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Abstract

In this paper we study characterizations of odd and even dimensional mixed super quasi-
Einstein manifold and we give three and four dimensional examples (both Riemannian and
Lorentzian) of mixed super quasi-Einstein manifold to show the existence of such manifold.
Also in the last section we give the examples of warped product on mixed super quasi-Einstein
manifold.
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1 Introduction

A Riemannian manifold (M, g) with dimension (n > 2) is said to be an Einstein manifold if it
satisfies the condition S(X, Y) = Lg(X, Y), holds on M, here S and r denote the Ricci tensor
and the scalar curvature of (M, g) respectivley. According to [2] the above equation is called the
Einstein metric condition. Einstein manifolds play an important role in Riemannian Geometry, as
well as in general theory of relativity. The notion of quasi-Einstien manifold was defined in [7]. A
non-flat Riemannian manifold (M, g), (n > 2) is said to be an quasi Einstein manifold if the con-
dition S(X, Y) = ag(X, Y)+8p(X)p(Y), is fulfilled on M, where o and 8 are scalars of which
B # 0 and p is non-zero 1-form such that g(X, £) = p(X) for all vector field X and £ is a unit
vector field.

In [5], M.C.Chaki introduced super quasi-Einstein manifold, denoted by S(QFE), and gave an
example of a 4-dimensional semi Riemannian super quasi-Einstein manifold, where the Ricci tensor
S of type (0,2) which is not identically zero satisfies the condition

S(X,Y)= ag(X, Y)+BAX)AY) +~7[AX)B(Y)+AY)B(X)] +0D(X,Y), (1.1)

where «, 3,v,0 are scalars such that 3,7, are nonzero and A, B are two nonzero 1-forms
such that g(X, &) = A(X) and ¢(X, &) = B(X), &1, & being unit vectors which are orthogonal,
ie., g(&,&) = 0 and D is symmetric (0,2) tensor with zero trace which satisfies the condition
D(X,&) =0,V X € x(M).

Here a, 3,7, 6 are called the associated scalars ,and A, B are called the associated main and auxil-
iary 1-forms respectively, £, £ are main and auxiliary generators and D is called the associated
tensor of the manifold.
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In [3], A.Bhattacharyya, M.Tarafdar and D.Debnath introduced the notion of mixed super quasi-
Einstein manifold, denoted by M S(QFE),, with an example. A non-flat Riemannian manifold(M, g),
(n > 3) is called mixed super quasi-Einstein manifold if its the Ricci tensor S of type (0,2) is not
identically zero and satisfies the condition

S(X,Y) = ag(X,Y) + BAX)A(Y) + ¢B(X)B(Y)

+v[AX)B(Y)+ A(Y)B(X)|+6D(X,Y), (1.2)
where «, 3, 0,7, ¢ are scalars such that 3, o,,d are nonzero and A, B are two nonzero 1-forms such
that

g(ngl) = A(X)? g(X7§2) = B(X)a 9(51,52) =0,VX (13)

&1, & being unit vectors which are orthogonal, D is symmetric (0,2) tensor which satisfies the
condition

D(X,&) =0, traceD =0V X € x(M). (1.4)

Here «, 3, 0,7, d are called the associated scalars, and A, B are called the associated main and aux-
iliary 1-forms respectively, &1, &, are main and auxiliary generators and D is called the associated
tensor of the manifold.

In [11], A.A.Shaikh, S.Jana introduced the notion of pseudo generalized quasi-Einstein man-
ifold, denoted by P(GQE), with examples. A non-flat Riemannian manifold(M, g), (n > 2) is
called pseudo generalized quasi Einstein manifold if its the Ricci tensor S of type (0,2) is not iden-
tically zero and satisfies the condition

S(X,Y) = ag(X, Y)+BAX)A(Y)+0oB(X)B(Y)+dD(X,Y), (1.5)

where «, 3, 0 and § are nonzero and A, B are two nonzero 1-forms such that

g(val) = A(X)v g(X7£2) = B(X)a 9(51752) =0,VX, (16)

&1, & being unit vectors which are orthogonal, D is symmetric (0,2) tensor which satisfies the
condition

D(X,&) =0, traceD =0V X € x(M). (1.7)

Here «, 3, 0,0 are called the associated scalars, and A, B are called the associated 1-forms of the
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manifold and D is called the structure tensor of the manifold.

