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ABSTRACT. The conic structure of the convex cone of non-negative operator
convex functions on (0,00) (also on (—1,1)) is clarified. We completely deter-
mine the extreme rays, the closed faces, and the simplicial closed faces of this
convex cone.

1. INTRODUCTION

A real continuous function f on an interval J of the real line is said to be operator
monotone if A > B implies f(A) > f(B) for bounded self-adjoint operators A, B
with spectra in J on an infinite-dimensional (separable) Hilbert space, where f(A)
denotes the usual functional calculus of A, and it is said to be operator monotone
decreasing if — f is operator monotone. Also, the function f is said to be operator
convez if f((1—t)A+tB) < (1—1t)f(A)+tf(B) for all such A, B and t € (0,1).
The operator monotonicity or convexity is equivalent to that f satisfies the same
property for every n x n Hermitian matrices A, B with eigenvalues in J (i.e., f is
matrix monotone or convex of order n) for every positive integer n. The theory
of operator/matrix monotone functions was initiated by the celebrated paper of

Lowner [10], which was soon followed by Kraus [9] on operator/matrix convex
functions. A modern treatment of operator monotone and convex functions was
established by Hansen and Pedersen in their seminal paper [7]. In [4, 1, 3] (also

[8]) are found comprehensive expositions on the subject matter.
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In Lowner’s theory it is well-known (see e.g., [3, Sect. V.4], [3, Sect. 2.7]) that
a non-negative operator monotone function f on the interval (0,00) admits the
integral representation

z(1+X)
fo) = /[ TR ), we0.09)
where p is a unique finite positive measure on [0, o] and z(1 4 \)/(z 4+ A) means
x for A = oco. In the paper we always consider [0, 00] = [0,00) U {oo} as the one-
point compactification of [0, 00). The above unique representation shows that the
convex cone Fit (0,00) of non-negative operator monotone functions on (0, 00) is
order isomorphic to that of finite positive measures on [0, co] (identified with the
positive part of the dual space of the Banach space C([0, 00]) of real continuous
functions on [0, 00]). Hence F (0,00) is a simplicial convex cone whose base
{f € FI,(0,00) : f(1) = 1} is a Bauer simplex. Thus, the conic structure of
Fit (0,00) is very simple. However, the convex cone F,(0,00) of non-negative
operator convex functions on the interval (0,00), whose conic structure is our
main concern in the present paper, is not so simple as F. (0, 00).

In the previous paper [5] we introduced the notion of operator k-tone functions
on an open interval, extending operator monotone and convex functions. The
integral representations for operator k-tone functions are useful here, so that we
state them in Section 2 of this paper in the form specialized to the case k = 2 (the
case of operator convex functions). In Section 3 we determine all extreme rays of
F(0,00). To do this, we consider facial subcones F,, := {f € F1(0,00) : f(a) =
0} for 0 < a < oo and Fiy, := {f € FL(0,00) : f is non-increasing}. In Section 4
we determine all closed faces and all simplicial closed faces of F..(0,00). Finally
in Section 5, similar discussions are given for the convex cone of non-negative
operator convex functions on (—1,1) though the detailed proofs are omitted.

2. INTEGRAL REPRESENTATIONS

The notion of operator k-tone functions in [5] extends operator monotone and
operator convex functions. In fact, operator 1-tone and operator 2-tone functions
are operator monotone and operator convex functions, respectively. Since we are
concerned with operator convex functions, we here state the results [5, Theorems
4.1, 5.1] under specialization to operator convex functions (the case k = 2). They
will play an essential role in this paper.

Theorem 2.1. A real function f on (—1,1) is operator convex if and only if it
is Ct on (—1,1) and there exists a finite positive measure p on [—1,1] such that,
for any choice of a € (—1,1),

F@) = F(@) + f(a)( — a) + /[ g —<>:fx;(f)— Aa)

Theorem 2.2. A real function f on (0,00) is operator convex if and only if it is
C' on (0,00) and there exist a constant v > 0 and a positive measure j1 on [0, 00)
such that

du(\), e (-1,1).

1
——du(\) <
/[o,oo)uw?’ 1) < +oo



160 U. FRANZ, F. HIAI
and, for any choice of a € (0,00),
f@) = f(a) + fl(a)(z — a) +7(z — )’

(r —a)?
’ /[o,oo) Tt (o WA, we000). (21)

A remarkable point in the above theorems is that the measure p as well as the
constant v is independent of the choice of a. Furthermore, note that p as well as
v is uniquely determined even for a fixed a. Indeed, if f is operator convex on
(0,00) and « € (0,00), then h(z) := (f(z) — f(a))/(x — «) is operator monotone
on (0,00) due to the theorem of Kraus [9] (also [¢, Corollary 2.4.6]) and the
integral expression of Theorem 2.2 gives

M) = hla) +ale—e)+ /[0 ) (@ +x>\)_(o?+ A)

dv (M), x € (0,00),

where dv()\) := (o + A)"tdu()). As seen in the proof of [5, Theorem 1.10], the
measure v (hence p) and v > 0 are unique in this expression of h. The discussion
is similar for f in Theorem 2.1 (see the proof of [5, Theorem 1.8]). We call the
measure u in the above theorems the representing measure of f. The p and v are
the canonical data of an operator convex function f on (0, 00) determining f up
to its linear term.

