12c.

Hence

| f(zyzzyz) + f(xx) + f(yy) + f(22) — fryzy) — f(rzaz) — f(yzyz) ||
< 3c+ 3¢+ 3¢+ 12¢ = 21c.

Thus from the last inequality we have

[ 6(zyz) + o(x) + o) + 6(2) — d(zy) — d(x2) — d(y2) || < 21e.
The proof of (2) follows similarly. O

Lemma 2.6. Let {ak}fo be a sequence in X such that for any m,k € N

d
lamn = 2ap +a | < 77 (2.9)
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holds. Then {ak}io 1s a Cauchy sequence.

Proof. For any positive integers n, m we have

| Gpre — 2041 + ar || < —

4k’
and
d
| @nyr — 20541 + ag || < Ik
Hence
2d
| @nik — amr || < ke
The latter inequality implies that {ak}(;o is a Cauchy sequence. 0
Lemma 2.7. Suppose f € KK(S,X). For any x € S, the limit
Jim 2 f(27) = o), (2.10)

exists and it satisfies the relations

fla") =n? f(z), (2.11)
Flo) - | ) - s || < e 212

forallz € S and n € N.
Proof. From (2.4) it follows that

% (=) + (1—%) f(:c)—%(l—%) f(%)

1 1 1 2 1
)= [ = 1) 4 o) - 2| < e ey
Therefore, there is an ng such that if n > ng, then
1 1
) = 51 - )] | < (2.14)
Therefore, in (2.13) and (2.14) replacing n by 2™, we have
| e = 31 -1 || < (2.15)
and
1 mtk 2 k1 1 k 1
| e £ = | 1@ = )| | s e a9

Denote & f(2") by a;. Then from (2.16) we have

1
| Grpre = 20541 + a || < e
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Now from Lemma 2.6 it follows that the sequence
1 o\ |
{4 ],
is a Cauchy sequence and thus has a limit. We denote this limit by fa(x). So
pole) = Jim S ().
Hence we have

Ja (x2m) = lim 1 <x2k+m>

k—o0 4k

m
= lim

4 2k+m
koo 4k+m f (fL’ )

m 1. 1 2k+m
=4 Jim g £ (*77)
From the relation (2.15) it follows that

1
i) = [ - 1) | <

Taking into account Lemma 2.5 we see that fo € KK(S, X).
Now let m > 3 be a positive integer. Then for any = € S we have
(m"™ —1)m" (m" —2)(m" —1)

fo (z™") 4 (m" = 2)m" fo(x) — #fz (2%) || < 5 c.

Dividing the both sides of the last inequality by m?" and simplifying, we have

2 m?n
Hence we have
1 n 1 2 1 1
R @) = |3 - 0] - 2 )+ )| < e
Therefore, there is an ng such that if n > ng, then
1 o 1
o fa (35 ) - {§f2 (sz) - f2(1’)] H <c
From the later relation it follows that
1 mn+k 1 mk 2 mk
s b () = 5 (@) =2 () ] | =

Now dividing the both sides of the last inequality by m?*, we obtain

e 2 () =[5 2 () - 2 () | <

< —0c
1 mn+k mk
| () = () [ < e

= 2k
and thus



STABILITY OF A FUNCTIONAL EQUATION OF WHITEHEAD 41
From the last relation it follows that there is a limit
) 1 ¥
Frl) = lim — o (27
It is clear that for any ¢ € N and = € S the following relations hold:
fm (xmq> :mgqu(gj)’ fm (qu) :4qu(.2?)

Moreover we have
| 5ato) - |3 - )] | <

Taking into account relation fo(22") = 4% fo(2) we get

| fn(x) = falz) || < 2c.

Now taking into account relation f,,(22") = 4% f,,(z) we get

fm(x) = fo(z) VzeS.

Now if we denote fo(z) by f(x) we obtain f(2") = n?f(z) and the proof of the
lemma is now complete. 0J

-~ 1 n
Corollary 2.8. If f € K(S,X), then the limit f(z) = lim yr f(z*") ewists and
n—oo4m

-~ ~ ~

satisfies f(z") = n? f(x) for all z € S and n € N. Moreover, f(z) € K(S,X)
and f(z) = 1£(a?) - f(2).
Lemma 2.9. Let the function f : S — X satisfy the condition
I f(2®) = 2f(x) | <¢c
for some ¢ > 0 and all x € S. Then there is a limit

f(x) = lim 1 (:EQk) )

k—oo 2K

and for any m € N and x € S the following relations

f@™) =m f(z),

1f(2) = fa) [l < e
hold.

Proof. The proof is similar to the proof of the previous lemma. |
Lemma 2.10. For any f € KK(S,X), the function ¢ = f—fsatisﬁes inequality

| (a?) = 2p(x) || < ¢ (2.17)
for some positive ¢ and any x € S.

Proof. Let f € KK(S,X). Then f satisfies relation (2.2). Hence from (2.12), we
get

1 2f(x) — f(a?) +2f(2) || < c.
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Now we obtain

| p(2?) = 2p(x) | = || f(2?) = f(2*) = 2f () +2f(2) |
= || f(2?) — 4f(x) — 2f(x) + 2f(2) |
= | f(z%) = 2f(2) - 2f () |
<c
and the proof of the lemma is complete. O

From above lemma and Corollary 2.8 we get the following Corollary.

