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Discrete Green Potentials with Finite Energy
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Abstract. For a hyperbolic infinite network, it is well-known that Green potentials
with finite energy are Dirichlet potentials. Conversely, if a Dirichlet potential has
non-positive Laplacian, then it is a Green potential with finite energy. In this paper,
we study whether a Dirichlet potential can be expressed as a difference of two Green
potentials with finite energy. Comparisons of the Dirichlet sum of a function and that
of its Laplacian play important roles in our study. As a by-product, we obtain a Riesz
decomposition of a function whose Laplacian is a Dirichlet function.

Key words: discrete potential theory, Dirichlet potential, Green potential, Riesz rep-
resentation, discrete Laplacian.

1. Introduction with preliminaries

Let N = {V,E,K,r} be an infinite network which is connected and
locally finite and has no self-loop, where V' is the set of nodes, F is the set
of arcs, and the resistance r is a strictly positive function on E. For x € V
and for e € E the node-arc incidence matrix K is defined by K(z,e) =1
if = is the initial node of e; K(z,e) = —1 if x is the terminal node of e;
K(z,e) = 0 otherwise. Let L(V') be the set of all real valued functions on
V', LT (V) the set of all non-negative real valued functions on V', and Lo(V)
the set of all w € L(V') with finite support. We similarly define L(E), LT (E),
and Lo(FE). For u € L(V) we define the discrete derivative Vu € L(E) and
the Laplacian Au € L(V) as

Vu(e) = —r(e)™? Z K(z,e)u(z),

zeV

Au(z) = Z K(x,e)Vu(e).

ecE

For convenience we give specific forms. For e € E let x™ € V be the initial
node of e and x~ € V the terminal node of e. Then
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u(z”) —u(z")
rie)

For z € V let {e1,...,eq} be the set of edges adjacent to x and y; the other
node of e;. Then

Vu(e) =

(p,0) = D r(e)p(e)ye),

eeE
(u,v) = (Vu, Vo),

]l = (u,u)'/2,
and call (u,v) the Dirichlet mutual sum of u and v and ||u|| the Dirichlet
seminorm of wu.

We define some classes of functions on V as

D = {ue L(V) | [lul| < oo},

H={ueD]|Au =0},
D® = {ue L(V) | Au € D},
H? = {uecD®? | AucH.

The space L2(E) = {¢ € L(E) | (p,p) < oo} is a Hilbert space with respect
to the inner product (y,1)); actually, this space is the same as the space [?
of square-summable sequences. On the other hand, (u,v) is a degenerate
bilinear form in D; for example, (1y,u) = 0 and ||u+ 1y || = ||u|| for u € D,
where 1y is the constant 1 on V. It is shown in [7, Theorem 1.1] that D is a
Hilbert space with respect to the inner product (u,v) + u(o)v(o) for a fixed
node o € V. We easily verify that a sequence {u,}, C D converges to u in
D if and only if lim,,_,« ||un — u|| = 0 and {uy,}, converges pointwise to u.
Denote by Dy the closure of Lo(V) in D. We call a function in D (resp. in
Dy) a Dirichlet function (resp. a Dirichlet potential). Let
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D{¥ = {u e L(V) | Au € Dy}

We shall use the following results in [7]:

Lemma 1.1 The following statements are equivalent to each other.

Ag, = —0,.
Here §, denotes the characteristic function of {a}.

We call g, of the above lemma the Green function of N with pole at a.
Note that g, > 0 on V. It is well-known that the difference of two Green
potentials (see Section 3 for the definition) with finite energy is a Dirichlet
potential. The converse is not true in general; see [2, Example 4.9]. We study
some conditions to assure that a Dirichlet potential can be represented as
the difference of two Green potentials.

We said in [3] that A satisfies condition (LD) if there exists a constant
¢ > 0 such that

[AfI < ellfll forall f e Lo(V). (LD)

Now we introduce the reverse inequality of condition (LD). We say that A/
satisfies condition (CLD) if there exists a constant ¢ > 0 such that

Ifl < c||Af] forall fe Lo(V). (CLD)

These conditions play important roles in our study. To assure condition
(CLD), we recall Poincaré-Sobolev inequality (PS) and related inequalities
(SPS) and (GPS) in Section 2. Our main results will be given in Section
3. We shall study some relations among these conditions more precisely in
Section 4 by giving some examples.