3. EXTREME RAYS

In this and the next sections we shall clarify the structures of extreme rays
and of closed facial subcones in the convex cone of non-negative operator convex
functions on (0,00). We write F(0, 00) for the locally convex topological space
consisting of all real functions on (0, co) with the pointwise convergence topology,
and let F1(0,00) := {f € F(0,00) : f > 0}. Let F.(0,00) denote the set of all
operator convex functions f > 0 on (0, 00) and F. (0, 00) the set of all operator
convex functions f > 0 (strictly positive) on (0,00), which are convex cones in
F(0,00). Since operator convexity is preserved under pointwise convergence, note
that F.7.(0,00) is closed in F(0, 00) while F(0,00) is not. As easily seen, note
also that the pointwise convergence topology on F(0,00) is metrizable.

When C'is a convex set of a real vector space, a convex subset F' C C'is called
a face of C if, for any z,y € C, Ax + (1 — \)y € F for some A € (0, 1) implies
that x,y € F. When C is a convex cone, recall that a ray in C' is a set of the
form R = {\z: 0 < A < 0o} for some x € C, z # 0. In this case we say that R is
given by x. The ray R is called an extreme ray if it is a face of C', or equivalently,
fory,z € C, y+ z € R implies y, 2 € R. We fix a few more terminologies in our
special situation. In this paper we simply say that F' is a face of F}(0,00) to
mean that F is a convex subcone of F (0, 00) which is a face of F1(0,00). Such
a face F' is always assumed to be non-trivial, i.e., F' # {0}. We say also that a
convex subcone F' of F.f.(0,00) is simplicial if there is a compact base F° of F
that is a (Choquet ) simplez. Here, a subset FO C F is a base of F' if F© is convex,
0 ¢ F° and for every f € F'\ {0} there is a unique ¢ > 0 such that ¢™' f € F°.
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For the definition of a simplex, see [11, 12]. A simplex whose extreme points form
a compact subset is called a Bauer simplex.

The first two theorems of this section are concerned with the extreme rays of
F1(0,00) and of Ff (0, 00), respectively.

Theorem 3.1. The extreme rays of F..7(0,00) are given by one of the following
elements:

1 (0< )< ),
=25 (0< A< o00), (3:1)

Theorem 3.2. The extreme rays of F.(0,00) are given by one of the following
elements:

1,
(xia)Q (32)
S 0<A<o0, 0<a< o),

(r—a)? (0<a< o).

Furthermore, F.(0,00) is the closed convexr cone generated by the above extreme
elements while it is not simplicial.

The third theorem of this section gives some typical simplicial closed faces of
F.(0,00) while the complete list of those faces will be presented in the next
section.

Theorem 3.3. The convex cone F(0,00) has the following faces.
(i) The closed convex subcone generated by 1/(x + X) (0 < X < 00) and 1 is

Fo :={f € F(0,00) : f is non-increasing},

which becomes a face of F.f(0,00).
(ii) For each fized o« € [0,00) the closed conver subcone generated by
(x—a)*/(z+ ) (0< A< o0) and (x — «)? is
F,:={f € F.(0,0): f(a) =0} (where f(a) = f(40) for a« =0), (3.3)

which becomes a face of F1(0,00).
(iii) The above closed faces F,, (0 < a < 00) are simplicial. Indeed, each of
them is generated by a Bauer simplex; more precisely, each of

FY ={f€F.:f(1)=1}, (3.4)
FO.={feF,: fla+1) =1} (0<a<o) (3.5)

is a compact convex subset of F(0,00) and is a Bauer simplex. (In the
above, F° can also be taken by {f € F,: f(§) = 1} for any &€ € (0,00) \

{a}.)

To prove the theorems, it is convenient to prove Theorem 3.3 first.
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Proof of Theorem 3.3. (i) It is known [2, Theorem 3.1] that a function f €
F1(0,00) is operator monotone decreasing if and only if it is operator convex
and non-increasing in the numerical sense. Therefore, one can write

Fo={f € F*(0,00) : f is operator monotone decreasing}. (3.6)

By [0] (also [2, Theorem 3.1]), f € F*(0,00) belongs to Fy, if and only if it
admits the integral representation

fl@)=a+ /[0 | LEA ), (3.7)

T+ A

where @ > 0 and v is a finite positive measure on [0,00). This representation
shows that F., is the closed convex cone generated by 1/(z + \) (0 < A < 00)
and 1. Here, the closedness of F,, follows since operator monotone decreasingness
as well as non-negativity is closed under the pointwise convergence topology of
F(0,00).

Since f(1) = 0 implies f = 0 for any f € F,,, we have F,, = {cf: f€ F2, ¢ >
0}, where F2 is defined in (3.4). Note that f in (3.7) belongs to FY. if and only
if

a+v(]0,00)) = 1.
In this case, for every = € (0,1) we have

f(z) < a—i—éy([o,oo)) < 1+é,

and f(z) < f(1) =1 for all z > 1. Since F2 is closed under pointwise conver-
gence, this implies by Tychonoff’s theorem that F2 is a compact convex subset
of F(0,00). Moreover, since (3.7) yields the well-known integral representation
of the operator monotone function f(z~!) that is unique (see e.g., [3, Theorem
2.7.11]), we see that the representation (3.7) is also unique (more precisely, a and
v are unique). Therefore, it follows that the extreme points of F are

1+ A
= Y ()‘ € [07 OO)), QOOO(:L‘) =1,

so that (3.7) is a unique integral decomposition of f into the extreme points.
Since F? is metrizable, it follows from the Choquet theory (see [11, Sect. 10],
[12, Chap. 11]) that F2 is a simplex. Moreover, {¢y : A € [0,00]} in F(0,0)
is homeomorphic to the compact set [0, 00], the one-point compactification of
[0,00). Hence F2 is a Bauer simplex.