Let M be an m-dimensional, m > 3, Riemannian manifold and p € M. Denote by K(w) or
K(U AV) the sectional curvature of M associated with a plane section # C T,M, where {U,V}
is an orthonormal basis of 7. For a n-dimensional subspace L C T,M, 2 < n < m, its scalar
cuvrvature 7(L) is denoted by 7(L) = Z K(e; Nej), where {e1,eq,...,e,} is any orthonormal
1<i<j<n

basis of L ([8]).

The notion of warped product generalizes that of a surface of revolution. It was introduced in [4], for
studying manifolds of negative curvature. Let (B, gg), (F, gr) be two Riemannian manifolds with
dim B=m > 0, dmF =k >0and f: B — (0,00), f € C®(B). The warped product
M = B x; F is the Riemannian manifold B x F furnished with the metric gp = g + f2gr. B is
called the base of M, F is the fibre and the warped product is called a simply Riemannian product
if f is a constant function. The function f is called the warping function of the warped product[10].

The well-known characterization of 4-dimensional Einstein spaces was given by Singer and Thorpe
in [12]. Later we have seen that the generalization of 4-dimensional Einstein spaces was given by
Chen in [6]. On the other hand, in [8] Dumitru obtained the result for odd dimensional Einstein
spaces. Also these results (both odd and even dimensions) were generalized to quasi Einstein man-
ifold by Bejan in [1]. Also characterization of super quasi-Einstein manifold for both of odd and
even dimensions was studied in [9]. From above studies, we have given characterization of mixed
super quasi-Einstein manifold for both of odd and even dimensions with three and four dimensional
examples of mixed super quasi-Einstein manifold to ensure the existence of such manifold. Next we
show that a mixed super quasi-Einstein manifold is pseudo generalized quasi Einstein manifold if
either of generators is parallel vector field. In the last section we have given examples of warped
product on mixed super quasi-Einstein manifold.

2. Characterization of mixed super quasi-Einstein manifold

In this section we establish the characterization of odd and even dimensional M S(QE).,,.

Theorem 2.1. A Riemannian manifold of dimension (2n+1) with n > 2 is mized super quasi
Einstein manifold if and only if the Ricci operator Q has eigen vector fields & and & such that at
any point p € M, there exist three real numbers a,b and c satisfying

7(P)+a= T(Pl); £,6 € TpPL,
7(N)+b=7(Nt); & €T,N,& € T,N*,

7(R) +c=71(RY); & € T,R,& € T,RT,

for any n-plane sections P, N and (n + 1)-plane section R where PX, N+ and R‘ denote the or-
thogonal complements of P, N and R in T, M respectively and
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2n—1 n
a={a+pB+0+4] Z D(e;,e;) + D(eant1,€an+1) — ZD(% ei)l}/2,
i=n+1 i=1
2n+1 n—1
b={a—F+0+| Z D(e;,e;) — Z D(e;,ei)]}/2,
i=n+1 i=1
2n-+1 n
c={o—a—B+d[ Y Dle,e)—> Dle,e)l}/2,
i=n+2 i=1

where o, 3,0 and & are scalars.

Proof. First suppose that M is a (2n + 1) dimensional mixed super quasi Einstein manifold,
SO

S(X,Y)= ag(X,Y)+ BAX)A(Y) + 0B(X)B(Y)
+v[A(X)B(Y)+ A(Y)B(X)]+6D(X,Y), (2.1)

where «, 3, 0,7, are scalars such that (3, p,7v,d are nonzero and A, B are two nonzero 1-forms
such that ¢(X, &) = A(X) and ¢g(X, &) = B(X), &,& being unit vectors which are orthogo-
nal, i.e., g(£1,&2) = 0 and D is symmetric (0, 2) tensor with zero trace which satisfies the condition
D(X,&)=0,VX € x(M).