Corollary 2.11. If f € K(S, X), then the function defined by ¢ = f—fsatisﬁes
o(x?) = 2¢(x) for all z € S and belongs to K(S, X).

Denote by PKy(S, X) and PK5(S, X) the subspaces of KK (S, X) consisting
of functions f satisfying

f(@®) =k f(z) VkEN, Vo €S,
and
f(z®) =kf(x) YVEEN, Yz € S,
respectively.
Theorem 2.12. For any semigroup S we have the following decomposition:
KK(S,X)=PKyS,X)® PKyS,X)® B(S,X),
where B(S, X) denotes the space of all bounded mappings from S to X.

Proof. 1t is clear that KK (S, X) is the direct sum of PK,(S,X), PK>(S,X)
and B(S, X). To see this, let f be a quasikannappan function satisfying inequal-

ity (2.2). Then function ¢ = f — fAbelongs to K K(S,X) and satisfies relation
(2.17). Now from Lemma 2.9 and Lemma 2.10 it follows that ¢ € KK (S, X ) and

I 6(z) = () [| < ¢

for any x € 5. So, the function 6(z) = f(z) — (m) ¢(x) is bounded. We can

rewrite the last relation as f(z) = ( )+ @(x) + §(x) and hence KK (S, X) =

3. STABILITY

Definition 3.1. Let S be a semigroup and X be a Banach space. The functional
equation (2.1) is said to be stable for the pair (S,X) if for any f : S — X
satisfying inequality

I feyz) + f(@) + fly) + F(2) = flay) = floz) = fly2) | <d (3.1)

for some positive real number d and all z,y,2z € S, then there is a solution ¢
of (2.1) such that the difference f — ¢ is a bounded mapping.



STABILITY OF A FUNCTIONAL EQUATION OF WHITEHEAD 43

The subspace of K (S, X) consisting of functions belonging to PK,(S, X) will
be denoted by K4(S,X). In other words K4(S, X) consists of solutions of (2.1)
satisfying the additional condition

f(z®) =k f(x) VEEN, Vz € S.

The subspace of K(S,X) consisting of functions belonging to PK,(S, X) will
be denoted by K5(S,X). In other words K»(S, X) consists of solutions of (2.1)
satisfying the additional condition

f(@x*) =k f(z) VkeN, Yz € S.

Proposition 3.2. K (S, X) = K4(S, X)® Ky(S, X) for any semigroup S and any
Banach space X.
Proof. 1t is clear that K4(S, X) N K5(S,X) = {0}. Let f be a solution of (2.1).

~

From Lemma 2.5, Corollary 2.8 and Corollary 2.11 it follows that f = f + ¢,
where f € K4(S,X) and ¢ € Ky(S, X). O

Proposition 3.3. The equation (2.1) is stable for the pair (S, X) if and only if
PE,(S,X) = K4(S, X) and PK,(S, X) = K(S, X).

Proof. Suppose that the equation (2.1) is stable for the pair (S, X), and as-
sume that PK, (S, X) # K4(S,X). Let f € PKy(S,X)\ K4(S,X). Then
by Proposition 3.2 there are ¢4 € K4(S5,X) and po € K»(S, X) such that for
some positive d we have |f(z) — @4(x) — po(z)] < d for all x € S. Thus
the function 1(z) = f(z) — @4(x) — @2(z) is bounded. Therefore we get 1 =
= Pa(x) — Pa(x) = 0. Now taking into account F=f Da(x) = pa(x), Pa(x) =0
we obtain f = @4(x) = p4(x). Thus we obtain a contradiction to the assumption
f e PK4(S, X)\ K4S, X).

Now assume that PK,(S, X) # Ky(S,X). Let f € PKy(S,X)\ K»(S, X).
Then by the last proposition there are ¢, € K4(S, X) and ¢y € K»(S, X) such
that for some positive d we have |f(z) — @4(z) — @2(z)| < d for all x € S. The
function ¥(z) = f(z) — @a(z) — @2(z) is bounded. Therefore we obtain ¢ =
= P4(x) — P2(x) = 0. Now taking into account f=o, Pa(x) = pa(x), Pa(z) =0
we get 0 = @y(x) = pu(x). Hence |f(z) — pa(x)| < d. The latter relation implies
k|f(x) —pa(x)| = | f(2F) — pa(a*)| < d for all k € N and thus we see that f = ps.
So, we obtain a contradiction to the assumption f € PK5(S, X) \ K3(S, X).

Therefore if equation (2.1) is stable for the pair (.S, X), then

PK4(S, X) = K4(S, X) and PKQ(S, X) = KQ(S, X)

Now suppose that PEK,(S, X) = K4(S, X) and PKy(S, X) = K5(S5, X). Let us
verify that equation (2.1) is stable for the pair (5, X). If f satisfies (3.1), then f €
KK(S, X) and there are fy € PK4(S5,X), fo € PK>(S, X) and bounded function
d such that f = fy + fo + 0. Now from the relations PK,(S, X) = K4(S, X) and
PK,(S, X) = Ky(S, X) we get that ¢ = f4 + f5 is a solution of (2.1) such that
f — ¢ is a bounded function. This means that equation (2.1) is stable for the pair
(S, X). This completes the proof of the proposition. O
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Theorem 3.4. Let S be a semigroup, and X and E be two Banach spaces. Then
equation (2.1) is stable for the pair (S, X) if and only it is stable for the pair
(S, E).