If a function f is operator convex, then it is C! (indeed, even analytic) and
numerically convex. So f’(z) exists and is increasing. Therefore, the limit
f'(00) := lim, o f'() exists in [0,+o00] for any f € F.(0,00). One can then
characterize I, as

pa() :

Fo={f€FL0,00): f'(c0) =0}

This shows that F., is a face of F.5(0,00), and so each p, (0 < X < 00) gives an
extreme ray of (0, 00).

(ii) Case of o = 0. It is convenient to divide the proof of (ii) into two cases
a =0 and a € (0,00). It is obvious that Fy in (3.3) is a face of F.(0,00). Note
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(see [3, Theorem V.2.9]) that f € F*(0,00) with f(4+0) = 0 is operator convex on
(0, 00) if and only if f(x)/x is operator monotone on (0, 00). Hence f € F1(0,c0)
belongs to Fy if and only if f(x)/x admits the integral representation (see [3,
(V.53)] or [8, Theorem 2.7.11])

L - / @ dpu(A), (3.8)
T (0,00) ¥

where a = lim,\ o f(2)/x, b = lim, o f(2)/2?, and p is a finite positive measure
on (0,00). By extending p to a measure on [0,00) with u({0}) = a, (3.8) is
rewritten as

f(z) = ba® + / 2N o, (3.9)

[0,00) r+ A
This shows (ii) in the case o = 0. Here, the closedness of Fj is seen as follows.
Let {f.} be a sequence in Fyy converging to f € F.(0,00). Choose an a > f(1);
then for every n sufficiently large, f,,(1) < a and so f,(z) < ax for all z € (0,1)
by convexity of f,,. Hence f(z) < ax for all z € (0,1) and f(40) = 0 follows.
Since f(1) = 0 implies f = 0 for any f € Fy, we have Fy = {cf : f € F)), ¢ >
0}, where Fy) is defined in (3.5). Note that f in (3.9) belongs to F? if and only if

b+ u(]0,00)) = 1.
In this case, for every = > 1 we have
F(2) < ba? + a%u([0, 00)) = a2,

and f(z) < f(1) =1 for all x € (0,1). This implies that F_ is a compact convex
subset of F(0, 00). Since the representation (3.9) is unique as so is (3.8), it follows
that Fy is a simplex whose extreme points are

221+ ))

%(33) = ﬁ (0 <AL OO), ¢OO($) = 22

Since Fy is a face of F.7(0,00) as mentioned above, it also follows that each
(0 < X < o0) gives an extreme ray of F.7(0,00). Moreover, {¢, : A € [0,00]} in
F(0,00) is homeomorphic to [0, 00] so that F{ is a Bauer simplex.

(ii) Case of @ € (0,00). Let o be arbitrarily fixed in (0, 00). It is obvious that
F, in (3.3) is a face of F.(0,00). For each f € F,, since f(a) = f'(a) = 0, the
integral representation (2.1) is rewritten as

f(a:)IV(x—oz)er/[o )<x_a)x(}r§a+/\)

dv()), (3.10)

where v > 0 and v is a finite measure on [0, 00) defined by

1

dp(A
G oty Y
from p in Theorem 2.2. Conversely, since (r — )? and (z — a)?/(z + A) (0 <
A < o0) are in F,, f belongs to F, whenever it is of the form (3.10). Hence
f € F(0,00) belongs to F, if and only if it admits the integral representation
(3.10). This shows (ii) in the case a € (0, 00).

dv(\) =
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Since f(1+ «) = 0 implies f = 0 for any f € F,, we have F, = {cf : f €
F? ¢ >0}, where F? is as in (3.5). Note that f in (3.10) belongs F? if and only
if

v+ v([0,00)) = L.
In this case, for every x > o we have

(z — a)*(1 + ) o([0, 50)) < 7

fl@) <q(z—a)’+
and for every z € (0, a),

(z — a)*(1 + ) o([0. 00)) < (z —a)(z+1 +04)'

T X

fl@) <yl —a)’+

This implies that F? is a compact convex subset of F(0,00). Moreover, since
the representation (2.1) is unique and (3.10) uniquely corresponds to (2.1), the
representation (3.10) is also unique. Hence F? is a simplex whose extreme points
are

o) = &= a)x(ii o+ \)

Since Fy, is a face of F(0,00), it follows that each 9, (0 < A < 00) gives an
extreme ray of F.7(0,00). Since {¢y . : A € [0,00]} in F(0,00) is homeomorphic
to [0, 00], FY is a Bauer simplex.

(0 <\ < o), Vaoo(T) = (. — a)’.

(iii) has been proved in the course of the above proofs of (i) and (ii), and the

last comment in the parentheses is easily verified. For this purpose it might be
noted that for each £ € (0,00) \ {a} the set {f € F,, : f(§) =1} is a base of F,,

which is a simplex whose extreme points are

(x —a)*(E+))
(€ —a)?(z+A)

(0 <A< ),

O

Proof of Theorem 5.2. It has been proved in the course of the proof of Theorem
3.3 that the elements in (3.2) give extreme rays of F,(0,00). If f € F.(0,00)
belongs to one of F,, (0 < a < c0), then it has also been proved (see (3.7), (3.9)
and (3.10)) that f is written as an integral of elements in those extreme rays by a
finite positive measure. If f € F.7(0, 00) belongs to none of F,, (0 < o < 00), then
there exists an aq € [0, 00) such that f(z) > f(ag) > 0 for all z € (0,00) \ {ao}.
Now let ag := f(a); then f —ay € F,,. Hence by the proof of Theorem 3.3 (ii)
(see (3.9) and (3.10)), f admits the representation

f(z) = ag + bo(x — ag)? + / (z= o)+ a0+ ) do(N), (3.11)