2. Conditions related to the Laplacian

We say that N satisfies condition (PS) (the Poincaré-Sobolev inequality)
if there exists a constant ¢ > 0 such that



610 H. Kurata and M. Yamasaki

D f@?P<ed r(e)’(Vi(e)® forall fe Ly(V). (PS)

zeV eckE

We say that A satisfies condition (SPS) (the strong Poincaré-Sobolev in-
equality) if there exists a constant ¢ > 0 such that

D f@)? <c|fII* forall fe Ly(V). (SPS)

eV

We said in [5] that N satisfies condition (GPS) (the generalized Poincaré-
Sobolev inequality) if there exists a constant ¢ > 0 such that

D o) f(@)* < cllf|? forall fe Lo(V), (GPS)
zeV
where

pla) = r(e) K (z e)l.

ecE

If0<ec <r(e) <eca <ooforall e € B, then

allfI? <) r(e*(Vi(e)? < el fI”.

eelE
Thus we have

Proposition 2.1 If{r(e) | e € E} is bounded above, then condition (PS)
implies condition (SPS). If {r(e) | e € E} is bounded below from 0, then
condition (SPS) implies condition (PS).

If 0 < p1 < p(x) < pa < oo for all x € V', then
Y f@)? <) p@)f(@)? <pe > fla)
zeV eV zeV
Thus we have

Proposition 2.2 If{p(z) | x € V'} is bounded above, then condition (SPS)
implies condition (GPS). If {p(x) | x € V'} is bounded below from 0, then
condition (GPS) implies condition (SPS).
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Remark 2.1 If {p(x) | x € V} is bounded above, then {r(e) | e € E} is
bounded below from 0. If {r(e) | e € E} is bounded above, then {p(z) | z €
V'} is bounded below from 0.

Lemma 2.1 If N satisfies condition (SPS), then there exists ¢ > 0 such
that

> u(@)® <clful*  for all u € Dy.

zeV

Proof. Let u € Dy. There exists a sequence {f,}, in Ly(V) such that
lim,, o0 [|u— frnll = 0 and { f,, },, converges pointwise to u. Since N satisfies
condition (SPS), there exists ¢ > 0 such that >\, fn(2)* < ¢ fal? for all
n. By Fatou’s lemma, we have

> u(e)® <liminf > fo(2)? < lim |l foll® = cfull®.
zeV el zeV e

This completes the proof. O

Corollary 2.1 If N satisfies condition (SPS), then N is hyperbolic and
there exists the biharmonic Green function for each a € V.

Proof. Since Y, .y 1y (2)* = 0o and |1y = 0, Lemma 2.1 shows that
ly € Dy. Lemma 1.1 implies that N is hyperbolic and there exists the
Green function g, € Dg of N with pole at a € V. By Lemma 2.1 again,
there exists ¢ > 0 such that >y ga(%)? < ¢[|gal|* < 0. By [8, Theorem
2.3] the biharmonic Green function exists. O

Proposition 2.3  Condition (SPS) implies condition (CLD).

Proof. Interchanging the order of summation, we have

(f,9) ==Y f(@)Ag(x)  for f,g € Lo(V).

zeV

Let f € Lo(V). Then Af is also in Ly(V'). Condition (SPS) implies

1112 == 3 f@asi < (2 f(:v)2>1/2 (S @r@?)

zeV zeV zeV

1/2
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1/2

< (el FI) (el = el FlAarl,

so that [|]| < cll A 0
We recall three lemmas.

Lemma 2.2 ([4, Lemma 3.2]) If N satisfies condition (LD), then there
exists a constant ¢ > 0 such that

|Aul| < cl|lu|l  for all u € Dy.

Lemma 2.3 ([3, Lemma 6.1])  If N satisfies condition (LD), then Au € Dy
for u € Dy.

Lemma 2.4 ([4, Theorem 3.1]) If N satisfies condition (LD), then D C
D®.