Proof. 1t is clear that we can only consider the case when FE is the set of real
numbers R. Suppose that the equation (2.1) is stable for the pair (S, X). Suppose
that (2.1) is not stable for the pair (S,R), then either PK4(S,R) # K4(S,R) or
PK5(S,R) # K,(S,R). First, consider the case PK4(S,R) # K,4(S,R). Let
f € PK4(S,R)\ K4(S,R).

Let e € X and ||e]| = 1. Consider the function ¢ : S — X given by the formula
o(x) = f(z) - e. Then from relation

I p(zyz) + ¢(x) + ¢(y) + ¢ (2) = p(ry) — p(r2) = p(y2) |
= flzyz) - e+ f(x)-e+ f(y)- e+ f(2)-e = flay) - e = f(xz)-e = f(yz) - el
= [ [f(zyz) + f(2) + f(y) + f(2) = fzy) = f(x2) = fy2)] - e |
= | flayz) + f(2) + f(y) + () = fley) = f(xz) = flyz) |- |le]
it follows that ¢ € PK4(S, X) \ K4(S,X) which contradicts the fact that the
equation (2.1) is stable for the pair (S, X). Similarly we verify that PK5(S,R) =
K5(S,R). So, the equation (2.1) is stable for the pair (S, R).

Now suppose that the equation (2.1) is stable for the pair (S,R), that is
PK4(S, R) = K4(S, R) and PKQ(S, R) = KQ(S, R)

Denote by X* the space of linear bounded functionals on X endowed by functional
normed topology. It is clear that for any ¢ € PK;(S,X) and any A € X* the
function A o ¢ belongs to the space PK;(S,R), i = 2,4 . Indeed, let for some
¢>0and any z,y, 2z € S we have

| Y(zyz) +9(x) +Y(y) +¥(2) — Y(zy) —b(rz) —P(y2) | < c

Hence

Ao v(zyz) + Ao(z) + Xodh(y) + Aot(z) — Ao y(xy)
—Aop(rz) = Aoth(yz)||
= [ A (zyz) + (@) + P(y) + 9(2) = (ay) — (xz) = Y(y)] || < cf|All.

Obviously, Ao (z") = n?Ao () if ¥ € PK,(S, X) and Aotp(z™) = nAo(z)
if v € PK5(S,X) for any € S and for any n € N.

Hence the function A o ¢ belongs to the space PK4(S,R) & PKy(S,R). Let
f S — X belongs to the set [PK,(S, X) @& PK»(S, X)]\ [K4(S, X) & K»2(S, X)].
Then there are z,y, z € S such that f(zyz)+ f(z)+ f(y)+ f(2) — f(zy) — f(xz)—
f(yz) # 0. Hahn—Banach Theorem implies that there is an ¢ € X* such that
U(f(xyz) + f(x) + f(y) + [(2) = f(zy) — f(2z) — f(yz)) # 0, and we see that
¢ o f belongs to the set [PK4(S,R) @ PKy(S,R)] \ [K4(S,R) & K5(S,R)]. This

contradiction proves the theorem. O

In view of Theorem 3.4, it is not important which Banach space is used on the
range. Thus one may consider the stability of the functional equation (2.1) on
the pair (S,R). Let us simplify the following notations: In the case X = R the
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spaces K(S,R), KK(S,R), KK,(S,R), KK3(S,R), PK,(S,R), PK5(S,R) will
be denoted by K (S), KK(S5), KK (S), KK(S), PK4(S), PKs(S5), respectively.

Theorem 3.5. In general, the functional equation (2.1) is not stable on semi-
groups.

Proof. Let F be a free semigroup of rank two with free generators a,b. For any
word w € F. Denote by n(w) the number of occurrences of a?b? in w. It is easy
to verify that for any u,v € F

n(uwv) —n(u) —n(v) € {0,1}.
So

n(uvw) —n(u) —n(v) —n(w) € {0,1,2 },
and

| n(zyz) +n(x) +0(y) +n(z) —n(zy) —n(zz) —nlzz) [ <5
Thus we see that n € KK (F), and
| n(z?) —2n(z) | <1 Vo eF.
Therefore, function 7 defined by
1 n
i(w) = lim ——n(a™)

n—oo 21

belongs to PKs(F). Let us verify that  dos not belong to K (F). Indeed, it is
clear that
n(aab®) =1, n(a) = nb) = n(*) = n(a®) = n(ab’) = 0,
(aab®) = 1, fla) = 7(b) = 7(b*) = 7la*) = fab®) = 0.
Therefore letting = a, y = a, z = b?, we get
n(xyz) +n(x) +0(y) +1(2) —n(ey) —n(zz) —n(rz)
= 7j(aab®) +7j(a) + n(a) + (%) — (aa) - j(ab®) — H(ab’) = 1 # 0.
So PKs(F) # K3(F) and equation (2.1) is not stable on F. O
Definition 3.6. An element x of a semigroup S is said to be periodic if there

are n,m € N such that n # m and 2™ = ™. We shall say that the semigroup is
periodic if every element of S is periodic.

Theorem 3.7. The equation (2.1) is stable for any periodic semigroup.

Proof. 1t is clear that if S is a periodic semigroup, then PK,(S) = {0} and
PK,(S) = {0}. Therefore by Theorem 2.12 we have KK (S) = B(S), and equa-
tion (2.1) is stable on S. O

Now let us show that equation (2.1) is stable on any abelian semigroup S. It
is clear that for any abelian group A and any real-valued symmetric bimorphism
B(z,y) of Ax A, the function  — B(x, z) belongs to K4(A). Denote by BM (A)
the set of all real-valued functions f on A defined by the rule f(z) = B(z,x),
where B(.,.) is a symmetric bimorphism.