[0,00) xr + A

where by > 0 and vy is a finite positive measure on [0,00). This shows that
F(0,00) is the closed convex cone generated by the extreme elements in (3.2).
Furthermore, the above integral representation implies that there are no extreme
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elements other than those in (3.2). Finally, to show that F.(0, c0) is not simpli-
cial, it is enough to note that

1‘2

=1
r+1 +x+1

is an element of F.(0,00) that is decomposed into extreme elements in two
different ways. OJ

T+

(3.12)

Proof of Theorem 3.1. The elements in (3.1) are in F.7(0,00) and give extreme
rays of F.(0,00) by Theorem 3.2. Hence they give extreme rays of F,:7(0, 00).
Since they are extreme elements of either Fy or F., that are faces of F.(0, 00)
(hence faces of F7(0,00) U {0}), it remains to show that any element f €
F1(0,00) \ (Fp U Fy) is not extreme in F,7(0,00). For any such f, there exists
an ag € [0,00) such that f(z) > f(ag) > 0 for all z € (0,00) \ {ap}. Let
ap := f(a)/2 and write f = (f — ag) + ag. Since f — ag, ag € F,.7(0,00) and
f —ao # ag, f is not extreme in F. (0, 00). O

Remark 3.4. Assume that f € F.(0,00) \ U,e(po Fo- Then in the proof of
Theorem 3.2, we gave an extremal decomposition (3.11) for f. We here remark
that f admits continuously many different extremal decompositions. In fact,
there is an a; € (0,00] such that the tangential line of f at = «a; passes the
origin (take a; = oo when a straight line from the origin is tangential to f at
infinity). It is clear that oy < «; where ag is as given in the proof of Theorem
3.2. Then for every a € [ay, a1, let a, + cox be the tangential line of f at z = a.
Then a, > 0, ¢, > 0, and f — (as + cox) belongs to F,. Hence f admits an
extremal decomposition

_ 2
f(@) =aa+cax+ba(x_a)2+/[om) (@ a>x(j1LJ;a+A)

dva(\),  (3.13)

where b, > 0 and v, is a positive finite measure on [0,00). For the function
(3.12), 1 + 2%/(x + 1) is the decomposition corresponding to @ = ag = 0 and
x+1/(x+1) is the decomposition corresponding to v = oy = 0o (z is tangential
to x+1/(x+1) at infinity). Furthermore, for each a € [0, 00| we have an extremal
decomposition
1 20+1 o+ 2 (x — a)?
= x
r+1 (a+1)2 (a+1)? (a+1)2(x+1)
of the form (3.13). The function
20 =22 +1=2(z — )’ +2(2a — 1)z + 1 — 2a°

T+

gives another example. The above right-hand side expression gives an extremal
decomposition of the form (3.13) for each a € [1/2,1/+/2]. But the above function
has even more different extremal decompositions such as 22+ (z—1)2. In this way,
there are many extremal decompositions for an element of 7 (0, 00)\U ¢[00 Fo-

Remark 3.5. The transformation 7 : f +— zf(z™') is a linear homeomorphism of
F(0,00) onto itself, which maps F*(0,00) onto itself. Since 7(p)) = -1 for
every A\ € [0, 00] (where ¢,, 1Y, were defined in the proof of Theorem 3.3), we see
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that 7 maps F,, onto Fy (and vice versa). This and (3.6) show that the structure
of extreme elements as well as the facial cone structure is completely equivalent
among F,, Fy and {f € F7(0,00) : f is operator monotone} via the simple
isomorphisms f < zf(z7!') < f(z7'). Incidentally, we see that the following
conditions are equivalent for f € F*(0, 00):

(a) f is operator monotone decreasing (or f(z~!) is operator monotone);

(b) f is operator log-convex in the sense of [2];

(c) f is operator convex and non-increasing in the numerical sense, i.e., f €

Fo;

(d) xf(x1) is operator convex and lim, .o, f(z)/z =0, i.e, xf(x7!) is in Fp.
(indeed, (a) < (b) < (c) was shown in [2, Theorems 2.1 and 3.1] and (a) <
(d) is immediately seen from [7, Theorem 2.4].) It is also obvious that F, is
transformed onto Fj by a simple isomorphism f +— f((a/5)z) of F(0,00) for any
a, 3 € (0,00). However, it does not seem that we have such a simple isomorphism
between Fjy and F,, 0 < a < 00.

4. FACIAL SUBCONES

In the previous section we proved that the extreme rays of F.f.(0, c0) are given
by the elements g, x (a, A € [0, 00]) defined as

(z—a)®

EDY (OSO!<OO,O§)\<OO)7

r—a) (0<a<o00, \=00),

ga)\(x)3: (1 ) ( - )
m (Od:OO,OS)\<OO),
1 (v = 00, A = 00).