Proposition 2.4  Assume that N satisfies conditions (LD) and (CLD).
Then there exists a constant ¢ > 0 such that

|lul| < c||Au|l  for all u € Dy.

Proof. Let u € Dgy. There exists a sequence {fn}n C Lo(V) such that
lim,, oo [Ju— fr| = 0 and { f,, }», converges pointwise to u. Then || f,,| — ||u|
as n — o0o. Since N satisfies condition (LD), Lemma 2.2 shows that there
exists ¢; > 0 such that [|[Au — Af,|| < c1|lu — fnl|, so that [|Af,| — ||Aull
as n — o0o. By condition (CLD), there exists a constant c; > 0 such that
|| full < c2l|Afn]| for all n. Therefore |lul| < ol Aull. O

3. Representations of the space Dg

In this section we always assume that N is hyperbolic. For p € LT (V),
we define the Green potential Gu € L(V) of u by

Gu(x) = g.(y)ny),

yev

where g, denotes the Green function of NV with pole at x € V. For u,v €
Lt (V), the mutual Green energy G(u,v) is defined by
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Gu,v) =Y Gu(x)v(x).

zeV

Since gq(b) = gi(a) for all a,b € V, we have G(u,v) = G(v,u). We call
G(u, p) the Green energy of u. Let us put

E(G)={ne LT(V) | G(u,p) < oo}.

We know the following
Lemma 3.1 ([7, Lemma 5.2]) For p € E(G), we have A(Gu) = —p.

Lemma 3.2 ([7, Lemma 5.4]) For u,v € Lo(V) N LT(V), we have
(G, Gv) = G(p, v).

Lemma 3.3 ([7, Theorem 5.2]) For p € E(G) we have Gu € Dy and
AGp < 0. Conversely, if u € Dy satisfies Au < 0, then there exists p €
E(G) such that uw = Gp.

We shall prepare

Lemma 3.4 For u € E(G), there exists {pn}n C Lo(V) N LT (V) such
that {Gpn }n converges to Gu in D and {n}n converges pointwise to pu.

Proof. Let {N,}, be an exhaustion of N" with A}, = {V,,, E,,, K1, 7}
We put p, = ponV,, and pu, = 0 on V\ V,,. Clearly, {u,(x)}, increases
monotonically and converges to p(z) for each x € V. We have 0 < G, (z) <
Gpins1(z) < Gu(z) for x € V. Fatou’s lemma shows that

Gu(z) <liminf Gu,(x) = lim Gu,(z) < Gu(z).

n—oo

This means that {Gp, }» converges pointwise to G.
Let m < n. We have

Gty pm) < Gt pn) < G, pin) < G (1, ).
Lemma 3.2 implies that {||G,||}» converges and that
|Gt |* < G gy pin)-

We have
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|G pn — G,UmH2 = HG,Un”2 — 2(Gpin, Gpm) + ”Gﬂmuz
< NGl = G,
so that {Gpuy,}n is a Cauchy sequence in D. Therefore {Gu,}, converges

to some v in D. Since {Gu,}, converges pointwise to both Gu and v, we
conclude that {Gpy, }, converges to Gu in D. O

Proposition 3.1  Let {un}n C E(G). If {Gun}n converges to a function
u in D, then there exists p € E(G) such that u = Gpu.

Proof. Lemma 3.3 implies that {Gu,}, C Dy, so that u € Dy. Lemma
3.1 implies

Au(z) = lim AGuy,(z) =— lim p,(x) <0.
Lemma 3.3 shows that u = G for some p € E(G). O

We show the following

Lemma 3.5 Dy is a Hilbert space with respect to the inner product (-,-).