46 V.A. FAIZIEV, P.K. SAHOO

Lemma 3.8. Let A3 be an abelian free semigroup of rank three. Then PK,(As) =
K, (As) = BM(A3).

Proof. Let As be a free abelian semigroup of rank three with free generators a, b, c.
The space of symmetric bimorphisms on Aj is six dimensional. For f € K,(As3),
we choose a symmetric bimorphism B(z,y) such that B(a,a) = f(a), B(b,b) =

(), B(c,c) = f(c), B(a,b) = 5[f(ab) — f(a) — f(b)], Bla,c) = 5[f(ac) — f(a) —
f(e)l, B(b,c) = 5[f(be) — f(b) = f(c)].
Hence, the function ¢(x) = f(x) — B(z,z) belongs to PK,(As), and
pla) = p(b) = p(c) = p(ab) = p(ac) = p(be) = 0.
We have ¢(a*) = ¢(b*) = ¢(c*) = 0 for any k € N. Let
(

| p(zyz) + ¢(x) +o(y) + ¢(2) — (zy) — p(zz) —(yz) | < 6.
Then for any p,q, k € N we have
| p(a”* ) + p(a”*) + 2p(b7) — 20(a”"b™) — p(0*™) | < 6
which simplifies to
| p(a?*6%F) = 20(a”*0%) | < 6.
Hence
k2 | p(a?b*?) — 20(a?b7) | < 6
which is
| (@) — 2p(a"1) | < 56
Thus k — oo, we obtain p(aPb??) = 2p(aPb?). Similarly, for any p,q, k, £ € N, we
have

0

_ 1)¢(b2qk) < 0(e—1)

PP (0= )l + ()] Lofar ) — 1 s
which is o001
() — tpfap) | < L g
Hence 0001
2 gan) — to(artr) | < 1 5
which is E(E 1)
o) — tp(a) | < 20 s

Therefore as k — oo, we get p(aPb’®) = fp(aPb?). Similarly, we obtain ¢(a®?b?) =
lp(aPb?). So, for any n,m € N, we get p(a"b™) = nm p(ab) = 0.

The same way we obtain equalities ¢(a"c™) = nm(ac) = 0 and p(b"c™) =
nm (be) = 0.

Now for any n,m, k,¢ € N we have

| p(a?* b7 ™) — p(a?*) — p(b7) — (™) — @(a?*b™*) — p(a?* ™) — (b c™) | < 6.
Hence | p(aP*b?c*) | < §, and we have k? | p(aPbic’) | < §. Thus

1
| p(aPbich) | < E(S'
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By taking the limit as k — oo, we see that ¢(aPbict) = 0. It means that
f(x) = B(z,x) € BM(As3)
and the proof of the lemma is now finished. 0

For any group G, we will denote by X (G) the set of real-valued additive char-
acters of G.

Lemma 3.9. Let Az be an abelian free semigroup of rank three. Then PKy(As) =
Ky(As) = X(A3).

Proof. Let f € PKy(A3) and f(a) = p, f(b) = ¢, f(c) = r. Further, let ¢ be
an additive character of Az such that ¥(a) = p, ¥(b) = ¢q, ¥(c) = r. Then
the function p(z) = f(x) — ¥ (x) belongs to PK5y(As) and satisfies the condition
p(a) = ¢(b) = ¢(c) = 0. Let us show that ¢ = 0.

Let 6 be a positive number such that for any z,y, z € As

| o(zyz) + o) + 9(y) + 0(2) — w(zy) — p(rz) — ©(yz) | < 0.
Then for any p,q, k, ¢ € N we have

o(aP*BI*) 1 (0 — 1)[p(aP*) + Lo (bT)] — Lip(aP*bTr) — @‘P(b%k) < 5(62— 1) 5
which is
) — oty | < LY 5
Hence
k] p(a®) — tofar) | < D g
which is
| p(aPb') — Lp(aPb?) | < WQ; D s

Therefore as k — oo, we get p(aPb’) = Lp(aPb?). Similarly we obtain ¢(a’b?) =
lp(aPb?). So, for any n,m € N, we get ¢(a"b™) = nmp(ab). It follows that
for u = a™b™ we have p(u*) = @(a"V"") = k*nmp(ab) = k*p(u) But p(x) €
PK,(A3), therefore we have p(u*) = kp(u) = k*p(u). The last relation implies
o(u) = 0.

The same way we obtain equalities p(a™c¢™) = 0 and ¢(b"c¢™) = 0 for any
n,m € N.

Now for any n,m, k,¢ € N we have

| (a6 ™) — p(a) — o (0") — (c™) — p(a™b*) — p(a™ ™) — (0" ™) | < 6.
Hence | p(aP*b?c%) | < §, and we have k| p(aPbic’) | < §. Thus
) | < 5
By taking the limit as k — oo, we see that p(a”bic’) = 0.
Therefore, ¢ =0 and f =1 € X(A4;). O
Theorem 3.10. Let A be any abelian group. Then PK(A) = K4(A) @ K3(A).
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Proof. Let us show that PK4(A) = K4(A) and PKy(A) = K5(A). Suppose that
PK4(A) # K4(A). In this case there are f € PK,(A) and z,y, z € A such that
| fleyz) + f(2) + fy) + f(2) = fzy) = f(e2) = fyz) [ = d > 0.