(4.1)

Furthermore, F.f (0, 00) is the closed convex cone generated by the above extreme
elements. For each « € [0, 00] and each nonempty closed subset A of [0, 00|, we
denote by F, A the closed convex cone generated by {ga, : A € A}. Moreover, for
each closed subset A (possibly () of [0, o0], we denote by Ej the closed convex
cone generated by {gon : @ € [0,00], A € A} and {goo.00s Goo} = {1, 2z}. In
particular,

Foo,{oo} = {)\1 S A Z O}, FO,{O} = {/\JZ S A Z 0} (42)

The closed faces F, (0 < a < 00) introduced in Theorem 3.3 coincide with Foj0,00]
so that

Fuoo) = Foa = {f € 75(0,00) : f(a) =0} (0 < o < 00),
Foo oo = Foo = {f € F(0,00) : f is non-increasing}.
Note that the extremal integral decomposition of an element of F.:(0,00) is
not unique since FJ.(0,00) is not a simplicial convex cone (Theorem 3.2). But
Theorem 2.2 gives a standard integral representation for a general operator convex

function on (0, 00) (hence for f € F.(0,00)). By taking a = 1 we rewrite the
representation as follows:

f(l"):f(l)—i-f/(l)(x—1)+7(x_1)2+/[0 )(ﬂf—;)jL(iJrA)

dv(X),
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where v > 0 and v is a finite positive measure on [0, 00) transformed from the
representing measure p of f by

1
(I14+ X322+ A)
Furthermore, by extending v to a measure on [0, co] with v({co}) = v, one can
write the above representation as

flx) =)+ f (1) —1) +/[0 | (& —;>+(i+ A)

where (z — 1)*(2 + \)/(z + A\) means (z — 1)*> when A\ = co. Now, for every
[ € FL(0,00) let supp v be the support of v, and we denote it by 3. From the
above construction, X is given in terms of the canonical data ;1 and v of f as

follows:
o
5, = supp p ity 0, (4.4)
supp U {oo} if v > 0.

dv(A) := dp(X).

dv(\), (4.3)

Moreover, for every closed subset A of [0, co] we define
Fp = {f c .7::2(0, OO) : Ef C A}
In particular, since Xy = ) if and only if f(z) = p + gz with p,¢ > 0, we have
Fo=A{p+qz:p.q>0} (4.5)
The aim of this section is to prove the next theorem determining all closed
faces of F.1(0,00).
Theorem 4.1. The family of all closed faces (# {0}) of F(0,00) is given by

(i) Fan for a €0,00] and for nonempty closed subsets A of [0, 00,
(ii) Ep for closed subsets A of [0, o0].

Furthermore, the family of mazimal closed faces of FJ.(0,00) is given by F,
for a € [0,00|, where a closed face F of FJ.(0,00) is said to be mazimal if
F +# F£(0,00) and there is no closed face F of Fi(0,00) such that F S F S
F(0,00).

Remark 4.2. Under the transformation 7 : f + xf(x~!) on F*(0, c0) mentioned
in Remark 3.5, the closed faces in Theorem 4.1 are related as follows:

T(Fa’A) = Fa—lyA—l, T(EA) = EA—l.

In particular, 7(Fo 10}) = Fio oo} for those in (4.2), and 7(Ep) = Ey for Ey = Fyp
in (4.5).

Lemma 4.3. For any closed subset A (possibly §)) of [0, 00], Fa is a closed face
of F.(0,00).

Proof. Let fi, fo be in F}(0,00), having the representations as in (4.3) with
measures vy, Vg, respectively. Then f; + f5 has the representation with measure
v +uo. If fi, fo € Fa, then suppry; C A fori = 1,2 so that supp (11 +1v2) C A and
hence fi1+fo € Fp. So Fy is a convex cone. If fi+fy € Fy, then supp (v1+15) C A
so that suppy; C A, i = 1,2, and hence fi, fo € Fa. So Fy is a face of F.(0, 00).
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It remains to prove that F, is closed (in the pointwise topology on F..(0,00)).
Recall that F}(0,00) is metrizable, and let {f,} be a sequence in F, such that
fn — f € FL(0,00) in the pointwise topology. So, each f, has the representation
(4.3) with measure v, and f does so with v. We have supp v, C A for all n. For
any £ > 0 one can choose a 0 € (0,1) such that

S —f1=0) _ fO+0)—f(1)

f(1)—e< 5 < 5 < f'(1) +e.

Hence, if n is sufficiently large, then

f/(l) e < fn(1> _(J;n<1 _5> < fn(1+5()s_fn(1) < f’(l) +e

so that f/(1) —e < f/(1) < f(1) + e. This shows that f/ (1) — f'(1) as n — 0.
Hence

/mQ“dyu):nm 2 (), e 0,00\ {1}, (46)

oo T+ A n=20 Jo.0c) T A

where (24 \)/(x + A\) = 1 for A = 0o. Moreover, since
fa(2) = fu(1) + f1(1) + ([0, 00]) — (2) = f(1) + f'(1) + »([0, o0]),

we have v([0, 00]) = lim,, .« v, ([0, 00]). We may consider v, and v as elements of
the dual Banach space C([0, o0])* of the Banach space C([0, oo]) with sup-norm.
Since the weak* topology on a norm-bounded subset of C(]0, cc])* is metrizable,
one can choose, by Alaoglu’s theorem, a subsequence {v,)} converging to a
vy € C([0,00])* (identified with a finite positive Borel measure on [0, o0]) as
k — oo in the weak™ topology. For each = € (0,00), since A — (24 X)/(x + A) is
in C([0, 00]), this weak™® convergence and (4.6) imply that

/ 2“611/@):/ 25X e\, @ e (0,00)\ {1},
[0 [

700]I+A O,OO}"E_’—)‘

and in particular when z = 2, we have v([0, 00]) = 14([0, 00]). Moreover, since
24+ N /(x+AN)=14+(2—2)/(z+ \), we have

1 1
dv()) = dve(N), e (0, 1,2},
[ = [ ). re @ (2]

In fact, this holds for x = 1,2 as well by taking limits. Noting that

R e Cem Sl £ (0,00), 71 #
' - - 1,T ), 11 £
T1+ A To+ AN xo—z \T1+N a9+ A/ 1, T2 ;y00), X1 2,

we see by the Stone-Weierstrass theorem that the linear span of 1 and A +—
1/(x + A) for z € (0,00) is a norm-dense subalgebra of C([0,00]). Therefore,
v = 1y. Here, 1,([0,00] \ A) = 0 for all n. Since p — p([0,00] \ A) is lower
semicontinuous in the weak* topology on the set of finite positive Borel measures
on [0, 00], it follows that v(]0, c0] \A) = 0 and so f € Fi. Hence Fy is closed. O

In the following lemmas we clarify the structure of Fi, » and Ej, in Theorem
4.1 in terms of Fj, which will be also useful to prove the theorem.