Proof. Suppose that u € Dy and ||u|| = 0. Then u is a constant function.
Since N is hyperbolic, Lemma 1.1 shows that v = 0. Thus (-,-) is an
inner product on Dg. Assume that {u, }, is a Cauchy sequence in D with
respect to the norm ||- ||, i.e., [|[up —um | — 0 as n,m — oco. Then {||u,| } is
bounded. We show that {u,,}, is bounded. Suppose that, on the contrary,
there exists xg € V such that |u,(xg)] — 0o by choosing a subsequence if
necessary. Put v, = u,/u, (o). Then v, € Dy, v,(xg) =1, and

[

|tn (o)

lon = 1yl = [lvall = —0

as n — 00, so that {v,} converges to 1y in D. This means 1y € Dy,
which contradicts Lemma 1.1. Therefore {u,, }, is bounded. By the diagonal
process, we may assume that {u,, },, converges pointwise to u € L(V'). Hence
{un}n is a Cauchy sequence in D and converges to u in D. We conclude
that u € Dy. O

Corollary 3.1  Let {un}, C Dg and u € Dy. If ||uy, —ul| — 0 as n — oo,
then {un}, converges to u in D.
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Lemma 3.6 Let {un}, be a sequence in D such that {||un|}n is
bounded and that {u,}, converges pointwise to a function u € D. Then
lim,, 00 (Un, v) = (u,v) forv e D.

Proof.  We take M with ||u,| < M for all n. Fatou’s lemma shows that

|lu|| < liminf ||u,| < M.
n—oo

Let v € D and ¢ > 0. We find a finite subset Ey of E such that
D e F\Fo r(e)|Vu(e)|? < e. Since {Vu,(e)}, converges to Vu(e) for each
e € E and Ep is a finite set, > . r(€)[Vun(e) —Vu(e)|? < e for sufficiently
large n. We have

Y r(e)Vu(e)[Vun(e) — Vu(e)l

ec by
1/2 1/2
< (Z r<e>|w<e>r2) (Z () Vun(e) — Vu(e)P)
< JolleV?
and
S r(e)[Ve(©)][Vun(e) - Vu(e)|
e€E\Ey
1/2 1/2
s( 3 r(er(e)r?) ( 3 r<e>rVun<e>—Vu<e>2)

e€E\Eo e€E\Eo

1/2

< /( S (o) 2|Vun (e + |Vu<e>|2>)

EEE\EO
< 2 2flunl® + 2|ull?)'/?

< V2(4M2)V2 = 2612y

We have
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(v, 1 —w)| <Y r(e)|Vo(e)|[Vun(e) = Vule)l

ecE

< ||v)|e'/? + 22 M.

Since ¢ is arbitrary, we have lim,, . |(v,u,, —u)| = 0. O

Lemma 3.7 Ifu € DoNLT(V), then there exists {pin}tn C Lo(V)NLT (V)
which converges to u in D.

Proof.  Since p € Dy, there exists a sequence {f,}, in Lo(V) which con-
verges to p in D. Let u, = max{f,,0}. Then ||u,|| < ||fnl||. Since p > 0,
{ptn }n. converges pointwise to u. By Fatou’s lemma, we have

el < Yimnf | || < Timsup ([ || < lim (| f ] = {4l
n—00 n—oo n—00

This implies that {||p ||} is bounded. Lemma 3.6 shows that (u,,v) —
(1, v) as n — oo for every v € D. Thus we have

it = pnll® = 1lll® = 2(pts ) + anl* — 0

as n — oo. Therefore {uy,}, converges to p in D. O

Theorem 3.1 If condition (LD) is satisfied, then E(G) C Do N LT(V)
holds.

Proof. By definition, E(G) C LT(V). Let u € E(G). By Lemma 3.4, there
exists {pn }n C Lo(V)NLT(V) such that {Guy, }, converges to Gu in D and
{ptn }n converges pointwise to . By Lemmas 3.1, 3.3, and 2.2

[t = il = |1AGH, — AGp|| < ¢f|Gun — Gul — 0

as n — oo. We see that {uy,}, converges to p in D. Thus u € Dy. O

Theorem 3.2  If conditions (LD) and (CLD) are fulfilled, then E(G) =
Dy N LH(V).