Denote by B the subsemigroup of A generated by three elements x,y, z. Let 7 be
an epimorphism of A3 onto B given by the rule 7(a) = z, 7(b) =y, 7(c) = z. So,
if we consider function g(t) = f(7(t)) we get an element of PK4(A3) such that

| g(abe) + g(a) + g(b) + g(c) — g(ab) — g(ac) — g(be) | = d >0
which contradicts Lemma 3.8.

Similarly, we come to a contradiction if we suppose that PKy(A) # Ky(A).
Hence PK,(A) = K4(A), and PKy(A) = Ky (A). O

Corollary 3.11. Suppose A is an abelian group. Then
K(A) = PK(A) = Ky(A) ® K»(A).
Now from Proposition 3.3 we get the following corollary.
Corollary 3.12. The equation (2.1) is stable on any abelian semigroup A.

For any group G, let Q(G) be the set of solutions of the quadratic functional
equation

flay) + fley™') =2f(2) +2f ().
Moreover, we denote by PK*(G) and by PK ~(G) subspaces of PK (@) consisting
of functions f such that f(x™') = f(x) and f(z™') = —f(x), respectively.
Lemma 3.13. For any group G,
PK4(G)=PK"(G) and PK,G)=PK (G)
hold.
Proof. Tt is clear that PK4(G) C PK™(G), and PK>(G) C PK~(G). Let us
show that PK*(G) C PK,(G), and PK~(G) C PK»(G), respectively. Let
[ € PK(G), then there are ¢ € PK4(G) and ¢ € PKy(G) such that f(z) =
o(x) + (). If f € PKT(G), then
fla) = fa™) = pla™) +9(™) = () = ¥(),
so p(x) + ¥(x) = p(x) — ¥(x) and we see that (x) = 0 and f(z) = p(z) €
PK,(G). Therefore PKT C PK4(G).
Now if f € PK~(G), then

fl@)=—=fa™") = —pla™) —d(a™) = —p(z) + ¥ (),
so p(x)+9(x) = —p(x)+1(x) and we see that ¢ = 0 and f(z) = ¥ (z) € PK>(G).
Therefore PK~(G) C PK»(G). O

Lemma 3.14. Let G be an arbitrary group and f € Q(G), then for any z,y,z € G
we have

fleyz) + flezy) = 2f (wy) + 2f (22) + 2f (yz) — 2f(2) = 2f(y) — 2f(2). (3.2)
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Proof. Since f € Q(G), we have
flayz) + flayz"") =2 flay) + 2 f(2),
flayz"") + fezy™) =2 f(2) +2 f(yz7"),
flazy™) + flazy) = 2 f(z2) + 2 f(y)
for all z,y, z € G. Therefore
flayz) + flzzy) = 2f (zy) + 2f(2) — 2f(x) — 2f(y27") + 2 (22) + 2/ (y).
Using the equation
flyz) + fly="") = 2f(y) + 2f(2)
in the last equality, we get
flzyz) + f(xzy)
=2f(wy) +2f(2) = 2f(x) = 4f(y) —4f(2) + 2f(y2) + 2f (22) + 2/ (y)
= 2f(wy) + 2f(xz) + 2f (yz) — 2f (x) — 2f(y) — 2f(2).
This completes the proof of the lemma. |
Lemma 3.15. Let A3 be an abelian free group of rank 3. Then Q(A3) = BM(As).

Proof. Let As be a free abelian group of rank three with free generators a, b, c. It
is clear that BM(As) € Q(Asz). The space of symmetric bimorphisms on As is
six dimensional. For f € Q(As), we choose a symmetric bimorphism B(z, y) such

that B(a,a) = f(a), B(b,b) = f(b), B(e,c) = f(c), Bla,b) = 3[f(ab) — f(a) -
f®)), Bla,c) = 5lf(ac) = f(a) = f(e)], B(b,c) = 3[f(be) — f(b) — f(e)].
Hence, the function ¢(z) = f(x) — B(z,z) belongs to Q(A;), and
p(a) = p(b) = p(c) = plab) = p(ac) = ¢(bc) = 0. (3.3)
We have p(a*) = (b)) = ¢(c*) = 0 for any k € Z.
Since Ajz is an abelian group, from (3.2), we get
plzyz) = play) + @(22) + 0(yz) — o(z) — e(y) — ¢(2) (3.4)
for all z,y,z € As. From the equality (3.4), we obtain
p(a"b"b*) = p(a"b™) + p(a"b") + p(b"8") — p(a”) — (b™) — (bF)
and therefore
PlaH ) = p(a"b") + pla"),
Similarly, from the equality (3.4), we can obtain
p(a”a" ™) = p(a"b™) + p(a"b™).
for all n,mk € Z. The last two relations imply
p(a"b™) = nm(ab)

for any n, m € Z. Taking into account (3.3) we get ¢(a"b™) = 0. Now from (3.4)
we get

p(a"b™ ") = p(a"b™) + p(a" ") + p(b™ ") — p(a™) — (™) — (") = 0.
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It means that B
f(z) = B(x,x) € BM(Aj3)
and the proof of the lemma is now finished. O

Lemma 3.16. Let A3 be an abelian group of rank three, then Ky(Az) = X (A3).
Proof. The proof is similar to the proof of Lemma 3.15. O