Let P C T,,M be an n-dimensional plane orthogonal to &, & and let {eq, ea....... en } be orthonormal
basis of it. Since &; and & are orthogonal to P, we can take orthonormal basis {11, €nt2....... €on+1}
of P+ such that ey, = & and eg,, 11 = &. Thus {ey, ea....... €y €ty Crg 2 eeeees €2n+1} 1s an orthonor-
mal basis of T, M. Then we can take X =Y =¢; in (2.1), we have

an+1 a+0D(e;,e;), for 1<i<2n-1
S(ei,e;) = Z R(ej,ei,ei,e5) = a+ B, for i =2n
j=1 a+ 0+ 0D(&, &), for i=2n+1

By use of (2.1) for any 1 < i < 2n + 1, we can write

S(El,el)ZK(€1A€2)+K(61 /\63)—|— ............ —|—K(61/\62n_1)
+K(€1 /\51) + K(el /\fg) =+ 5D(€1,€1),

5(62,62):K(62A61>+K(€2/\€3)+ ............. —I—K(eg/\ezn,l)
+K(e2 N&1) + K(ea A&2) = a+0D(e2, e2),

S(ean—1,€m—1) = K(ean—1 Ne1) + K(ean—1 Aez) + K(ean—1 Ae3)
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Feeeens +K(e2n_1 /\52) =a+5D(627l_1,62n_1),

5(51,51) = K(fl /\61) +K(£1 /\62) F o +K(fl A 62774,1)
+K(§1 /\é-Q) = OZ+B7

S(fg,gg) = K(gg N 61) + K(gg A\ 62) Fo, + K(EQ A egn_l)
+K (&2 N &) =a+ o0+ 0D(€a,&2).

Adding first n-equations, we get

27(P) + > K(eiNej) = na—i—ézn:D(ei,ei). (2.2)

1<i<n<j<2n+1 i=1

Then adding the last (n + 1) equations, we have

27 (P*) + Z K(eiNej)=(n+1a+ B+
1<j<n<i<2n+1

2n—1

+0 Y D(eises) + D (&, &) (2.3)
i=n+1

Then, by substracting the equation (2.2) and (2.3), we obtain

2n—1
T(PJ') — T(P) = {Oé + ﬁ + % + 5[ Z D(ei, 61') + D(€2n+1, 62n+1) — E;’:lD(ei, 61)]}
i=n+1
Therefore 7(P) + a = 7(P1), where,
2n—1 n
a={a+B+0+08[ D> Dleses)+Dleantr,eantr) — Y Dleei)]}/2.
i=n+1 i=1

Similarly, Let N C T,M be an n-dimensional plane orthogonal to {; and let {ei,es....... en}
be orthonormal basis of it. Since &3 is orthogonal to N, we can take an orthonormal basis
{€nt1;Ent2eeee €ant1} of N+ orthogonal to &, such that e, = & and es, 1 = &2, respectively.
Thus, {e1,ea....... €y Bty 2 eeeees €2n+1) is an orthonormal basis of T,M. Then we can take
X =Y =e; in (2.1) to have

a+0D(e;, ), 1<i<n-1
plase a+ i=n
S(ei7€i): z; R(€j7€i76i7€j): a+5D(ei,ei), n+1§2§2n
j:

a+ o+ 0D(e2nt1,€2n41), i=2n+1
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Adding first n-equations, we get

n—1
27(N) + Z K(e; Nej) :na—l—ﬂ—i-éZD(ei,ei), (2.4)
1<i<n<j<2n+1 i=1

and adding the last (n 4 1) equations, we have

2n-+1
2r(N1) + > K(eiAej)=(n+1a+o+3d Y Dleie). (2.5)
1<j<n<i<2n+1 i=n+1

Then, by substracting the equation (2.4) and (2.5), we obtain

2n+1 n—1
7(NY) = 7(N)={a— B+ 0+0] Z D(e;,e;) — ZD(ei,ei)]}/Z
1=n+1 i=1
Therefore 7(N) + b = 7(N*1), where,
2n+1 n—1
b={a—B+o+0d[ Y Dleie;)— Y Dlesei)l}/2.
i=n+1 i=1

Analogously, Let R C T, M be an (n+1)-plane orthogonal to &2 and let {es, ea, ..., €41} be orthonor-
mal basis of it. Since & is orthogonal to R, we can take an orthonormal basis {€,12, €nt3, ..., €2n,
€an+t1} of R* orthogonal to &1, such that e, 11 = & and ez, 41 = &. Thus,

{617 €2, s €ny Cnt1, En42;-ny €2n+1}

is an orthonormal basis of T,,M. Then we can take X =Y =e; in (2.1) to have

a+0D(e;,e;), 1<i<n
plany a+ i=n+1
Sleses) = z; Rleg enenes) = a+6D(ei e;), n+2<i<2n
J:

a+o+dD(eant1,e2n41),  i=2n+1
Adding the first n + 1-equations, we get

27(R)+ Z K(eiNej) = (n—i—l)a—l—ﬁ—&—éZD(ei,ei), (2.6)
1<i<n+1<j<2n+1 i=1
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and adding the last n equations, we have