Proof. By virtue of Theorem 3.1, it suffices to show that Dy N LT (V) C
E(G). Let u € DgN L (V). By Lemma 3.7, there exists {fi, }n C Lo(V) N
L*(V) which converges to p in D. Lemma 3.3 implies {Gu,}, C Do.
Proposition 2.4 and Lemma 3.1 show that
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|Gpin — Gl < c|A(Gpn — Gum)|| = cllttm — ptnl| — 0

as n,m — oo. By Lemma 3.5 and its corollary, we see that there exists
u € Dg such that {Gpuy, }, converges to u in D. Lemma 3.1 implies

Au(z) = lim AGu,(z) = —nlLHgo i (x) = —p(x)

n—oo

for each x € V, so that Au = —u. By Fatou’s lemma and Lemma 3.2, we
have

G(p, p) < Hminf G g, pin) = Hm || Gpan||* = fJul* < co.

Namely i € E(G). O
For any v € L(V), we define Gu by Gu = Gu* — Gu™ if both Gu™ and
Gu~ converge, where vt = max{u,0} and v~ = —min{u, 0}.

Theorem 3.3 If N satisfies conditions (LD) and (CLD), then Dy =
E(G) - E(G).

Proof. By Theorem 3.1 E(G) — E(G) C Dy. For u € Dy we have u =
ut —u” and ut,u” € Dy N LT(V) = E(G) by Theorem 3.2. 0

Theorem 3.4 Let u € Dy. If conditions (LD) and (CLD) are fulfilled,
then Gu € Dg and AGu = —u.

Proof. Theorem 3.2 shows that u™,u™ € DogNLT (V) = E(G). By Lemma
3.3 we have that Gu = Gu™ — Gu™ € Dy. Lemma 3.1 shows that AGu =
AGuT™ — AGu™ = —u™ +u~ = —u. O

Corollary 3.2 {Gu | u € Do} C Dy if conditions (LD) and (CLD) are
Fulfilled.

Theorem 3.5 Assume that conditions (LD) and (CLD) are fulfilled. Then
GAu = —u for u € Dyg.

Proof. Let u € Dg. Lemma 2.3 shows that v := Au € Dy. Theorem 3.4
shows that Gv € Dy and A(u+Gv) = v—v = 0. Therefore u+Gv € DyNH.
Lemma 1.1 implies that v = —Gw. ([

Corollary 3.3 If conditions (LD) and (CLD) are fulfilled, Dy = {Gu —
Gv | u,v € E(G)}.
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Proof. Lemma 3.3 implies that {Gu — Gv | p,v € E(G)} C Dy. We show
the converse. Let u € Dg. We put v = —Awu. Theorem 3.5 shows that
u=Gv=Gvt —-Guv. O

As an application of our results, we shall give a version of Riesz decom-
position of u € D®:

Theorem 3.6 Assume that conditions (LD) and (CLD) hold. Then, for
every u € D3| there exist a unique v € Dy and a unique w € H® such
that u = Gv + w.

Proof. Let u € D®. We use Royden’s decomposition for Au € D, i.e.,

Au=—-v+h with veDg and h e H.

Theorem 3.4 and Lemma 2.4 show that Gv € Dy ¢ D ¢ D® and AGv =
—v € Dg. We see that Gv € D[()Q). Let w = u — Gv € D). We have

Aw=Au—AGv =Au+v =h,

so that w € H®).

To show the uniqueness, we assume that v = Gv; + w1 = Gy + wo
with v1,v9 € Dg and wy,ws € H® . Theorem 3.4 shows that w; — ws =
Gvy — Gvy € Dy. Lemma 2.3 implies A(w; —ws) € Dy. On the other hand,
since w; — we € H® | we have A(w; — wy) € H. Lemma 1.1 shows that
A(w; —wg) = 0, so that w; — we € Dg N H. Again by Lemma 1.1 we have
w1 = wa, S0 that Gv; = Gvs. Theorem 3.4 gives v; = —AGv; = —AGuvy =

V2. O
Corollary 3.4 D® = DéQ) + H® if conditions (LD) and (CLD) are
fulfilled.

Proof. Clearly D((]Q) +H® c D@, We show the converse. Let v € D2,
By Theorem 3.6 we take v € Dy and w € H® such that v = Gv + w.
Theorem 3.4 shows that AGv = —v € Dy, so that Gv € D(()Q). O

4. Supplementary remarks

We shall study conditions (PS), (SPS), and (GPS) introduced in Section
2 by giving examples. For a finite subset A of V', denote by dA the set of
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arcs e € E whose one endpoint belongs to A and another does to V'\ A. Let
|A| and |0A]| be the cardinality of the sets A and JA, respectively.