Lemma 4.4. Let o € (0,00) and A be a nonempty closed subset of [0, cc].
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(1) For every A € [0,00], gax € Fa if and only if X € A.

(2) For = Fy N Fa and hence F, y is a closed face of F.(0,00).

(3) The correspondence A — F, x is one-to-one for nonempty closed subsets
A of 0, 00].

Proof. (1) Note that
(r—a)* (1-a) (1—a)(1+a+2)\)( ) (OH—A) (x —1)

Y

T+A 1+ (1+X)2 1+XA) z+A

(r—a)P=(a—1)?=2a—-1)(z—1)+ (z - 1)

From these expressions and the uniqueness of the representation (4.3) we have
Jax € Fpuy for every X € [0,00]. (This is also immediate from Theorem 2.2 and
(4.4).) The assertion is then obvious.

(2) Since both F,, and F, are closed faces of F.(0,00) due to Theorem 3.3
and Lemma 4.3, F,, N Fy is also a closed face of F(0,00). By definition it is
obvious that Fi, » C F,, N Fa. To prove the converse, define

K:={feF,NFr: fla+1) =1},

which is a compact convex subset of F(0,00) (see Theorem 3.3 and its proof).
The Krein-Milman theorem says that K = conv (ex K), the closed convex hull
of the set ex K of all extreme points of K. Since K becomes a face of {f €
F(0,00) : f(aw+ 1) = 1}, every extreme point of K belongs to an extreme ray
of F-(0,00). Hence by Theorem 3.2 and (1) above we have

1
K= ——— g, :ANEA}.
= {ga,A(CHLl) Jox }

This shows that F, N Fy is generated by {ga : A € A}, so F,, N Fpa C Fya.
(3) immediately follows from (1) and (2). O

Lemma 4.5. Let o = 0 or co. For any nonempty closed subset A of [0,00], Fin
is a closed face of Ff.(0,00), and furthermore A — F, 5 is one-to-one.

Proof. To prove the lemma, it is convenient to use the integral representations
(3.7) for @ = oo and (3.9) for a = 0 instead of (4.3).
First, assume that o = 0. For f € Fj we rewrite (3.9) as

22 (14 N)
s = [ RO, (@)
where p is a unique finite positive measure on [0, oo] and 2%(14 \)/(z+ ) means
z? for A = co. For every nonempty closed A C [0, 00] we define F, /(\0) to be the
set of f € Ff(0,00) whose representing measure p in (4.7) is supported in A.
Then, similarly to Lemma 4.3 it is seen that F, /(\O) is a closed face of F (0, 00).
Moreover, the statements of Lemma 4.4 can be verified in this case as well when

Fy is replaced with F, /(\0). The injectivity of A — Fj 5 is also seen since g\ € F, /(\0)
if and only if A € A.



170 U. FRANZ, F. HIAI

Secondly, assume that o = co. For f € F, we rewrite (3.7) as

f(z) = / LA o, (48)

,oo]x—'—)\ v

where v is a unique finite positive measure on [0, 00] and (1 + \)/(x + \) means
1 for A = oco. Then the assertion can be shown similarly to the case a = 0 above

by defining F /(\OO) to be the set of f € F.f.(0, 00) whose representing measure v in
(4.8) is supported in A. O

Lemma 4.6. For every closed subset A of [0,00], Ex = Fa and hence Ey is a
closed face of F.(0,00). Furthermore, A — E\ is one-to-one.

Proof. Lemma 4.4 (1) says that g, € Fa if @ € (0,00) and A € A. If A € A\ {0},

then )
1 142X A (z—1)2
— -1 4.
9o (%) 1+A+(1+A)2(x )+(1+A) P (4.9)

so that gon € Fp. Also, if A € A\ {o0}, then
1 1 1 r—1)?
= — (x—1)+ : ( )
L+XA (14 A)? (I+X)? z+A
so that g x € Fa. Furthermore, go0, goo,0o € Fa (see (4.5)), and hence we have
Ey C Fa. To prove the converse, define

K:={feFr: f(1/2)+ f(2) =1}.
Let f € K be expressed as in (4.3). Since f(1/2) <1 and f(2) < 1, we have
fWefo, fa)yel=21], f1)+ (1) +w(0,00]) = f(2) € [0,1],
which yield that
f(z) <3+ z+3(x —1)*max{1,2/z}, x € (0,00).