2n+1
27(RY) + > K(eiNej) =na+o+d Y Dleie). (2.7)
1<j<n+1<i<2n+1 i=n+2

Then, by substracting the equation (2.6) and (2.7), we obtain

2n+1 n
T(RY) = 7(R)={e—a—B+06] Y D(eie)— Y Dleie)]}/2
i=n+2 1=1
Therefore 7(R) + ¢ = 7(R1), where,
2n+1 n
c={o—a-B+6] Y Dleie;)— Y Dleie)]}/2.
i=n+2 i=1

Conversely, let g(1X,Y) = D(X,Y), where [ is a symmetric endomorphism of the tangent space
Tp,M and let V be an arbitrary unit vector of T, M, at p € M, orthogonal to & and &. Now D is
symmetric as g is so, trace of D is zero and D(X,&;) = 0 for all X € x(M). We take an orthonormal

basis {e1, eg....... Eny Endly CrdDeeeeess ean+1} of T,M such that V = ey, e,41 =& and ez 1 = &o. We
consider n-plane section N and (n+1)-plane section R inT, M as follows N = span {es....... €ns €nt1}
and R = span {ej, es....... €n,ent1} respectively. Then we have N+ = span {e1, €,12....... €2m, €241}
and R* = span {e,40....... ean } respectively. Now

S(V,V): [K(el /\62)+K(61 /\63)—|- ...... +K(€1/\€n+1)]

+[K(e1 Aenta) + ooeenneens + K(e1 Aean) + K(er Aeaptt)]
=[r(R) - Y K(eihe)
2<i<j<n+1
+[r(N+) — Z K(e; Nej)]
n+2<i<5j<2n+1
=7(R) —7(N) + 7(R*) — 7(N*4)
= I[)T(R) +7(N)]+[b+7(N)—c—T1(R)]

Therefore, S(V,V) = b — ¢, for any unit vector V' € T,M, orthogonal to & and &. Then we
can write for any 1 < i < 2n 41, S(e;,e;) = b — ¢, since S(V,V) = (b —¢)g(V, V). It follows
that S(X, X) = (b — ¢)g9(X, X) + K1A(X)A(X) + K4yD(X,X) and SY,Y) = (b — ¢)g(Y,Y) +
KyB(Y)B(Y)+ K3[A(Y)B(Y) + B(Y)A(Y)] for any X € [span{&;}]* and Y € [span{&}]*, where
A, B are the dual forms of &; and & with respect to g, respectively and Ky, Ko, K3, K, are scalars,
such that K1 # O,KQ 7§ O,Kg }é O,K4 # 0.

Now from the above equations, we get from symmetry that S with tensors (b—c)g+ K1 (AR A)+K4D



122 S. Pahan, B. Pal, A. Bhattacharyya

and (b—c¢) + K2(B® B) + K3[(A® B) + (A ® B)] must coincide on the complement of & and s,
respectively, that is S(X,Y) = (b—c)g(X,Y) + K1 A(X)A(Y) + K2 B(X)B(Y) + K3[A(X)B(Y) +
B(X)A(Y)]+ K4D(X,Y), for any X,Y € [span{¢;, &}t . Since &1 and & are eigenvector fields of
Q, we also have S(X, &) =0 and S(Y, &) =0 for any X,Y € T,M orthogonal to & and &». Thus,
we can extend the above equation to

S(X,2) = (b—c)g(X, Z) + K1 A(X)A(Z) + K2B(X)B(%))
+K3[A(X)B(Z + A(Z)B(X)] + K4D(X, Z), (2.8)

for any X € [span{¢;, &}t and Z € T,M, where K1, Ko, K3, K, are scalars and K; # 0, Ky #
0,Ks # 0,K4 # 0. Now, let us consider the n-plane section P and (n + 1)-plane section R
in T,M as follows P = span {ei,ez,...,e,} and R = span {ei,ea,...,en, &1} Then we have
P+ = span {&1, €42, ..., €an41} and RY = span {e, 12, ..., €25, €241} Tespectively. Now