Proposition 3.17. Let A be an abelian group, then
PK(A) = PK4(A) ® PKy(A) = K4(A) & Ky(A) = Q(A) & X(A).
Another words general solution f : A — R of equation (2.1) is of the form
f(z) = B(z,z) + ¥(x),

where B(x,y) € BM(A), ¥ € X(A).
Proof. First we verify equality K4(A) = Q(A). We have K4(A) C Q(A). Suppose
that there is f € Q(A) \ K4(A), then there are x,y,z € A such that

flayz) + f(@) + f(y) + f(2) # [lzy) + fzz) + [(y2). (3.5)
Now let A3 be a free abelian group with free generators a, b, c. Let B be a subgroup
of A generated by elements x,y, z and let 7 : A3 — B be an epimorphism such
that m(a) = z, 7(b) = y, 7(c) = 2. Then the function w(t) = f(7(t)) is an
element of Q(A3). By Lemma 3.15 we have w € BM(A3). But this contradicts
to (3.5) because

w(abe) + w(a) + w(b) + w(c) — w(ab) — w(ac) — w(bc)
= [lzyz) + [(2) + f(y) + () = f(ey) = f2z) = fyz) # 0.
Therefore, f € K4(A). Similar way we verify that K»(A) = X (A). O

As a first corollary of Proposition 3.17 we obtain the following corollary that

generalizes Kannappan’s result [20] (see Section 1, Introduction) in the case K =
R.

Corollary 3.18. Let A be an abelian group, then general solution f: A — R of
equation (2.1) is of the form

f(z) = B(z,z) + ¢(z),
where B(x,y) is an symmetric bimorphism and 1» € X (A).

From Proposition 3.17 we obtain the following two theorems that generalize
the results of Jung [17] mentioned in the Introduction.

Theorem 3.19. Suppose that A is an abelian group, and X a real Banach space.
Let f: A — X satisfies the inequalities

1 f(xyz) + f(2) + f(y) + [(2) = flay) = flzz) = flyz) || < d
1 f(z) = f(=z) || <0

for some d,0 > 0 and for all x,y,z € A. Then there exists a unique quadratic
mapping q : A — X which satisfies

I f(z) —q(z) || <6
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for some positive § and all x € A.

Proof. According to the Theorem 3.4 we can assume that X = R. From Theo-
rem 2.12 and Proposition 3.17 it follows that there are q(z) € Q(A), ¥ € X(A)
and v € B(A) such that f(z) = ¢(x) + ¢ (x) + (). Therefore,
| fa) = f@™h) | = la(@) + ¥(z) +v(z) —qla™) = d(a™) = (=) |
= |2¢(2) +7(2) =) [ <9,

and we see that ¢ (z) is a bounded function. Hence, ¢ = 0 and f(z) = q(x)+~v(z).
If § is a positive real number such that |y(x)] < ¢ for all x € A, then we have
|f(z) —q(x)] < for all z € A. The proof is now complete. O

Theorem 3.20. Suppose that A is an abelian group, and X a real Banach space.
Let f: A — X satisfies the inequalities

1 f(xyz) + f(2) + f(y) + [(2) = flay) = flzz) = flyz) || < d
I f(x) + f(=z) | <6

for some d,0 > 0 and for all x,y,z € A. Then there exists a unique additive
mapping ¥ : A — X which satisfies

| f(z) = (@) ]| <o
for some positive § and all x € A.

Proof. The proof is similar to that of the previous theorem. O

4. EMBEDDING
Remark 4.1. If S is a semigroup with zero and f € KK(S), then f is bounded.
Proof. Since f € KK(S), the function f satisfies
| flryz) + f(2) + f(y) + f(2) = fzy) = f(2) = fly2) | < d,

for all z,y, z € S and for some d > 0. If we put y = z = 0 in the above inequality,
we obtain

| £(0) + f(2) + f(0) + f(0) = £(0) = f(0) = f(O) [ < d.
Therefore | f(z) | <d. So f is a bounded function. O]

The following corollary follows from the Remark 4.1.

Corollary 4.2. Let Sy be a semigroup obtained by adjoining the zero to the
arbitrary semigroup S. Then S can be embedded into the semigroup Sy such that
the equation (2.1) is stable on S.

Proof. From Remark 4.1, we have KK (Sy) = B(Sp). Hence the equation (2.1) is
stable on Sy. ]

Definition 4.3. We shall say that in a semigroup S a left law of reduction is
fulfilled if any equality xy = xz in S implies y = z. Similarly, we shall say that
in a semigroup S a right law of reduction is fulfilled if any equality yz = zx in S
implies y = z.
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Obviously in a semigroup with zero neither left nor right law of reduction is
fulfilled.

The embedding presented in Corollary 4.2 does not preserve some important
properties of semigroup. For instance, if S is a group Sy is not necessarily a
group. Similarly, if S is a semigroup with law of reduction, then Sy does not have
the same property.

Our main goal in this section is to construct another embedding preserving
properties of semigroups such as laws of reduction and the axioms of a group.
From now on let S be an arbitrary semigroup with unit e.

Lemma 4.4. Let f € KK(S) so that
| flzyz) + f(2) + f(y) + f(2) = flay) = flzz) = flyz) | <d - (41)

for any x,y,z € S and for some d > 0. Further, let ¢ be an element of order two.
Then

| f(u) = f(euw) | < 2d, (4.2)
| Fu) — flue) | <24, i3
| fu) = f(u) | <8d

for any u € S.