We say that the strong isoperimetric inequality (SI) holds if there exists
a constant ¢ > 0 such that

|A| < c|0A] for all finite subsets A C V. (SI)

We recall p(z) =Y cpr(e) 'K (x,e)| for x € V. Let

p(A) = 3 pla), ROA) =Y r(e)

€A e€OA

A generalized strong isoperimetric inequality (GSI) is defined in [5] as that
there exists a constant ¢ > 0 such that

p(A) < cR(OA) for all finite subsets A C V. (GSI)

We have

Lemma 4.1 ([5, Theorem 2.1])  Condition (GPS) holds if and only if
condition (GSI) holds.

Lemma 4.2 ([1, Proposition 4.4])  Suppose that N has a bounded degree;
i.€., SUPyey Y oep [ K (7, e)| < o0o. Then condition (PS) holds if and only if
condition (SI) holds.

Example 4.1 ((SPS) and (GPS), but not (PS)) Let N ={V,E, K,r} be
a half linear network; i.e., let V = {xg,x1,29,...} and E = {ej,eq,...}.
Let K(zp_1,e,) =1 and K(zp,e,) = —1forn=1,2,...; let K(z,e) =0
for any other pair (x,e) € V x E. Let r(e,) =27".

Let X,, = {zo,21,...,2n}. Then |X,,| =n+1 and |0X,,| = 1. Lemma
4.2 shows that condition (PS) does not hold.

Let A be a non-empty finite subset of V. Let n be the smallest number
with A C X,,. We claim p(A) < 3R(0A) by induction on n. If n = 0, then
A is a singleton, and so p(A) = R(OA). We assume that p(B) < 3R(0B)
for B C X,,_1 and suppose that z,, € A C X,,. Let A; = A\ {z,} and
Az = {x,}. By the induction hypothesis p(A4;) < 3R(0A;). Since A; is a
singleton, we have p(As) = R(0Az). Also we have p(A) = p(A1) + p(As2)
and R(OA) > R(0A1) + R(0A2) — 2r(e,)~!. Since



620 H. Kurata and M. Yamasaki

p(A2) = p(an) = r(en) ™ +7(engr) ' = 2" + 2" =3.2" = 3r(e,) ',
we have

p(A) = p(A1) + p(As) < BR(DAL) + BR(9A2) — 2p(As)
= 3(R(8A1) + R(DAs) — 2r(en) 1) < 3R(DA).

Lemma 4.1 and Proposition 2.2 show that conditions (GPS) and (SPS) hold.
U

Lemma 4.3 Let N ={V,E,K,r} be a binary tree network, i.e.,

V=V, V,={z{™|i=01,...,2" -1},
n=0

E=|JE. E.={e"]i=01...,2"~1}.
n=1

We define K(xgn),egn)) =—1forn=1,2,... and fori =0,1,...,2" — 1;
K(xl(»n),el(-nﬂ)) = K(xgn),egi;})) =1 forn = 0,1,... and for i =
0,1,...,2" — 1; K(z,e) = 0 for any other pair (x,e) € V x E. Let A be
a non-empty finite subset of V.. Then |0A| > |A| + 1. Especially condition

(PS) holds.

Proof. Let m = |A|. We show |0A| > m + 1 by induction on m. If m =1,
then |0A] is two or three, and so |0A| > m~+1. Assume that |[0B| > |B|+1 if
|B] < m and suppose |A| = m. Let n be the largest number with V,, N A # ()
and let :EZ(H) € A Let B = A\ {xl(n)}. Since |B] = m — 1, we have
|0B| > m. Since 0B\ 0A C {egn)} and 0A\ 0B D {egnH), egi;})}, we have
|0A| > |0B| +1 > m+ 1. Lemma 4.2 shows that condition (PS) holds. O

Example 4.2 ((PS) and (SPS), but not (GPS)) Let V, E, and K be
the same as those of Lemma 4.3. Let r(e(()n)) = n~! and r(egn)) =1 for
n=1,2,... andfori=1,2,...,2" — 1.