Hence we see that K is a compact convex subset of (0, c0). By the Krein-Milman
theorem we have K = tonv (ex K). Since K becomes a face of {f € F.,-(0,00) :
f(1/2) + f(2) = 1} due to Lemma 4.3, every extreme point of K belongs to an
extreme ray of F.(0,00). Thus, by Theorem 3.2 and Lemma 4.4 (1) together
with (4.9) and (4.10) we see that

1
ga)\<1/2) + ga,A(Q)

Joor(7) (4.10)

exKC{ Gax : a € [0, 00, )\GA}

1 1
N {90,0(1/2> 9002 ™ oene(1/2) + groo(2) g“’”}'
This shows that Fj is generated by {ga : o € [0,00], A € A} U {900, goo,00}, SO
Fa C E\ by definition of Ey. Therefore, £y = F, and also the injectivity of
A — E, follows from Lemma 4.4 (1). O

Proof of Theorem 4.1. By Lemmas 4.4-4.6 all of F, » and F, given in (i) and
(i) of the theorem are closed faces of Ff(0,00). So it remains to prove that if F
(# {0}) is a closed face of F.(0,00), then either F' = F, 5 for some o € [0, 0]
and some nonempty closed A C [0,00] or F' = E for some closed A C [0, 00].
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(1) First, assume that F' C F, for some a € [0, 00], and prove that F' = F, 5
for some nonempty closed A C [0, o0]. Define

oo e flar)=1} ifae€0,00),
{feF:f1)=1} if a = o0.

Then K is a compact convex subset of F, so that K = conv (ex K). Define
A:={X€[0,00] : gox € F}. Since

(14 Ngan if X € [0, 00),
¢a,A = .
Jov,00 if A=o00

is continuous in A € [0, 00| in the pointwise topology (see (4.1)), it follows that
A is a closed subset of [0, 00]. Since K is a face of F? where F? is given in (3.4)
and (3.5), it is seen as in the proof of Lemma 4.4 that

1 .
— AeA} ifae€]0,00)
. ga,,\(OH-l) ga,)\ } ) )
ex K = ) e o
—ga,x(l) Jax + A E 1I o = OQ.

This shows that F' = F, , with A # (.
(2) Next, assume that F' ¢ F,, for every a € [0, o0], and prove that F' = E, for

some closed A C [0, 00]. Note that at least one of the following two cases holds:

(a) there is an fy € I such that fo ¢ Uae[o,oo} F,,

(b) there are fi, fo € F such that f; € F,, and fy € F,, with a, as € [0, 00,

aq 7é Q9.

In the case (a), we have fo(a) = mingejo o0 fo(z) > 0 for some o € [0, 00], where
f(a) means f(40) or lim, . f(x) for oy = 0 or oo, respectively. In the case
(b), let fo := fi + fo € F; then the situation is same as in the case (a). Hence,
in each case, there are p,q > 0 such that fo(z) > p+ gz for all x € (0, 00). Since
F is a face of F1(0,00), writing

Jo(@) = p+qr + (folx) —p — qu),

we see that 1,2 € F. Now assume that F # Ej (= Fp in (4.5)). We prove that
if (o, \) satisfies one of

(i) a € (0,00) and \ € [0, o0,
(ii) @« =0 and A € (0, o0,
(iii) @ = co and A € [0, 00),
and if g, € F, then gg € F for all g € [0,00] \ {a}. Define
f3(2) = gar(®) = {gax(B)(x = B) + gan(8)}- (4.11)

First, assume (i). If 3 > a, then g/, () > 0 and

Jax () + (gon(B)B)1 = fa(x) + gor(B)7 + gar(B)1.

Since the above left-hand side belongs to F' and fz € F.(0,00), we see that
fa € F. It 0 < 8 < a, then g, ,(8) <0 and

Jar () + (=gar(B))x = f5(z) + (=90 1 (8)B)1 + gaa(B)1.
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Since the above left-hand side belongs to F', we have fz € F' again. A direct

computation gives
a+ A\’
fg = (ﬁ—kA) gs.x- (412)

Hence it follows that gg € F for all 8 € (0,00). We have go», goor € F as well
by taking limits go » = limg\ o gs.x and goox = limg_oo 37 2gp.x. Next, assume (ii).
For any € (0,00), f3 given in (4.11) with o = 0 is in F' as above and (4.12)
becomes fz = (A/(B + X))%gp. so that gg, € F, and also g € F by taking
limit. Finally, assume (iii). For any § € (0,00), f3 in (4.11) with o = 00 is in F
as above and (4.12) becomes fz = (1/(8+\))?gs. so that gg, € F, and go\ € F
by taking limit.

Now, we define A := {\ € [0,00] : g1, € F'}, which is a closed subset of [0, o]
as in the above proof of (1). From the facts proved above for the cases (i)—(iii),
we see that

{Ae0,00]: gar € F} =A forall e (0,00), (4.13)
{Ae[0,00] : gop € F'} = AU {0}, (4.14)
{Ae€[0,00] : goor € F'} = AU {o0}. (4.15)

Then it is obvious that E,y C F. Since F is a closed face of F(0, c0), it is seen as
in the proof of Lemma 4.6 that F' is generated by {ga.a : a, A € [0,00], gar € F'}.
Hence, to prove that ' C E,, it suffices to show that if g, » € F' then g, ) € Ej.
Since o0, goo,co € E, we may show this if (a, \) satisfies one of (i)-(iii) above.
But in these cases, the assertion is obvious from (4.13)—(4.15). Therefore, F' = Ej
and A # () (thanks to the assumption F' # Fy).

Finally, we prove the latter statement of Theorem 4.1. If A # [0, 00|, then it
follows from the injectivity assertions in Lemmas 4.4-4.6 that F, o and E, are
not maximal closed faces of F.(0,00). When A = [0,00], Ey = F.(0,00). On
the other hand, one can easily see from the above proof of (2) that each F, is a
maximal closed face of F.}(0,00). Hence the maximal closed faces of F (0, c0)
are only F,’s. O

We finally determine all simplicial closed faces of F(0, c0).

Corollary 4.7. The family of simplicial closed faces of F.1.(0,00) are F, 5 for
a € [0,00] and for nonempty closed subsets A of [0, 00].