Proof. Letting z = y = z = e in (4.1), we obtain |f(e)| < d. Similarly, letting
xr=y=2z=cin (4.1), we have | f(ccc) 4+ 3f(c) —3f(cc) | < d. Since ¢ is an

element of order two, the last inequality reduces to | 4f(c) — 3f(e) | < d. Hence
we have | 4f(c) | < d+ 3|f(e)| and Consequently
[ fle) [ <5 d+ f (e) <

Next substituting x = ¢, y = ¢ and z =win (4.1), we have

| flecu) + fe) + fe) + flu) = flee) = fleuw) — feu) | < d.

Since c is an element of order two, the last inequality yields

| 2f(uw) +2f(c) = fle) = 2f(cu) | < d
and hence we have | 2f(u) — 2f(cu) | < d+ 3d. Therefore simplifying, we see
that

| f(u) = fleu) | < 2d
which is (4.2).
Similarly, letting = u, y = cand z = ¢ in (4.1), we get

| fuce) + fle) + f(e) + f(u) = fuc) — fluc) = flee) | < d.
Using the fact that c is of order two, we have
| 2f(u) +2f(c) = 2f(uc) — fle) | < d.
This last inequality yields | 2f(u) — 2f(uc) | < d 4+ 3d. Simplifying, we get
| f(u) = fluc) | < 2d
which is (4.3).
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Again, substituting © = ¢, y = v and z = ¢ in (4.1), we obtain
| f(cuc) + f(c) + f(c) + f(u) — f(cu) — f(uc) — f(ec) | < d.
Using the fact that c is of order two and simplifying, we have
| f(u) + f(u) = fleu) — f(uc) | < d+3d.
Using (4.2) we obtain
| F(u) = flue) | = | FQu)+ Fu) — fleu) — f(ue) + fleu) — f(u) |
< | f(wf) + fu) = flew) = fluc) [+ fleu) = f(u) |
<4d+2d=64d.
Similarly using (4.3) we have
| f(u®) = fleu) | < 6d.
Now taking into account the last inequality and (4.2), we get
| ) = f(u) | = | F) — Flew) + flen) — f(u) |
= | f(u) = flew) |+ flew) = f(u) |
<6d+2d=8d.
The proof of the lemma is now complete. OJ

Now consider semidirect product H = K x S of semigroup S and a group K,
where elements of K act on S by automorphisms. Also we suppose that every
non unit element of K has order two.

Lemma 4.5. Suppose that f € PK,(G) and satisfies condition (4.1) on H. Let
b,c,bc € K be the elements of order two. Suppose foru € S the elements u®, u, u
generate an abelian subsemigroup, then

fuPuu) =9 f(u) VueS.

Proof. Using Lemma 2.3 with n =5 and 1 = u, 29 = b,x3 = u, x4 = ¢, x5 = u,
we get

| f(ubucu) + 3[3f (u) + f(b) + f(c)] = 3f(u®) — f(ub)
— 2f(uc) = 2f(bu) = f(cu) = f(be) | < 6d.

Now taking into account relations |f(b)| < d, |f(c)| < d, and |f(bc)| < d, we
obtain

| f(ubucu) + 9f(u) — 3f(u?) — f(ub) — 2f (uc) — 2f (bu) — f(cu) | < 13d
which is
| f(bcubuu) + 9f(u) — 3f(u?) — f(ub) — 2f(uc) — 2f(bu) — f(cu) | < 13d.
Now using (4.3) and (4.2) we get
| fuPutu) +9f (u) — 3f (u?) — f(u) —2f (u) —2f (u) — f(u) | < 13d+14d = 27d.
Using f(u?) =4 f(u), the last inequality yields
| fuPutu) — 9f (u) | < 27d.
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Therefore for any n € N we have
n?| f(u"uu) = 9f (w)] = [ f((u"uu)") = 9f (u")]
— [ F () u™) — 9 (u™)] < 27d.
Thus we have

fuPuu) = 9 f(u)

and the proof of the lemma is complete. O

Lemma 4.6. Let [ be an element of PKy(G) satisfying condition (4.1) on H.
Let b,c,bc € K be the elements of order two. Suppose for u € S the elements
ub, u®, u generate an abelian subsemigroup, then

fuuu) = 3 f(u) VueS.

Proof. Using Lemma 2.3 with n =5 and 1 = u,xy = b,x3 = u, x4 = ¢, x5 = u,
we get

| f(ubucu) + 3[3f (u) + f(b) + f(c)] = 3f (u®) — f(ub)
— 2f(uc) = 2f(bu) = f(cu) — f(be) | < 6d.