5(51,51): [K(£1A€1)+K(§1/\62)+ ...... +K(£1/\6n)}

+[K(§1 /\6n+2) F o, +K(§1 /\egn)+K(€1 /\€2n+1)]
=[r(R) = > Kleine)
+[r(Pt) — Z K(e; Nej)]
nt2<i<j<2n+1
=7(R) — 7(P) + 7(Pt) — 7(RY)
=[r(R)+7(P)]+ [a+ 7(P) — c— 7(R)]

=a—=cC

Therefore we can write

S(&1,61) = (b—)g(&1, &) + (a — D) A(§1) A(&) + KaD(&1, &) (2.9)
Analogously, let us consider the n-plane section P and N € T, M as follows P = span {eq, ea, ....... en}
and N = span {€p41, €nt2.een.. ean } respectively. Then we have Pt = span {e,11,€n12...... €an, &2}
and N1 = span {ey, ....... en, &2} respectively. Now, we have

S(&,8&) =[K(&2Ne1)+ K(Ea Nea) + ...... + K (&2 Aey)

+[K(§2 /\€n+1) +K(§2 /\6n+2) + el +K(62 /\62n)]
=[r(NY) = > K(einey)
1<i<j<n
P~ Y K(eiAe)]
n+1<i<j<2n
= 7(N4) — 7(P) + 7(P) —7(N)
=[T(N)+b—7(P)] +[a+T(P)—7(N)]
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=a+0.

Then, we get

5(82,82) = (b—c)g(&2, &2)+ (a+0) B(§2) B(&2) + K3[A(£2) B(£2) +A(&2) B(S2)]- (2.10)

Now from (2.8),(2.9) and (2.10) we can write the Ricci tensor by

S(X, Y)= mg(X, Y)+ K AX)A(Y) + K2 B(X)B(Y)
+K3[AX)B(Y)+ A(Y)B(X)]+ K4D(X,Y), (2.11)
for any X,Y € T,M. From (2.11) it follows that M is a mixed super quasi Einstein manifold

, where py, Ky, Ko, K3, K4 are scalars and Ky # 0, Ky # 0, K3 # 0, K4 # 0. Hence the theorem is
proved.

Theorem 2.2. A Riemannian manifold of dimension 2n with n > 2 is mized super quasi Finstein
manifold if and only if the Ricci operator QQ has eigen vector fields &1 and & such that at any point
p € M, there exist three real numbers a,b and c satisfying

7(P)+a= T(PJ‘); £&,6 € TpPJ‘,
7(N)+b=T7(N1t); & €T,N,& € T,N*,

7(R) +c=71(R*Y); & €T,R,& € T,RT,

for any n-plane section P, N and (n+1)-plane section R where P~ N+ and R* denote the orthog-
onal complements of P, N and R in T,M respectively and

a = {/8 + o+ 6[ Z_: D(eiaei) + D(62n7€2’n) - ZD(eiaei)]}/Qv
i=n+1 i=1
b={2a—F+ 0+ Z D(e;, e;) — ZD(ei,ei)]}/Q,
i=n+1 =2

n

2n
c= {Q - B+ 5[2 D(ei,ei) - Z D(eiaei)]}/27

i=1 i=n+1

where o, 3,0 and § are scalars.

Proof. Let P and R be n-plane sections and N be an (n — 1)-plane section such that, P =
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span{ey, e, ...y}, R = span{e,t1, €nta,...€2,} and N = span{es, €3, ...e, } respectively. Therefore
the orthogonal complements of these sections can be written as P+ = span{e,+1, €nt2,.--€2n t, R+
= span{ey, ea, ..., } and N+ = span{ei, enyi1,...€2,}-

Then rest of the proof is similar to the proof of Theorem 2.1.

Corollary 1. For pseudo generalized quasi Finstein manifold the characterization will be same
but the values of a, b, ¢ will be different for both odd and even dimensional manifolds.

3. MS(QE), with the parallel vector field generators

Theorem 3.1. A mized super quasi Einstein manifold is pseudo generalized quasi Einstein manifold
if either of generators is parallel vector field.
Proof. By the definition of the Riemannian curvature tensor, if & is parallel vector field, then we
find that

R(X,Y)1 = VxVy& — VyVx& — Vixyi& =0,

and consequently we get

S(X, &) =0. (3.1)

Again, put Y = & in the equation (1.2) and applying (1.3) and (1.4), we get

S(X, &) = (a+ B)g(X, &) +79(X, &2).