Proof. By Theorem 3.3, F,’s are simplicial closed convex cones of F. (0, 00).
Since F, 5 is a closed face of F,, by Theorem 4.1, F, , is a simplicial closed face
of Ff.(0,00). Next, to show that E,’s are not simplicial, consider the identity

2 2

When oo € A, the above shows that E, is not simplicial. When A contains a
A € [0,00), the same holds since
(£-1? (@—2? _ (-3 1 1

=9 .
T+ A T+ A T+ A +2x+A’

3\* 1 . 1
(z — 1)2 + (2 — 2>2 = 2<I - —) + 5, Le, Gl T 92,00 = 203/2,00 T 5900,00.

. 1
Le., gia+gex = 29320 + égoo,)\-
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5. OPERATOR CONVEX FUNCTIONS ON (—1,1)

In this section we consider the non-negative operator convex functions on a
finite open interval. Operator convex functions on any finite open interval (a, b)
are transformed into those on (—1,1) via the affine function x € (—1,1) —
((b—a)/2)x + (b+ a)/2. Therefore, we may assume without loss of generality
that the interval is (—1,1). We write F(—1,1) for the locally convex topological
space of all real functions on (—1,1) with the pointwise convergence topology.
Let Ff(—1,1) be the closed convex cone in F(—1,1) consisting of all operator
convex functions f > 0 on (—1,1), and F " (—1,1) be the convex cone of all
operator convex functions f > 0 on (—1,1).

For each a € [—1, 1] define

Fo=A{f € Fo(=1,1): f(a) =0}, (5.1)
where f(a) is limg\ —1 f(z) or lim, 1 f(2) for a = —1 or 1, respectively. It is
obvious that F, is a closed face of Ft(—1,1) for every a € [—1,1]. For every
f € F, with a € (—1,1), since f(a) = f/(e) = 0, the expression of Theorem 2.1
gives

f(2) :/ Mdu()\) ze(~1,1) (5.2)

11 1= A ’ e '
with a unique finite positive measure v on [—1,1] (defined by dv(\) := (1 —
Aa) "t du()) from 4). This shows that F, is a simplicial closed face of F(—1,1)
generated by the extreme elements (z — «)?/(1 — Az) (=1 < A < 1). To prove
the same assertion when a = =£1, the following lemma is necessary. Although

the integral expression is in the same form as (5.2) with o = 41, we need an
independent proof.

Lemma 5.1. A real function f on (—1,1) belongs to F if and only if there
exists a finite positive measure v on [—1,1] such that

f(m):/[m%dy()\), v e (=1,1).

Furthermore, the measure v is unique. A similar result holds for Fy with (x—1)2
in place of (x + 1)% inside the integral.

Proof. The “if” part is easy. To prove the “only if 7, assume that f € F_;. Since
the function h(z) := f(x)/(xz + 1) is a non-negative operator monotone function

n (—1,1), the well-known integral representation (see e.g., [3, Corollary V.4.5])
says that there are a unique ¢ € R and a unique finite positive measure p on
[—1,1] such that

h(x):a%—/[m] 1_“”M du(\),  we(=1,1). (5.3)
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Since

1
0<b:= :Blin_llh(x) :a—/[ ——du(N),

we have [, (1 +A)7"du(A) < +oo (hence p({—1}) = 0) and
h(z) = b+ /(_1 e fg& ) = /[_1 1] L), we(-1),

where v is defined by dv(\) := (1 + A)"'du(A\) on (—=1,1] and v({-1}) := b.
Therefore, f admits the desired integral expression. The uniqueness of v is easily
verified from that of p in (5.3). O

Now, we define

(z —a)?
11—z
Continuing the above discussion, one can argue as in Section 3 to prove the
following:

Gax = (—1<a<1, —1<A<1),

Theorem 5.2. The extreme rays of FiT(—1,1) are given by one of Gar for
a==1 and —1 < XA < 1. Also, the extreme rays of F.(—1,1) are given by one
of Gax(z) for for =1 <a <1 and -1 <X < 1.

For each a € [—1, 1] and each nonempty closed subset A of [—1, 1], we denote
by ﬁmA the closed convex cone generated by {g.» : A € A}, and by E\ the
closed convex cone generated by {gon : @ € [-1,1], A € A} and {G_1-1,011} =
{z +1,1 —z}. Then E, = ﬁa,[q,u for every o € [—1,1], where F, is given in
(5.1). Moreover, for each f € Ff(—1,1) we write ¥ (C [—1,1]) for the support
of the representing measure p of f in Theorem 2.1, and for each closed subset A
of [—1,1] define

Fr={f e Ft(-1,1):2; C A}.
In particular, N
Fo={p+qz:pLtq>0}

By arguments similar to those in Lemmas 4.3-4.6 we see that Fa is a closed

face of F1.(—1,1) and

ﬁ%/\:ﬁaﬂﬁl\ (—1§a§ 1), EAZJ%A.

Finally, one can obtain the following counterpart of Theorem 4.1. The proof is
more or less similar to that of Theorem 4.1, so the details are left to the reader.

Theorem 5.3. The family of all closed faces (# {0}) of Fi(—1,1) is given by
(i) fa,A for a € [=1,1] and for nonempty closed subsets A of [—1,1],
(i1) Ey for closed subsets A of [—1,1].

Furthermore, the family of mazximal closed faces of FJ.(—1,1) is given by ﬁa
for a € [—1,1].
Corollary 5.4. The family of simplicial closed faces of Fl(—1,1) is given by
F, A for a € [—1,1] and for nonempty closed subsets A of [—1,1].
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To show that F, is not simplicial, one may note the identity

g—1xt+ gix+ 290\ = 4(9—1/2,)\ + 91/2,,\)-
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