Lemma 4.3 and Proposition 2.1 show that conditions (PS) and (SPS)
hold.

Let A, = {xéo), :UE)I), ... ,:c[(Jn)}. Then
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p(An) = p(ay?) Zk+ (k+1)+1)
k=0 k=1

n

=24+ (2k+2)=n’+3n+2,
k=1

n+1
R(0A,) = r( g,? 1)71 + T(e((]nﬂ))il
1

=n+1)-1+(n+1)=2n+2

_l’_

=
Il

Lemma 4.1 shows that condition (GPS) does not hold. O

Example 4.3 (hyperbolic, (PS), and (GPS), but not (SPS)) Let V, E,
and K be the same as those of Lemma 4.3. Let 1 < a < 2 and r(egn)) =a"
for each n and 1.

Lemma 4.3 shows that condition (PS) holds.

Let ¢(e (")) = 27", Then

py=> 2"a"(27") = (a/2)" < o0

so that {V, E, K,r} is hyperbolic by [6, Theorem 4.3].
Let f,, be the characteristic function of UZ:O Vi.. Then

an ZQk 12 = gn+l _ 1,

zeV

ontl_g

a2 = 32 (@™ ) (el ) = (2/a)"

=0

This means that condition (SPS) does not hold.
Forn=1,2,... let

pni=p(a”) = (@) 42" T = @+ 2)a

Let ¢ = (2+a)/(2—a). Note that (¢c—1)p, = 2ca™™. Let A be a non-empty
finite subset of V' and n the smallest number with A C |J;_, Vk. We show



622 H. Kurata and M. Yamasaki

that p(A) < cR(0A) by induction on n. If n = 0, then A is a singleton, so
that p(A) = R(0A). We assume that p(B) < cR(0B) for B C UZ;& Vi and
suppose that A C | J;_, Vi Let Ay = AN ( Z;é Vi) and Ay = ANV,. We
may assume that Ay # (. By the induction hypothesis p(A;) < ¢R(0A;).
Let Q@ = 041 N0As, ¢ =|Q| and p = |Az|. Then g < p. Also we have

p(A) = p(A1) + p(Az2) = p(A1) + ppn

and
R(0A) = R(0A1) + R(0A2) =2 r(e)™" = R(0A1) + ppn — 2qa”"
ecqQ
> R(0A1) + ppn — 2pa™".

We obtain

cR(0A) — p(A) > (cR(0A1) — p(A1)) + cppn — 2cpa™" — ppy,

> (¢ = 1)ppn — 2cpa™" = 0.

Lemma 4.1 shows that condition (GPS) holds. O
Next we consider conditions (LD) and (CLD).

Example 4.4 ((LD) and (CLD)) Let V, E, and K be the same as those
of Lemma 4.3. Let r(el(-n)) =1 for each n and i.

By [3, Proposition 6.1] condition (LD) holds.

Lemma 4.3, Propositions 2.1 and 2.3 show that condition (CLD) holds.

O

Finally we address an open question and give a partially affirmative
answer.

Question 4.1  Does condition (CLD) imply condition (SPS)?

Proposition 4.1  Assume that N = {V, E, K,r} is a hyperbolic network
and that a = inf{g,(a) | a € V} > 0. Also assume that there exists a
constant ¢ > 0 such that |u|| < c||Aul|| for all w € Dg. Then condition
(SPS) holds.

Proof. Let f € Lo(V). First assume that f > 0. Lemma 3.3 shows that
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u:= Gf € Dgy. Using Lemmas 3.2 and 3.1, we have
G, 1) = IGfI* = l[ul® < || Aull* = || fII?
and

G, )= aWf@)fy) =ad flz)

zeV yeV eV

Thus 30, oy f(2)? < ™| f[%.

In the general case let f* = max{f,0} and f~ = —min{f,0}. Then
f=fT—f and f(z)f (z) =0 for each z € V. Also, by [7, Lemma 1.4],
we have |[f*[| < [|f[| and [|f~|| < [|f[]. Therefore

S r@? =Y (@ + @) < a1+ 117

zeV zeV

<207 f]%

and condition (SPS) holds. O
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