Now taking into account relations |f(b)| < d, |f(c)| < d, and |f(bc)| < d, we
obtain

| f(ubucu) +9f (u) — 3f(u*) — f(ub) — 2f(uc) — 2f (bu) — f(cu) | < 13d
which is
| f(bcubuu) + 9f(u) — 3f(u?) — f(ub) — 2f(uc) — 2f(bu) — f(cu) | < 13d.
Now using (4.3) and (4.2) we get
| fuPutu) +9f (u) — 3f (u?) — f(u) —2f (u) —2f (u) — f(u) | < 13d+14d = 27d.
Using f(u?) = 2 f(u), the last inequality yields
| fuPutu) — 3f(u) | < 27d.
Therefore for any n € N we have
n?|f(uutu) — 3f(u)| = |F((uuu)") — 3 (u")|
= |f((u™)(u")u") = 3f(u")| < 27d.
Thus we have

flu*uu) =3 f(u)
and the proof of the lemma is complete. O
Let S be an arbitrary semigroup with unit and B a group. For each b € B
denote by S(b) a group that is isomorphic to S under isomorphism a — a(b).
Denote by H = S =[],z S(b) the direct product of groups S(b). It is clear
that if aq(by)az(bs) - - - ax(by) is an element of H, then for any b € B, the mapping
b* L ap (bl)ag(bg) R ak(bk) — a1 (blb)GQ(bgb) LR G,k(bkb)

is an automorphism of D and b — b* is an embedding of B into Aut H. Thus, we
can form a semidirect product G = B x H. This semigroup is called the wreath
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product of the semigroup S and the group B, and will be denoted by G = S B.
We will identify the group S with subgroup S(1) of H, where 1 € B. Hence, we
can assume that S is a subgroup of H.

Let us denote, by C, the group of order four having generators b, ¢ and defining
relations: b? = ¢? = 1, be = cb. Consider the semigroup group S C.

Lemma 4.7. Suppose that f € PK4(S1C). If for some x,y,z € S we have
|flzyz) + f(x) + fly) + f(2) = fzy) — f(zz) = flyz)| =6 >0

then for some x1,y1,2z1 € H we have

|f(ziyr21) + f(1) + f(y) + f(21) = flmyn) — f(rr21) — f(y21)] = 90.

Proof. Let z1 = xyz, y1 = 25, z1 = x¢. We have z; € S(1),2° € S(b), ¢ € S(c),

therefore subsemigroup generated by 1, 2%, 2 is an abelian semigroup. Applying

Lemma 4.5 we get

flayz(zyz) (zy2)) = flaa’ayyy z2"=°),

| f(zaztyy’y 22"2%) + f(2a’s) + f(yy"y°) + f(22°2°)
— flaa®ayy’y®) — flza’z22"2%) — fyyly©z2"2")|
=9 f(zyz) + f(x) + f(y) + f(2) — flay) — f(z2) — f(yz)] =90

and the proof is now complete. O

Lemma 4.8. Suppose that f € PKy(S1C). If for some x,y,z € S we have
[f(zyz) + (@) + f(y) + [(2) = flay) = f(zz) = flyz)| =6 >0

then for some x1,y1,2z1 € H we have

|f(ziyr21) + f(1) + f(y) + f(21) = flzayn) — f(o121) — f(yz)] = 30

Proof. Let 11 = xyz, y1 = 28, 21 = x5. We have z; € S(1), 2% € S(b), 2§ € S(c),
therefore subsemigroup generated by 1, 28, x§ is an abelian semigroup. Applying

Lemma 4.6 we get

flayz(zy2) (zy2)) = flaa’ayyy z2"=°),

| flea®atyy®y22"2%) + faa®a®) + flyyy) + f(22°2°)
— flaa®ayy’y®) — fza’z22"2%) — fyyly 22"2°) |
=3[f(2yz) + f(z) + f(y) + f(2) = f(zy) — f(zz) — f(y2)| =36

and the proof is now complete. O

Theorem 4.9. Let S be a semigroup with left (or right) law of reduction. Then
S can be embedded into a semigroup G with the left (or right respectively) law of
reduction and the equation (2.1) is stable on G. Moreover, if S is a group then
G is a group too.
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Proof. Let C;, for i € N, be a group of order 4 with two generators b;, c; and
defining relations b? = 1,¢? = 1, b;c; = ¢;b;. Consider the chain of groups defined
as follows:

S1=095,9=51C1, 53=51Cs ..., Sgr1 =Sk, ...
Define a chain of embeddings
Sl S — SQ Sl Cl — 53 SQ CQ = Sk+1 = Sk l Ck — ... (44)

by identifying Sy with Sk (1) a subgroup of Syy1. Let G be the direct limit of the
chain (4.4). Then we have G = UgenSy and

S1CS C-- CS,CSkr1C vt C G.
Let f € PK4(G), and let for k € N

0k = sup {| f(wyz) + f(2) + f(y) + f(2) = flay) = flaz) = fy2) | @.y,2 € Sk}

Let us verify that §;, = 0 for any k. Suppose that §; > 0. Then for some x1,y1, 21
in 57, we have

| f(riyr21) + f(21) + f(n) + f(21) = f(ma) — f(ziz) — fyrz) | =6 > 0.

By Lemma 4.7 there are x5, ys, 29 € So such that

| f(wayaza) + f22) + f(y2) + f(22) — f(w2y2) — f(w222) — f(y222) | = 96 > 0.

By repeated applications of Lemma 4.7 we obtain, for any k& € N, there are
Tk Yk, 2k € Sk such that

| faryrze) + fan) + flye) + () = floryn) = flanz) = flyear)- | = 97716 >0

This gives a contradiction to the assumption that f € PK,(G). Therefore 6; = 0.
Similarly, using Lemma 4.8, we verify that ¢,, = 0 for any n € N. So, PK4(G) =
K4(G). Similarly we verify that PKy(G) = K3(G). Thus by Proposition 3.3 we
get PK(G) = K(G) and the equation (2.1) is stable on G. This finishes the proof
of the theorem. O
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