So, if & is a parallel vector field, by (3.1), we get

(a+B)g(X, &) +v9(X, &) = 0. (3.2)

Now, putting X = & in the equation (3.2) and using (1.3) we get v = 0. So, if & is parallel
vector field in a mixed super quasi Einstein manifold, then the manifold is pseudo generalized quasi
Einstein manifold.

Again, if & is parallel vector field, then R(X,Y )& = 0. Contracting, we get

S(Y,&) = 0. (3.3)

Putting X = &, in the equation (1.2) and applying (1.3), we get

S(Y, &) = (a+ 0)g(Y, &) +79(Y, &) + 6D(Y, &2).
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If, & is a parallel vector field, by (3.3), we get

(a+0)g(Y, &) +79(Y, &) +0D(Y, &) = 0. (3.4)

Putting Y = & and using (3.4), (1.3), (1.4), we get v = 0, i.e., the manifold is pseudo generalized
quasi Einstein manifold.

4. Examples of 3-dimensional and 4- dimensional mixed super quasi Einstein man-
ifold

Example 4.1. Let us consider a Riemannian metric g on R? by
ds* = gijdaida? = (23)3(dx")? + (da®)?)] + (dz?)?,

(i, = 1,2,3) and 23 # 0. Then the only non-vanishing components of Christofell symbols, the
curvature tensors and the Ricci tensors are

2 2
F?l = ng = —5(933)

W=

1 _ 2 _
I—‘13_1123_

323’
2 4 2
Ri331 = Roszs = _9(x3)§ ; Rioo1 = §($3)§
2 4
RllzRQQZWa R33=—W
Let us consider the associated scalars «, 3, 0,y and § and the associated tensor D as follows:
4 5(x3)3 7 1 1
= — = = = — 5 =
(0% 9(:1;3)25 B 9 , 0 9(3?3)27 Y (.’L‘?’)%’ 15(.173)%7
and
%a:?’ for i=j5=1
—323 for i=j=2
5 S 15—
Di; = (m3g% for i=1,j=2
L for i=2j=1
(x3)3
0 for otherwise
the 1-form
L for i=1 (23)3 for i=2
) — 3 . =
Ai(z) { 0 for otherwise and Bi() 0 for otherwise

Then we have

(i)R11 = agi1 + BALAL + 0B1 By +y[A1 By + A1 B1] + 0D1y
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(13)Rog2 = agaa + BA2As + 0Ba By + y[As By + AsBo] + 0Dag
(i71) R3z = agss + BA3A3 4+ 0B3 B3 + v[A3 B3 + A3 B3] 4 0 D33

Since all the cases other than (i) — (4i¢) are trivial, we can say that

Rij = agi; + ﬁA,’AJ‘ + QBZ‘BJ‘ + ’}/[AiBj + A]BZ] + 5D7;j for 4,5 = 1,2,3. Thus if (RS,g) is a
Riemannian manifold endowed with the metric given by

ds? = giyda*da? = (2)P(da")? + (d?)*)] + (da?),
(i,7 =1,2,3) and 2 # 0, then (R3,g) is an MS(QE)s.
Next we consider the Lorentzian metric g on R? by
ds? = gijda'da? = —(2*)4/3(dx)? + (23)Y3(d2?)?) + (do®)?, (3,5 = 1,2,3) and 2° # 0.

Now, by similar way after some construction of associated scalars and associated 1-forms, we can
say that the manifold is a mixed super quasi-Einstein manifold. Therefore we get another example

Example 4.2. (R?,g) is a Lorentzian manifold endowed with the metric given by
ds* = g;jdz'da’ = —(1‘3)4/3(d$1)2 + (x3)4/3(d1:2)2) + (d2?)?,
(i,j =1,2,3) and 2 # 0, then (R3,g) is an M S(QE)s3.

Example 4.3. Let us consider a Riemannian metric ¢ on R* by

ds® = gijda'dx? = (1+ 2p)[(dz')? + (dz?)? + (dz®)* + (dz*)?]

21
(4,5 =1,2,3,4) and p = 9z, k is constant, then the only non-vanishing components of Christofell
symbols, the curvature tensors and the Ricci tensors are

p
F%z :F§3 :1&4 = _1—|—2p
’ p
Fh :F%2:F?3:F%4: 1+2p
Ri221 = Riz31 = Riga1 = P
1+2p
3p P
Rii=—2 Ryy=Ryzs=Ryy=———
11 0+ 2)° 22 33 44 1+ 2p)2



Characterization on mixed super quasi-Einstein manifold 127

It can be easily seen that the scalar curvature 7 of the given manifold (R*,g) is r = ufigp)s, which
is non-vanishing and non-constant.

Let us consider the associated scalars «, 3, 0,y and § and the associated tensor D as follows:

p p 2vp 2
Q= =3 :27 = T 71 a9 = - ) 62_7,
T2 "% 0= T 7T Ty (1+2p)?
and
p for i=j=1
Dijj=q —p for i=3j=3
0 for otherwise
the 1-form y .
L g =1 p for i=1
Aij(x) =13 %2 ot , and  Bi(z)=< —vp for i=3
0 for otherwise .
0 for otherwise

Then we have
())Ri1 = ag11 + fA1AL + 0B1 By +7y[A1B1 + A1B1] + 6D1y

(i1)Rog = gz + BA2 Ay + 0BoBy + y[A2 By + A3 Ba] + 6 Dao

(1) Ras — agss + BAsAs + 0BsBs + [ A3 Bs + A3 Bs] + Day

(t0)Raa = ogas + PAsAs + 0B1By + y[AsBy + AyBa] + 6Dy
Since all the cases other than (i) — (iv) are trivial, we can say that

Rij = Qgij + BAiAJ + ‘QBZBJ + ")/[AZBJ + A]Bl] + 5Dij7 for ’L,j = ]., 2, 3, 4.

so if (R%, g) be a Riemannian manifold endowed with the metric given by

ds? = gijda'da? = (14 2p)[(de")? + (da®)? + (da*)? + (da*)?]

ml
(i,j = 1,2,3,4). and p = S5, k is constant, then (R?* g) is an MS(QE)4 with non-zero and
non-constant scalar curvature.

If we consider the Lorentzian metric g on R3 by
ds® = gijdrida? = —(1+ 2p)(dz')? + (1 4 2p)[(dz?)? + (dz*)? + (dz*)?]
xl
(i, =1,2,3,4) and p = %=, k is constant. Now, by similar way after some construction of associ-
ated scalars and associated 1-forms, we can say that the manifold is a mixed super quasi-Einstein

manifold. Therefore we get another example of MS(QFE),.

Example 4.4. Let (R*, g) be a Lorentzian manifold endowed with the metric given by
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ds? = gigdaida? = —(1+2p)(da')? + (1 + 2p)[(da?)? + (da®)? + (da*)?
(4,7 = 1,2,3,4) and p = %, k is constant. Then (R%,g) is an MS(QE)s with non-zero and

non-constant scalar curvature.

5. Examples of warped product on mixed super quasi-Einstein manifold

Example 5.1. Here we consider the example 4.1, a 3-dimensional example of mixed super quasi-
Einstein manifold. Let (R3, g) be a Riemannian manifold endowed with the metric given by

ds? = gijdx’da? = (x3)/3[(dz")? + (d2?)?)] + (dx®)?, where (i,j = 1,2,3) and 23 # 0.

To define warped product on MS(QE)3, we consider the warping function f : R\ 0 — (0, 00) by
f(2®) = (2*)% and observe that f = (23)3 > 0 is a smooth function. The line element defined on
R\ {0} x R? which is of the form B x ¢ F', where B = R\ {0} is the base and F = R? is the fibre.

Therefore the metric ds%; can be expressed as ds% + f2ds% i.e.,
ds® = gida'dx’ = (dz®)® + {(2°)*/*}?[(da")? + (da?)?),

which is the example of Riemannian warped product on MS(QFE)s.

Example 5.2. We consider the example 4.3, a 4-dimensional example of mixed super quasi-Einstein
manifold. Let (R*, g) be a Riemannian manifold endowed with the metric given by

ds?® = g;jdx'dx? = (1+ 2p)[(dz')? + (dz?)? + (dx3)? + (dx*)?], where (1,5 = 1,2,3,4), p= %, k is
constant.

To define warped product on MS(QE)4, we consider the warping function f : R?* — (0,00)
by f(z!,2% 2%) = /(1 + 2p) and we observe that f > 0 is a smooth function. The line element
defined on R? x R which is of the form B x s F', where B = R? is the base and F = R is the fibre.
Therefore the metric ds3, can be expressed as ds% + f2ds%

ie., ds?=gjdaidad = (14 2p)[(dz')? + (dz?)? + (dz?)?] + [V(1 + 2p))?(dz?)?,

which is the example of Riemannian warped product on MS(QFE),.
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